The Localisation of Gravitational
Energy, Momentum, and Spin

Luke Matthew Butcher
Astrophysics Group, Cavendish Laboratory
and St. John’s College, University of Cambridge

A dissertation submitted for the degree of
Doctor of Philosophy
in the University of Cambridge
March 2012

Declaration

This dissertation is the result of work carried out in the Astrophysics Group of the Cavendish Laboratory, Cambridge, between October 2007 and March 2012; it is my own work
and includes nothing which is the outcome of work done in collaboration, except where
specifically indicated in the text. Throughout the thesis, the plural pronoun “we” is used
in the editorial sense, and should be taken to refer to the singular author, with the possible inclusion of the reader. No part of this dissertation has been submitted for a degree,
diploma or other qualification at this or any other university. The total length of this
dissertation does not exceed sixty thousand words.

Luke Butcher
March 2012

Acknowledgements

First and foremost, I wish to thank my supervisors, Anthony Lasenby and Mike Hobson, for
all their insight, encouragement and guidance over the past four years. I have thoroughly
enjoyed the flow and exchange of ideas in our weekly meetings, and have learnt a great
deal from you both.
In addition to my supervisors, my research has brought me into contact with a number
of distinguished members of the gravitational physics community, each of whom has played
a small role in shaping this thesis. I thank Leonid Grishchuk for further explaining his
work to me, and for offering an amusing thought experiment concerning a car crash and
a hospital bill. Thanu Padmanabhan has my gratitude for a stimulating discussion of
gravitational bootstrapping. I am also indebted to Stanley Deser (with support from
Richard Arnowitt) for his lively and provocative communications, without which I may
never have investigated the localisation of gravitational spin.
I am very grateful to STFC (and by extension, the British taxpayer) for funding my
PhD studentship, and for the additional grants I have received from St John’s College,
Cambridge. I would also like to thank the fellows of Jesus College, Cambridge for awarding
me a Junior Research Fellowship, which has supported me through the final six months
of thesis writing, and will allow me to continue my research over the next few years.
On a more personal level, I would like to thank my friends in the Astrophysics Group:
Bec (for the baby/thesis race), Carmen (for the Canarian cultural exchange, especially the
burial of the sardine), Chris (for innumerable dinners in the Buttery), Doug (for his love of
bad puns and good beer), Matt (for political arguments and a transatlantic trip), Phil (for
replacing Jon Pober), Sarah (for organising RADAs), Tash (for Ricochet Robots), Tim
(for being Tim), and everyone else who has made lunchtimes and pub-trips so entertaining.
Similarly, I thank my friends at St John’s (especially Caroline, David, Henri, Hugo, and
Martin) for making my time there so uniquely enjoyable. Additional thanks go to my
friends outside the university (Nick, Max, Dan, and Michael; Mike, Matt, and Sahan; and
Simon) for keeping me sane, and for putting my theoretical problems in perspective.
Finally, I wish to thank my family for everything they have done for me. I thank my
parents for their unconditional love and support, for the happy childhood that shaped my
mind, and for all the praise and pride which has fuelled my ambitions. My father deserves
special thanks for sparking my interest in physics at an early age (with explanations of

atoms, and tales of inter-dimensional travel) and I am very grateful that my mother taught
me the “rules” of the English language. I also thank my brother Adam for his friendship,
for endless discussions of film, television, and games, for listening to my play, and for
letting me be a part of his various projects.

Luke Butcher
March 2012

Summary

This dissertation documents my efforts to solve a long-standing problem in general relativity: the task of finding a physically meaningful local description of the energy and
momentum of the gravitational field. I develop a solution, valid within the linear approximation to general relativity, which eliminates its own gauge-freedom and displays
numerous desirable properties.
In chapter 1, I argue that an apparent solution, recently proposed by Babak and
Grishchuk, is physically ill-defined. In chapter 2, I develop a formalism for generating
perturbative expansions of arbitrary metric-based theories of gravity, and employ these
techniques to construct a quadratic action (a covariantised Fierz-Pauli action) from which
general relativity can be derived, order by order, following a simple procedure which
couples the gravitational field to its own energy-momentum.
The remainder of the thesis focuses on localising the energy, momentum, and spin
of gravity within the linear regime. In chapter 3, I derive a new gravitational energymomentum tensor by requiring that the tensor account for the local exchange of energymomentum between matter and the gravitational field. The gauge-freedom of this description is removed in a natural fashion: the harmonic gauge condition arises as an automatic
consequence of the tensor’s derivation, and transverse-traceless gauge is then motivated by
comparison with the gauge-invariant exchange of energy-momentum between the gravitational field and an infinitesimal detector. I show that, once this gauge-fixing programme
is employed, my gravitational energy-momentum tensor always describes non-negative
energy-density, and causal energy-flux.
Chapter 4 extends this framework by developing a local description of the angular
momentum (and moment-of-energy) carried by the linearised gravitational field. Analysing the local exchange of angular momentum between matter and gravity, I derive a
tensor which localises gravitational intrinsic spin; once the aforementioned gauge-fixing
programme is employed, this spin tensor is traceless (which I argue to be necessary for
ensuring the absence of infinite pressure-gradients) and describes purely spatial spin. Recapitulating the analysis of the previous chapter, I also give a treatment of the gaugeinvariant exchange of angular momentum (and moment-of-energy) between the gravitational field and an infinitesimal detector.
Finally, in Chapter 5, I investigate the roles played by the previously derived energy-

momentum tensor and spin tensor in a broader theoretical context, demonstrating that (a)
they are indeed Noether currents associated with the translational and rotational symmetries of the linearised gravitational field, and that (b) they generate gravity alongside the
energy-momentum and spin of matter. I confirm (a) by constructing a Lagrangian for linear gravity (a covariantised Fierz-Pauli Lagrangian) which generates the tensors according
to standard variational definitions. I then demonstrate (b) by identifying the tensors as
the quadratic terms in a perturbative expansion of the Einstein and Einstein-Cartan field
equations. The form of perturbation used in these expansions is also analysed, suggesting
a route by which the formalism may be extended beyond the linear/quadratic regime, and
linking the Lagrangian of this chapter with the action constructed in chapter 2.

Luke Butcher
March 2012
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Chapter

0
Introduction1

0.1

Historical Background

Conservation laws, particularly those of energy, momentum, and angular momentum, are
some of the most powerful and fundamental laws of nature presently known. In their
most basic form, these rules demand nothing more than the constancy of a few important
quantities (the total energy, momentum, and angular momentum of an isolated system)
regardless of what interactions or physical processes may occur. Stated as such, these
global laws do not insist upon a microscopic mechanism to enforce this constancy, and
would allow energy (or momentum, or angular momentum) to disappear from one location
and appear elsewhere, provided only that the two effects occur simultaneously.
During the 19th century, however, force fields came to replace action-at-a-distance in
our understanding of electromagnetic phenomena [57], and local descriptions of electromagnetic energy began to be developed, most notably by Poynting in 1884 [67]. Following
the arrival of special relativity [33] in 1905, it soon became clear that a local description
of energy was in fact a necessity, and that any notion of a purely global conservation law
would have to be abandoned. To explain: given that the definition of simultaneity had
been shown to depend on an observer’s motion, any instantaneous transmission of energy
over a finite distance would (a) violate the conservation of energy in all but one reference
frame, and (b) entail not only faster than light communication but also, in some frames
of reference, communication backwards in time. It was therefore necessary to insist that
energy (and momentum, and angular momentum) not only be conserved globally, but
locally also: any energy lost by the particles and fields within a particular region would
need to be accompanied by a flow of energy across the region’s boundary. Accordingly, a
description of energetics would only be considered complete when one could quantify the
energy-density and energy-flux at every point in space.
However, while special relativity required energy and momentum to be localised on
grounds of logical consistency, it did not provide any means to test this localisation ex1

In order to maintain the numerical correspondence between chapters 1 to 5 and the articles [1–5] from
which they derive, it has been necessary to begin with a zeroth chapter; this also has the advantage of
providing a notional dividing-line between introductory material and the main body of the dissertation.
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perimentally; it would not be until 1915, and the development of a relativistic theory
of gravitation, Einstein’s general relativity [34], that such a framework would exist. As
special relativity had unified the concepts of mass, energy, and momentum, and because
mass-density was the source of Newtonian gravity, general relativity cast the flux and
density of energy and momentum (packaged into a single object, the energy-momentum
tensor of matter) as the source of the relativistic gravitational field. Thus, with Einstein’s
field equations at hand, and sufficiently accurate measuring apparatus, one could infer the
location of material energy-momentum, at least in principle, by observing the gravity it
generated.
It is here that the ironic twist in the story unfolds, because although gravity had lent
an empirical operational definition to the local energy-momentum of matter, there is one
form of energy-momentum that escapes this definition entirely: the energy-momentum of
the gravitational field itself! In the absence of an operational definition of this form (and
for a host of technical and conceptual reasons, explored in later chapters) even to this day,
nearly a century after general relativity was first discovered, we do not know where the
energy and momentum of the gravitational field resides.
Numerous attempts have been made to define a gravitational energy-momentum tensor
(beginning with Einstein [35] in 1916, and with notable contributions from Møller [59] and
Landau and Lifshitz [52]) but the dependence of these tensors on the gauge freedom of the
gravitational field (historically, the choice of coordinate system) allows them to assign a
vast range of localisations to any one gravitational field. Thus, without a gauge invariant
description, or a strong argument for the choice of one gauge over another, these so-called
pseudotensors remain wildly ambiguous, unable to assign a meaningful local measure of
energy-momentum to the gravitational field.
This difficulty was not a peripheral concern; indeed, it was instrumental in the confusion which reigned, even as late as 1956, as to whether gravitational radiation was a
genuine prediction of general relativity. Although propagating solutions clearly existed
within the theory, in the absence of a measure of the energy they carried, arguments were
made [70, 72] which purported to demonstrate that such waves carried no energy at all;
by implication, they were physically unobservable, and presumably an artifact of a poor
choice of coordinates. The dispute was famously put to rest by Feynman at the 1957
Chapel Hill conference, where he argued, in his characteristically pragmatic style, that
a very simple detector, consisting of a rod and two “sticky beads”, would clearly absorb
energy from a gravitational wave [68].
Having succeeded in persuading the theoretical community that gravitational waves
were indeed physically observable, and that the gravitational field carried energy (regardless of the subtlety of its localisation) Feynman’s elegant argument, popularised by Bondi
[19], set the tone for many of the field’s developments over the following years. In 1958,
Bel first wrote down what we now refer to as the Bel-Robinson tensor [14, 69], an object
structurally analogous to the electromagnetic energy-momentum tensor, wherein the Weyl
curvature plays the role of the field strength. Although it was clear from the outset that the
2
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Bel-Robinson tensor did not describe gravitational energy-momentum (having the wrong
dimensions and too many indices) it at least offered a local, covariant, gauge invariant
measure of the “intensity” of a gravitational wave. Soon after, following unrelated lines of
enquiry, meaningful definitions of the total energy of gravitating systems began to appear:
the Komar mass [49] (for stationary spacetimes) in 1959, followed by the ADM mass [10]
and Bondi mass [20] (for asymptotically flat spacetimes) both in 1962.
These global definitions served to highlight the role of gravitational energy-momentum
in contributing to the total gravitational weight of a system, a concept which had originally
been used by Kraichnan, in a more formal setting, to argue that the full non-linear theory of
general relativity arose by coupling the linear spin-2 field to its own energy-momentum [50].
It was in this conceptual environment, then, that Brill and Hartle developed their “selfconsistent field” approach [22], a technique which averaged the energy-momentum of the
high-frequency modes of the gravitational field in order to predict their effect on the lowfrequency modes, and allowed them to construct their gravitational geon (a concentration
of gravitational waves, held together by its own gravity) in 1964. Extending this idea to a
more generally applicable framework, Isaacson presented an approach to the propagation of
gravitational waves in the low-amplitude high-frequency limit [46], and defined a gaugeinvariant “effective” gravitational energy-momentum tensor by the very same method,
taking an average over many wavelengths of the gravitational wave [47].
Throughout the 1970s, this “averaged” energy-momentum tensor remained the only
available gauge-invariant object that even resembled a truly local picture of gravitational
energy-momentum, and many had arrived at the conclusion that this was all that could
be achieved within the theory. In 1973, Milsner, Thorne and Wheeler famously declared
the whole enterprise to be “looking for the right answer to the wrong question” [58] and
succeeded in dissuading a generation of physicists from tackling the problem.
Bolstered by the successes of the global definitions of energy-momentum (in particular,
proofs of positivity for the ADM mass [24, 73, 82]) interest in the 1980s turned to quasilocal definitions of gravitational energy-momentum [13, 42, 78]. These methods attempt
to quantify the total energy within compact finite regions, usually by means of an integral
over the region’s boundary, but stop short of the infinitesimal regions required to define
energy-densities. Despite considerable progress in this area, the quasi-local approach still
struggles with many of the technical and conceptual problems encountered in the truly
local problem, suffering from an overabundance of definitions and constructions, and a
lack of consensus over what properties they should obey [77].
Over the last two decades, the task of finding a physically well-defined gravitational
energy-momentum tensor has garnered little attention, with a small number of physicists
offering tentative solutions [11, 56] which, on closer inspection, have been found to inherit
many of the major flaws of earlier approaches. In contrast to this inactivity, advances in
experimental and computational physics have introduced numerous potential applications
for a local description of gravitational energy-momentum. Considering that the first direct
detection of gravitational radiation is expected to occur in a matter of years [75], the era of
3
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gravitational wave astronomy may soon be upon us. In this context, a gravitational energymomentum tensor could prove invaluable in the design of new gravitational detectors,
much as Poynting’s work influenced our understanding of electromagnetic antennae in
the previous century. Complementing this, the art of numerical relativity has entered
something of a “golden age” in recent years [54]. These methods have bestowed upon us
a wealth of new solutions to the Einstein field equations, the often unintuitive behaviour
of which may be better understood were we to possess a meaningful gravitational energymomentum tensor.2 These factors considered, now is perhaps the time to reevaluate the
wisdom of Misner, Thorne and Wheeler’s definitive declaration, and examine whether
there is in fact a “right” question to ask.

0.2

Overview

This dissertation draws together the various avenues of my research into the localisation
of gravitational energy, momentum, and intrinsic spin. Chapters 1 to 5 (being the main
body of the thesis) were written as research papers [1–5] and have either appeared in, or
recently been submitted to, Physical Review D. As each chapter is self-contained in terms
of exposition, beginning with its own motivations and ending with its own conclusions,
there is little need for a detailed introduction here. Instead, the purpose of this overview
is to briefly explain the relationship between the chapters, so they need not be viewed in
isolation.
Chapter 1 can be thought of as a preliminary study, in which the failings of Babak and
Grishchuk’s gravitational energy-momentum tensor [11] are discussed in order that such
pitfalls might be avoided in the rest of the thesis. The lessons drawn from this work are
threefold: (i) the coordinate dependence of gravitational pseudotensors can be nullified,
and genuine tensors defined, if one presents these tensors in an auxiliary background
spacetime; (ii) this does not rid the description of its gauge freedom, however, as the
tensors will now depend on the arbitrary mapping between the physical and background
spacetimes; (iii) unless the gauge freedom is heavily constrained, or a gauge-invariant
replacement for the tensor found, this ambiguity is so great as to render the description
largely meaningless.3 As such, this chapter lays out the basic truths on which much of the
thesis is built.
Chapter 2 examines the coupling between the gravitational field and its own energymomentum (as first described by Kraichnan [50]) and presents a procedure by which this
coupling can generate the full theory of general relativity, order by order, starting with
2

For example, recent simulations of black hole mergers [23] have displayed peculiar bobs and kicks that
one might hope to explain in terms of the motion of gravitational energy-momentum.
3
Babak and Grishchuk adopt a slightly unusual philosophical position, in which the flat background is
considered to be the “real” spacetime, and gravitational forces act on matter in such a way as to reproduce
the same physical predictions of general relativity, without the need for a curved spacetime. As this
stance appears to eschew the arbitrary mappings that would otherwise link the physical spacetime to the
background, much of the chapter is devoted to identifying the gauge freedom that has been obscured.
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only an action for linearised gravity. The gravitational energy-momentum tensor defined
by this algorithm cannot escape the problem of gauge dependence, but the aim of this
particular chapter is not to define an unambiguous measure of local energy-momentum.
Rather, by illuminating the connection between background coupling in the action of the
linear spin-2 field, and the non-linear theory that evolves from repeatedly coupling this
field to its energy-momentum, we gain a number of valuable results that prove useful in
later chapters, and observe the importance of linearised general relativity as the seed of
structure within the full theory.
Following this, chapters 3, 4, and 5 constitute the main investigation of the thesis: focusing exclusively on the linear approximation to general relativity, I succeed in localising
gravitational energy, momentum, and spin. The key to this approach is the appearance
of a natural gauge-fixing procedure, motivated by properties of the gravitational energymomentum tensor and spin tensor I derive, and by comparison with the gauge-invariant
energy-momentum (and angular momentum) exchanged with an infinitesimal detector.
Chapter 3 concerns energy and momentum, chapter 4 concerns angular momentum, intrinsic spin, and moment-of-energy, and chapter 5 combines all these results, embedding
them within a theoretical framework that connects to previous treatments of gravitational
energy-momentum. It is in this last chapter that the results of chapter 2 find their main
application, linking the gravitational Lagrangian (from which the energy-momentum and
spin tensors of chapters 3 and 4 can be derived) to a perturbative expansion of the EinsteinHilbert action, and hinting at a method by which the framework may be extended beyond
linear order.
A more thorough summary of the content of these chapters can be found in section
0.3, where the abstracts of the papers [1–5] are reproduced.

Notation and Conventions
Throughout this dissertation, I work in units where c = 1, write κ ≡ 8πG, and adopt the sign conventions of Wald [79] and Misner, Thorne, and Wheeler [58]: ηµν ≡
diag(−1, 1, 1, 1), [∇c , ∇d ]v a ≡ 2∇[c ∇d] v a ≡ Rabcd v b , and Rab ≡ Rcacb . Roman letters are
used as abstract tensor indices [79, §2.4] and Greek letters as numerical indices running
from 0 to 3.
While notation is broadly consistent throughout the thesis, and entirely consistent
within chapters 3–5, it has been necessary to adopt a different definition of the gravitational
field hab within chapter 1 (following Babak and Grishchuk) and within chapter 2 (for
b abcd of chapter 2 has the opposite
technical reasons)4 . As a result, the differential operator G
b abcd of chapters 3–5.
sign to the operator G
4

See footnote 4 of chapter 2 for details.
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0.3

Abstracts

[1]
Chapter 1
Physical Significance of the Babak-Grishchuk Energy-Momentum Tensor
We examine the claim of Babak and Grishchuk [11] to have solved the problem of localising the energy and momentum of the gravitational field. After summarising Grishchuk’s
flat-space formulation of gravity, we demonstrate its equivalence to General Relativity at
the level of the action. Two important transformations are described (diffeomorphisms
applied to all fields, and diffeomorphisms applied to the flat-space metric alone) and we
argue that both should be considered gauge transformations: they alter the mathematical representation of a physical system, but not the system itself. By examining the
transformation properties of the Babak-Grishchuk gravitational energy-momentum tensor
under these gauge transformations (infinitesimal and finite) we conclude that this object
has no physical significance.

[2]
Chapter 2
Bootstrapping Gravity: a Consistent Approach to Energy-Momentum
Self-Coupling
It is generally believed that coupling the graviton (a classical Fierz-Pauli massless spin2 field) to its own energy-momentum tensor successfully recreates the dynamics of the
Einstein field equations order by order; however the validity of this idea has recently been
brought into doubt [64]. Motivated by this, we present a graviton action for which energymomentum self-coupling is indeed consistent with the Einstein field equations. The Hilbert
energy-momentum tensor for this graviton is calculated explicitly and shown to supply the
correct second-order term in the field equations; in contrast, the Fierz-Pauli action fails
to supply the correct term. A formalism for perturbative expansions of metric-based
gravitational theories is then developed, and these techniques employed to demonstrate
that our graviton action is a starting point for a straightforward energy-momentum selfcoupling procedure that, order by order, generates the Einstein-Hilbert action (up to a
classically irrelevant surface term). The perturbative formalism is extended to include
matter and a cosmological constant, and interactions between perturbations of a free
matter field and the gravitational field are studied in a vacuum background. Finally, the
effect of a non-vacuum background is examined, and the graviton is found to develop a
non-vanishing “mass-term” in the action.

Chapter 3
Localising the Energy and Momentum of Linear Gravity

[3]

A framework is developed which quantifies the local exchange of energy and momentum
between matter and the linearised gravitational field. We derive the unique gravitational
energy-momentum tensor consistent with this description, and find that this tensor only
6
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exists in the harmonic gauge. Consequently, nearly all the gauge freedom of our framework
is naturally and unavoidably removed. The gravitational energy-momentum tensor is then
shown to have two exceptional properties: (a) it is gauge-invariant for gravitational planewaves, (b) for arbitrary transverse-traceless fields, the energy-density is never negative,
and the energy-flux is never spacelike. We analyse in detail the local gauge invariant
energy-momentum transferred between the gravitational field and an infinitesimal pointsource, and show that these invariants depend only on the transverse-traceless components
of the field. As a result, we are led to a natural gauge-fixing program which at last
renders the energy-momentum of the linear gravitational field completely unambiguous,
and additionally ensures that gravitational energy is never negative nor flows faster than
light. Finally, we calculate the energy-momentum content of gravitational plane-waves,
the linearised Schwarzschild spacetime (extending to arbitrary static linear spacetimes)
and the gravitational radiation outside two compact sources: a vibrating rod, and an
equal-mass binary.

Chapter 4
Localising the Angular Momentum of Linear Gravity

[4]

In the previous chapter we derived an energy-momentum tensor for linear gravity that
exhibited positive energy-density and causal energy-flux. Here we extend this framework
by localising the angular momentum of the linearised gravitational field, deriving a gravitational spin tensor which possesses similarly desirable properties. By examining the local
exchange of angular momentum (between matter and gravity) we find that gravitational
intrinsic spin is localised, separately from “orbital” angular momentum, in terms of a
gravitational spin tensor. This spin tensor is then uniquely determined by requiring that
it obey two simple physically-motivated algebraic conditions. Firstly, the spin of an arbitrary (harmonic-gauge) gravitational plane-wave is required to flow in the direction of
propagation of the wave. Secondly, the spin tensor of any transverse-traceless gravitational
field is required to be traceless. (This condition is shown to rid the field of infinite pressure
gradients.) Additionally, the following properties arise in the spin tensor spontaneously:
all transverse-traceless fields have purely spatial spin, and any field generated by a static
distribution of matter will carry no spin at all. Following the structure of the previous
chapter, we then examine the (spatial) angular momentum exchanged between the gravitational field and an infinitesimal detector, and develop a microaveraging procedure that
renders the process gauge invariant. The exchange of non-spatial angular momentum (i.e.
moment-of-energy) is also analysed, leading us to conclude that a gravitational wave can
displace the centre-of-mass of the detector; this conclusion is also confirmed by a “first
principles” treatment of the system. Finally, we discuss the spin carried by a gravitational
plane-wave.
7
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Chapter 5
Localised Energetics of Linear Gravity: Theoretical Development

[5]

Thus far, we have developed a local description of the energy, momentum and angular
momentum carried by the linearised gravitational field, wherein the gravitational energymomentum tensor displays positive energy-density and causal energy-flux, and the gravitational spin-tensor is traceless and describes purely spatial spin. We now investigate the
role these tensors play in a broader theoretical context, with the aim of demonstrating
that (a) they do indeed constitute Noether currents associated with the symmetry of the
linearised gravitational field under translation and rotation, and (b) they are themselves a
source of gravity, analogous to the energy-momentum and spin of matter. To prove (a) we
construct a Lagrangian for linearised gravity (a covariantised Fierz-Pauli Lagrangian for
a massless spin-2 field) and show that our tensors can be obtained from this Lagrangian
using a standard variational technique for calculating Noether currents. This approach
generates formulae that uniquely generalise our gravitational energy-momentum tensor
and spin tensor beyond harmonic gauge: we show that no other generalisation can be
obtained from a covariantised Fierz-Pauli Lagrangian without introducing second derivatives in the energy-momentum tensor. We then construct the Belinfante energy-momentum
tensor associated with our framework (combining spin and energy-momentum into a single
object) and as our first demonstration of (b) we establish that this Belinfante tensor appears as the second-order contribution to a perturbative expansion of the Einstein field
equations, generating the gravitational field in a manner equivalent to the (Belinfante)
energy-momentum tensor of matter. By considering a perturbative expansion of the
Einstein-Cartan field equations, we then demonstrate that (b) can be realised without
forming the Belinfante tensor: our energy-momentum tensor and spin tensor appear as
the quadratic terms in separate field equations, generating gravity as distinct entities. Finally, we examine the role of field redefinitions within these perturbative expansions; in
contrast to our tensors, the Landau-Lifshitz tensor is found to require a non-local field
redefinition in order to be cast as a source of the gravitational field. In an appendix, we
also give a brief treatment of the global quantities that our framework defines, and verify
their equivalence (within the quadratic approximation) to the ADM energy-momentum
and angular momentum.
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Chapter

1

Physical Significance of the Babak-Grishchuk
Gravitational Energy-Momentum Tensor

1.1

Introduction

Despite the central role played by the energy-momentum tensor of matter in general
relativity, there is no widely accepted way to localise the energy and momentum of the
gravitational field itself. In the place of a genuine solution to this problem, we are forced to
make do with an over-abundance of energy-momentum pseudotensors, objects designed to
display some or other property befitting a measure of gravitational energy-momentum, but
whose coordinate dependence renders them of little physical significance beyond giving the
correct integrals at infinity in asymptotically flat spacetimes. Even for weak gravitational
waves, the best measures at our disposal only become meaningful once we have averaged
over many wavelengths.
The canonical response to the gravitational energy-momentum problem is to dismiss it
as “looking for the right answer to the wrong question”[58, §20.4]; but while the well-known
argument presented by Misner, Thorne and Wheeler is certainly compelling, it is far from
watertight. They remind us that the equivalence principle ensures that all “gravitational
fields” Γαβγ can be made to vanish at a point by a suitable choice of coordinates, and
conclude that because gravity is locally zero, there can be no energy density associated
with it. However, this argument fails to consider tensors containing second derivatives
of the metric, which unlike Γαβγ cannot be made to vanish by choice of coordinates,
and really do reflect the local curvature of spacetime: for example, the Riemann tensor
can be used to construct objects such as the Bel-Robinson tensor [69]. Misner, Thorne
and Wheeler also point out that, while the matter energy-momentum tensor derives its
physical significance by curving space, a similar tensor for gravity would not be a source
term for the field equations. However, this stance is based around a prejudice for writing
the Einstein field equations as Gab = κT ab with gravity on the left and matter on the right;
there is nothing to stop us splitting up Gab in a covariant fashion, grouping one part with
T ab , and interpreting this as the total energy-momentum source, taking the remainder of
Gab to be the gravitational ‘response’. Despite these reservations, the argument in [58]
9
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remains vindicated as yet by the failure of these escape-routes to yield anything which can
be physically interpreted as an energy-momentum tensor.
It might appear that the only straightforward solution to the problem is to extend
the definition of the matter energy-momentum tensor T ab (a functional derivative of the
matter Lagrangian with respect to the metric) to the gravitational field, and conclude that
the gravitational energy-momentum tensor is −Gab /κ, where κ = 8πG/c4 . The Einstein
field equations could then be interpreted as a constraint that everywhere sets to zero the
sum of gravitational and matter energy-momentum. While one might claim this simple
idea conveys some important physical insight, it suffers from numerous problems. Firstly,
−Gab /κ lacks the analytical power one expects from an energy-momentum tensor: the
ability to split the set of all physical systems at a particular time into classes of different
total energy and momenta, so that conservation laws alone can reveal that two particular
spacelike hypersurfaces could never be part of the same spacetime. Secondly, it leads
us to conclude that the gravitational field only has energy where matter is also present,
precluding the use of this prescription to describe the energetics of gravitational waves,
or define a gravitational tension in the vacuum between massive bodies. Thirdly, the
energy-momentum tensors for gravity and matter are conserved separately (∇a Gab = 0 and
∇a T ab = 0) so that although there is a delicate balance that keeps their sum zero, it is not
the case that energy or momentum simply ‘flows’ between gravity and matter, as ∇a (T ab −
Gab /κ) = 0 alone would imply. Lastly, we note that the conservation law ∇a Gab = 0
actually tells us nothing at all about the gravitational field; it is satisfied identically,
without any need for the equations of motion to hold. Because of these drawbacks, if we
are to regard −Gab /κ as a solution to the gravitational energy-momentum problem, we
consider it rather a trivial one. Clearly, the reason for this triviality is that we have overworked the metric: we cannot use the functional derivative with respect to a dynamical
field as a way of defining the energy-momentum tensor for that same field, as we will only
end up writing down the equations of motion twice. This line of reasoning leads us to
consider that one method of attack for this problem may be to separate the two roles
played by g ab in general relativity, that of dynamic field and spacetime metric.
In [40], Grishchuk develops a “field-theoretical” approach to gravitation, which expresses the physical content of general relativity (GR) in terms of a dynamical symmetric
tensor field in flat Minkowski spacetime. Although this formulation has been carefully designed to agree with the empirical predictions of GR, in [11] Babak and Grishchuk claim
that the flat-space approach allows them to define a unique, symmetric, and non-trivial
energy-momentum tensor for the gravitational field. The major purpose of this chapter is
to examine the extent to which this tensor is physically meaningful.

1.2

Flat-Space Gravitation

Babak and Grishchuk represent gravitation as the theory of a dynamical symmetric tensor
field hab defined over a four-dimensional manifold M with a (non-dynamical) flat Lorent10
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zian metric γ ab . Translation between this picture and the dynamical metric g ab of GR can
be achieved using the following relation:
√

−gg ab =

√

−γ(γ ab + hab ),

(1.1)

where g = 1/det(g αβ ) and γ = 1/det(γ αβ ). It should be emphasised that Babak and
Grishchuk consider this relation to be the definition of g ab , a tensor to which they assign
no particular fundamental or geometric significance.1 Accordingly, they use γ ab , rather
than g ab , to raise and lower tensor indices2 , and define a (torsion-free) covariant derivative
ˇ a (denoted by indices following “ ˇ; ”3 and with Christoffel symbols C a ) by ∇
ˇ c γ ab = 0.
∇
bc
As γ ab is flat,
Řabcd ≡ C abd,c − C abc,d + C ebd C aec − C ebc C aed = 0,

(1.2)

ˇ a derivatives commute. This contrasts to the usual (GR) covariant derivative ∇a ,
and ∇
denoted by indices following “ ; ”, defined by ∇c g ab = 0, and with curvature tensor
Rabcd 6= 0 in general.4
To ensure that hab obeys an equation of motion consistent with Einstein’s field equations, its dynamics are determined by an action S that is equivalent to the Einstein-Hilbert
action. Specifically, in [11] Babak and Grishchuk use the action
Z
i
1
−1 √ h ab c
S=
−γ h ˇ;c P ab − (γ ab + hab )(P cad P dbc − Pa Pb ) d4x,
(1.3)
2κ
3
where P abc and Pa are functions of hab , γ ab and habˇ;c given in their paper. If we add to
the Lagrangian the following surface term:
i
1 h√
Lsurface =
−γ(γ ab + hab )P cab
2κ
,c
i
1 h√
ab
ab
c
=
−γ(γ + h )P ab ,
(1.4)
2κ
ˇ;c
1

Of course, because Babak and Grishchuk insist that this viewpoint does not contradict the predictions
of general relativity, effects that are traditionally deemed the result of spacetime geometry (proper lengths
of coordinate displacements, rates of clocks, geodesic deviation, etc.) will be viewed as arising from a
4-force that matter feels in response to the presence of hab ; see [40] for details. The correspondence with
GR inevitably means that predictions of this nature can always be expressed in terms of g ab alone.
2
A singular exception is made for g ab : it is assigned the ‘lowered’ form gab = (g ab )−1 to coincide with
the GR definition.
3
ˇ and “ ˇ; ”.
This notation differs from [11]: where they write ∇ and “ ; ”, we write ∇
4
There is no contradiction in being able to define two different covariant derivatives on a manifold.
Because both have been defined by a tensor equation (without any reference to coordinate systems) they
must both produce genuine (abstract) tensor indices ;a and ˇ;a. The significance of the standard covariant
derivative (in GR) is not just that it is covariant, but that it expresses the Equivalence Principle: in a
system of local inertial coordinates {xα } such that g αβ = η αβ + O(x2 ) near some point p, the Christoffel
symbols for the ∇a derivative vanish and we find that (at p) ∇a = ∂a , the ordinary derivative of these
coordinates. Thus ∇c g ab = 0 picks out the coordinate independent derivative operator which coincides
ˇ a = ∂a at p
with local inertial coordinate derivatives. In contrast, a coordinate system {y α } for which ∇
αβ
αβ
2
will not necessarily have g = η + O(y ) there; however, as the flat-space picture eschews the geometric
interpretation of g ab , we can avoid assigning much significance to this point.
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then, applying the flatness condition (1.2) to equation (53) of [11], we see that


Z
√
1
1
ab
ab
c
c
d
S + Ssurface =
−γ(γ + h ) P abˇ;c + P ad P bc − Pa Pb d4x
2κ
3
Z
−1 √
=
−gg ab Rab d4x
2κ
= SEH ,

(1.5)

the Einstein-Hilbert action. Extremising S with respect to variations in hab , we have


δS
δSEH ∂g cd
=
0
⇒
= 0,
(1.6)
δhab
δg cd ∂hab γ
 cd 
∂g
where the subscript γ indicates that γ ab has been held constant. As an inverse of ∂h
ab
γ

exists, namely


∂hab
∂g cd


γ

√
1 ∂ −gg ab
√
=
−γ ∂g cd


√
−g
1 ab
(a b)
2δ c δ d − g gcd ,
=√
−γ
2

(1.7)

the equations of motion (1.6) are equivalent to the Einstein Field Equations:
δSEH
= 0.
δg ab

(1.8)

As presented in [40], the original motivation for this flat-space picture is that it allows
physicists to study and predict gravitational phenomena in a framework that is free of the
conceptual baggage of differential geometry, and has more in common with the language
of particle physics and classical electrodynamics. However, the work presented in [11]
elevates this framework beyond the status of a ‘linguistic trick’, as the metric γ ab allows
one to define the “metrical energy-momentum tensor” according to
m
−2 δL
t ab ≡ √
−γ δγab



−2
∂L
∂L
≡√
− ∂c
.
−γ ∂γab
∂γab,c

(1.9)

From this, a unique gravitational energy-momentum tensor tab can be constructed that
is symmetric, free of second derivatives, and conserved by the equations of motion: see
equation (65) of [11]. Having made this identification, the field equations (1.6) take on
the simple form5


g ab cd
ab
ac bd
κt =
(g g − g g )
.
(1.10)
2γ
ˇ;cˇ;d
Although this equation does not define the energy-momentum tensor, it provides us with
a simple method for calculating tab , given the gravitational field.6
5

This result is a corrected version of equation (78) of [11]; it is easy to see that the original equation
lacks a factor of −1/γ by comparing it to the preceding equation in that paper.
6
This relation also reveals a connection between tab and tab
LL , the gravitational energy-momentum
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Physical Content of tab

We cannot fault Grishchuk’s formulation of gravitational dynamics within the realm of
general relativity, as agreement over predictions of ‘geometrical phenomena’ (as they would
be interpreted in GR) has been achieved by design.7 However, in comparison with general
relativity, the flat-space theory possesses additional mathematical structure: two tensors
hab and γ ab fulfil the role played by g ab alone. This extra structure endows the flat-space
theory with an increased range of expression, making possible the definition of tensors
that cannot be constructed within the framework of GR. As we shall show, the gravitational energy-momentum tensor is one of these ‘non-GR’ quantities.8 We investigate here
whether tab (or any non-GR quantity) can be physically significant, or whether it can only
ever be interpreted as an artefact of the mathematics.

1.3.1

Gauge Transformations

Besides allowing us to interpret gravity as a force-field on flat space, the presence of γ ab
has had the important side-effect of increasing the space of gauge transformations of the
theory. The core reason for this is that the flatness constraint (1.2) is not enough to define
a unique γ ab for a given g ab , a tensor which, through the correspondence with GR, can
be used alone to construct the observable predictions of the theory. In this section we
examine two transformations and justify their status as gauge transformations, i.e. that
they alter the mathematical representation of a physical system, but not the system itself.

Diffeomorphism gauge transformations
Given a diffeomorphism φ: M → M, we transform all tensor fields X a...b... according to
X a...b... → (φ∗ X)a...b... ,

(1.11)

where the action of φ∗ on X is defined in the standard way by the action of the pullback
of φ (and the pushforward of φ−1 ) on the dual-vector (and vector) arguments of X; see
[79, §C.1] for details. Although, as written, this transformation cannot be the result of a
pseudotensor of Landau and Lifshitz [52]: in Lorentzian coordinates (γ αβ = η αβ ) it follows from (1.10)
ab
that tαβ = (−g)tαβ
corresponds to a Landau-Lifshitz energy-momentum that
LL . Roughly speaking, t
has been rendered coordinate-system independent (tensorial, rather than pseudotensorial) through the
ˇ a.
replacement of ordinary coordinate derivatives ∂a with flat-space covariant derivatives ∇
7
Of course, one may still wish to attack the aesthetics of a framework which, from the GR viewpoint,
appears to obscure the geometric nature of gravity, and replaces the Equivalence Principle with a seemingly
arbitrary coupling between hab , γ ab and matter. However, the potential for a greater understanding of the
local energy-momentum content of the gravitational field should be enough to temporarily assuage these
objections.
8
This statement might appear obvious due to the use of γ ab in (1.9), or the presence habˇ;c in the
ˇ a may also
definition of tab (equation (65) of [11]). However, a tensor defined in terms of γ ab , hab , and ∇
c
c
d
1
be expressible in GR, e.g. P abˇ;c + P ad P bc − 3 Pa Pb = −Rab [g].
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change of coordinate system9 , it transforms the components X α...β... in a typographically
identical manner to that of a coordinate change. More precisely, the components of φ∗ X at
φ(p) in a coordinate system {y α } will be equal to the components of X at p in coordinates
{xα } where y α (q) = xα (φ−1 (q)). As such, if we had chosen to represent all our tensor
equations in terms of components in some coordinate system, it would be impossible to tell
(from the transformation law alone) whether we had performed the diffeomorphism (1.11)
or simply changed coordinates. Therefore, because the physical content of a tensor field’s
components cannot depend on which coordinate system it is expressed in, so the physical
content of tensor fields cannot depend on the action of (1.11). Thus, just as in general
relativity, we find that Grishchuk’s formulation contains the group of diffeomorphisms
φ: M → M as a gauge freedom.
The γ-transformation
Besides the diffeomorphism gauge transformation (DGT), it is also possible to use a diffeomorphism φ: M → M to define a transformation that reflects the range of flat-metrics γ ab ,
and gravitational fields hab , consistent with a particular g ab ; we apply the diffeomorphism
to γ ab alone, and demand that hab compensate in such a way that g ab remains unchanged:
γ ab → (φ∗ γ)ab ,
hab → h0
⇒

ab

=

√
√ −γ
−φ∗ γ




γ ab + hab − (φ∗ γ)ab ,

g ab → g ab .

(1.12)

To be consistent with the field equations, if we are to include matter fields M a...b... in the
theory, we must make them similarly invariant:
M a...b... → M a...b... .

(1.13)

It is easy to verify that the flatness of γ ab is maintained by this map, as Řabcd → (φ∗ Ř)abcd
and φ∗ 0 = 0.10 It should be noted that the replacement γ ab → (φ∗ γ)ab does not represent a
coordinate change, but is a map between two different metric tensors. Obviously, because
both metrics are flat, we can always find coordinates for each such that their components
are those of the Minkowski matrix η αβ = diag(+1, −1, −1, −1), but while γ αβ = η αβ in
some coordinates {xα }, in general (φ∗ γ)αβ = η αβ in a different set of coordinates {y α }.
A key feature of the γ-transformation (1.12) is that it allows us to distinguish between
the two types of tensors in Grishchuk’s formulation: those that can be constructed in
9

In this chapter we use the abstract index notation developed by Penrose and Rindler [66], so that
the Roman indices of γ ab indicate the tensor ‘slots’ of the metric, and do not refer to components of the
tensor in any coordinate system. Thus the ‘effect’ of a coordinate transformations is completely invisible
to a tensor equation notated with abstract indices. To notate the matrix of components of a tensor such
as γ ab in coordinates {xα } we use Greek indices: γ αβ ≡ γ ab (dxα )a (dxβ )b .
10
These transformations form a subgroup of a larger group of transformations for which γ ab → γ 0ab
(still flat) and hab compensates such that g ab is held fixed. Because this larger group does not relate so
simply to the diffeomorphism gauge freedom, it is not discussed here.
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standard GR, and ‘non-GR’ tensors, which cannot. Because g ab is invariant under (1.12),
all GR tensors (which must be expressible in terms of g ab , ∇a and M a...b... only) will be
likewise unchanged:
GR:

Aa...b... → Aa...b... .

(1.14)

Thus, any tensor which is not invariant under all transformations of the form (1.12) must
be non-GR:
non-GR: B a...b... → B 0

a...
b...

6= B a...b... ,

(1.15)

for some γ-transformation.
From this identification, and the formula (1.10), we can confirm our suspicions that
tab is a non-GR quantity: under a γ-transformation (1.12), the g’s in the square brackets
are untouched, but the ˇ; derivatives are transformed according to
ˇa → ∇
ˇ0 ,
∇
a
where
and

ˇ a γ bc = 0,
∇
ˇ 0a (φ∗ γ)bc = 0.
∇

(1.16)

Although there may be some φ for which the transformation of 1/γ in (1.10) cancels the
ˇ a , this will not happen for all φ.11 Thus tab is not in general
effects of transformation of ∇
an invariant of the transformation, and must be impossible to construct in GR without
introducing additional structure in the form of γ ab .
Clearly, it is important to know whether the γ-transformation should be thought of
as a gauge transformation, or as map between physically inequivalent systems. This is
not a trivial problem, however, because we must be careful to avoid the tacit assumption
that the GR metric g ab describes everything about the gravitational field. Because g ab
is invariant under (1.12), the physics traditionally thought of as spacetime ‘geometry’
(and, in the flat-space view, are the observable effects of hab on particle worldlines, rods
and clocks) must be left invariant also. Thus, comparing the γ-dependence of tab with
the γ-independence of spacetime ‘geometry’12 , we can immediately conclude that that tab
cannot be determined by spacetime ‘geometry’ alone. However, it does not immediately
follow that tab is an unphysical tensor, as we must seriously examine the possibility that
gravity is more than just g ab , and that in performing the γ-transformation we have altered
something physical about the system that standard general relativity simply does not ‘see’.
If we suppose that (1.12) does effect a physically meaningful change, we must conclude
that every physical system is associated with a ‘true’ γ ab , or at least with a class of
11

To demonstrate this rigorously it is sufficient to show that tab is not invariant under infinitesimal
γ-transformations; this calculation is performed in appendix 1.A.
12
We insist on writing ‘geometry’ in inverted commas because although the phenomena to which we
are referring are traditionally deemed to be the result of spacetime geometry, we must stress that this
interpretation is not endorsed by Grishchuk’s formulation. The term ‘geometry’ in this sense should
simply be taken as a short-hand for the observable predictions shared by general relativity and the flatspace formalism.
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physically equivalent flat-metrics {γ ab } that is smaller than the complete space spanned
by all possible γ-transformations. The question is, given a physical system, how can we
know when we have chosen the correct γ ab ? Clearly, no ‘geometric’ measurements can
ever reveal which γ ab is hidden beneath the g ab metric, because ‘geometric’ phenomena
are invariant under the γ-transformation. The only possibility of revealing γ ab empirically
would be if we could directly measure a non-GR tensor like tab . However, to assume that
such a measurement could be carried out would make our logic circular, as for that to be
possible the tensor would certainly need to be physically meaningful, and it is the truth of
precisely this assertion that we have been trying to determine!
Even if we cannot rely on an empirical method to reveal the ‘true’ flat-metric γ ab of
a particular physical system, there may still be a systematic way to define one, given
knowledge of quantities we can measure. Such a definition would pick out a ‘canonical’
γ ab and we would be forbidden from performing γ-transformations because the new γ ab
would no longer be canonical.13 The situation is analogous to the following question in
electrostatics: what is the potential V at a particular point x? Even though we can never
measure this quantity directly, we can still define a canonical potential V (x) in a natural
and systematic way by demanding that V → 0 as the distance from the sources r → ∞,
or equivalently, as the electric charges qi → 0. In the same sense that we have V = 0
(everywhere) synonymous with the absence of electric charges, we would certainly hope
that we could choose a canonical γ ab such that hab = 0 (everywhere) is synonymous with
the absence of matter fields. Indeed, given a GR metric g ab that satisfies the Einstein field
equations with a matter energy-momentum tensor T ab as the source, we can write:
g ab = g ab (T cd ),

(1.17)

and define the canonical flat metric by
γ ab = g ab (T cd )|T cd =0 (everywhere) .

(1.18)

For example, we could view the Schwarzschild spacetime with central mass M as a family
of spacetimes g ab (M ) and identify γ ab with g ab (0). For any other prescription for the
canonical γ ab there will arise the following peculiar situation: in the absence of matter,
despite spacetime ‘geometry’ being flat, g ab will be not be equal to γ ab , and we will still
have to use a non-zero hab field to convert between these two different flat metrics. In this
sense (1.18) is the only natural prescription for a canonical flat metric.
However, it turns out that even this effort cannot force us to abandon (1.12) as a genuine gauge transformation, as (1.18) does not behave correctly under some diffeomorphism
gauge transformations (DGTs). To see this, start with a GR metric g ab = g ab (T cd )
and a canonical flat metric defined by (1.18). Now, consider a family of diffeomorphisms
{φf : M → M ∀f ∈ R} such that φ0 is the identity diffeomorphism: φ0 (p) = p ∀p ∈ M.
13

One might expect γ αβ = η αβ to be a perfectly good definition for a canonical flat-metric; however
this does not really fix γ ab at all, it only begs the question: in which coordinate system do we insist that
this equation holds?
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We change nothing physical about this system by performing a DGT with φf for any value
of the parameter f , and we are free to have the value of f determined by some functional
of T cd such that T cd = 0 (everywhere) gives f = 0. Then, having performed this DGT,
we can calculate the canonical flat metric again:
h
i
ab
ab
cd
cd
(1.19)
γ 0 = g 0 (T 0 )|T 0 cd =0 = (φ∗f g)ab (T 0 ) 0 cd = (φ∗0 γ)ab = γ ab .
T

=0

Thus, our DGT, coupled with our definition of the natural canonical flat metric, has had
the following effect:
g ab → (φ∗f g)ab ,
γ ab → γ ab ,
ab

h

→h

0 ab

√
=

−φ∗ γ
√ f
−γ




(φ∗f γ)ab + (φ∗f h)ab − γ ab ,

M a...b... → (φ∗f M )a...b... .

(1.20)

Whereas, under the DGT, we should have recovered γ ab → (φ∗f γ)ab and hab → (φ∗f h)ab .
We are left with a choice: either we completely abandon the idea of a natural canonical γ ab on the grounds that it is not covariant under all DGTs (and thus accept that
the γ-transformation (1.12) is a gauge transformation), or we agree that this ‘γ-fixed’
transformation (1.20) is on equal footing with a DGT and is therefore another gauge
transformation of the formalism. Of course, this is not really a choice at all, as the γ-fixed
transformation has precisely the same effect as performing a diffeomorphism gauge transformation with φf and then a γ-transformation with (φf )−1 ; thus, by agreeing that (1.20)
is a gauge transformation, one has agreed that the γ-transformation is one also.
The key to this argument is that because the prescription (1.18) does not pick γ ab in
a diffeomorphism covariant fashion14 , we retain the ability to perform γ-transformations
through our choice of which diffeomorphism gauge we use to express the T ab = 0 spacetime
when we apply the definition for the canonical flat metric.
It is interesting to note that when Grishchuk refers to the gauge transformations of his
formalism in [40], he appears to mean the γ-fixed variety: in appendix 1.A we calculate
that the effect of an infinitesimal γ-fixed transformation on hab is




ab
(a
hab → h0 = hab + ξ c (γ ab + hab ) − 2ξ ˇ;c γ b)c + hb)c
(1.21)
ˇ;c

and on setting γ αβ = η αβ (which can either be viewed as a coordinate choice, given γ ab ,
or a choice of γ ab given some coordinate system) we recover
h0

αβ

= hαβ + η αβ ξ λ,λ + (hαβ ξ λ ),λ − 2ξ (α,β) − 2ξ

(α
β)λ
,
,λ h

(1.22)

which is equation (38) of [40].
Thus we must finally conclude that the γ-transformation (1.12) is a gauge transformation of Grishchuk’s formalism, and that not only is the flat metric γ ab unobservable, it
14

We implicitly picked a gauge when we wrote g ab as a particular solution of the field equations with
source T cd in (1.17).

17

Chapter 1. Physical Significance of the Babak-Grishchuk Energy-Momentum Tensor

is impossible to define a ‘canonical’ choice of γ ab in a diffeomorphism gauge covariant,
systematic, and natural fashion.

1.3.2

Transformation Properties of tab

We have demonstrated that the γ-transformation should be thought of as a map between
different mathematical representations of the same physical system. As tab is not invariant
under this gauge change (i.e. non-GR) we might be suspicious that this ‘energy-momentum
tensor’ has no physical significance. However, before we dismiss tab , it is worth considering the following possibility: even though tab is not invariant under γ-transformations,
could the transformed tensor t0ab , somehow, have the same physical content as the untransformed tensor tab ? After all, we see exactly this behaviour for a DGT: no tensor field
is invariant under (1.11), however we can consider tensor fields to be covariant under this
transformation (and their physical content unaltered) because they allow for the construction of gauge invariant quantities.15 We must therefore consider the possibility that the
γ-transformation law for tab constitutes some form of ‘generalised covariance’ that would
allow gauge invariant quantities to be constructed.
Of course, the expected form of these invariants rather depends on what one supposes
the physical content of tab to be. If it is, indeed, an energy momentum tensor, then an
observer with 4-velocity ua would expect to ‘find’ some energy density ρ = tab uc ud gac gbd , or
possibly ρ = tab uc ud γac γbd . It is easy to check that neither of these quantities is invariant
under a γ-transformation, despite the fact that we were forced to conclude that these
transformations do not alter whatsoever the physical system we are examining. From
this we deduce that, whatever physical meaning tab may have, since it cannot define a
meaningful energy-density in the standard way, it is definitely not an energy-momentum
tensor.

Infinitesimal transformations
It is instructive to examine the transformation properties of tab for an arbitrary infinitesimal gauge transformation. We proceed by constructing a diffeomorphism very close to
the identity by Lie dragging tensor fields along an infinitesimal vector field ξ a :

(φ∗ X)a...b... = X a...b... + (Lξ X)a...b... ,

15

(1.23)

All measurements necessarily correspond to scalars, thus the action of a DGT is simply to move these
scalars to different points of M. Because all the worldlines of observers and test particles are similarly
displaced, the correlations between these scalars will be diffeomorphism gauge invariant.

18

1.3. Physical Content of tab

where Lξ is the Lie derivative along ξ a . Under a γ-fixed gauge transformation for an
infinitesimal diffeomorphism φ defined by (1.23), we find that tab → t0ab , where
"
#
 



g ab cd
0 ab
ab
ab
e
a(c d)b
κt = κ t + (Lξ t)
+ ξ ˇ;e
g g −g g
γ
ˇ;c ˇ;d
 


g
− ξ eˇ;cˇ;d
g ab g cd − g ac g db
.
(1.24)
2γ
ˇ;e
This result is calculated in appendix 1.A. An important point of (1.24) is that, unlike the
γ-fixed behaviour of a GR field (A → A + Lξ A), the transformation law for tab includes
second derivatives of ξ. Thus, in a qualitative sense, the new t0ab (evaluated at some
point p ∈ M) seems to depends much more on the details of the transformation than a
GR quantity would; certainly the complex formula (1.24) cannot be interpreted as some
simple algebraic or geometric operation. If we imagine producing a finite transformation
by ‘exponentiating’ (1.24) then the GR part of the transformation tab + (Lξ t)ab would
correspond (loosely speaking) to a diffeomorphism ‘ φ∗ = eLξ ’ which would, to first
order in ξ, only depend on ξ and its first derivatives. The extra terms in (1.24), once
exponentiated, would vastly increase our freedom to determine t0ab at any particular p,
possibly enough to set t0ab (p) = 0 for any tab . If this were indeed shown to be the case,
then tab could hardly represent a meaningful local property of any field.
A particularly undesirable feature of (1.24) is that t0ab is not determined by ξ a and
tab alone; we also need to know the tensor [(g/2γ)(g ab g cd − g ac g db )]ˇ;e from which tab has
been constructed. This detail seems to preclude the assembly of invariants from tab and
observer worldlines alone.16
Finite transformations
To study the effect of finite gauge transformations on tab , we focus on the Schwarzschild
spacetime with a central point-mass M . Working in natural units (c = G = 1) and
suppressing the abstract indices on the coordinate differentials (dxα )a , we write the GR
metric as


1
2
2
2
2
2
2
gαβ dxα dxβ =
(g
−
g
)dt
+
2(f
g
−
f
g
)dtdr
−
(f
−
f
)dr
1 2
2 1
1
2
1
2
(f1 g1 − f2 g2 )2
− r2 (dθ2 + sin2 θdφ2 ),

(1.25)

where {f1 , f2 , g1 , g2 } are functions of r and t only. Birkhoff’s theorem [16] shows the
Schwarzschild spacetime to be the only spherically symmetric vacuum solution to the
Einstein equations; thus for any choice of {fi , gi } consistent with Rab = 0, the metric given
by (1.25) represents the Schwarzschild spacetime. This form of g ab will be particularly
16

Because non-GR tensors can be combined to form GR tensors, it will always be possible to ‘add in’
ˇ a to create a gauge invariant quantity from tab . However, in this case
some combination of γ ab , hab , and ∇
we should not associate the invariants with tab by itself, but instead with the larger GR object we have
assembled.
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useful for the present discussion, as it will allow us to choose explicitly the ‘gauge’ in which
to express the gravitational field. To illustrate this point, we record below the recipes for
the commonly used representations of the Schwarzschild spacetime.

f1
f2
g1
g2

Standard
Schwarzschild
p
1/ 1 − 2M/r
0
p
1 − 2M/r
0

Advanced
EddingtonFinkelstein

PainlevéGullstrand

1 + M/r
M/r
1 − M/r
−M/r

1
0
1
p
− 2M/r

As we have emphasised, there is no unique γ ab hidden beneath the metric defined in
(1.25). However, for the sake of concreteness, we fix the flat-metric as
γαβ dxα dxβ = dt2 − dr2 − r2 (dθ2 + sin2 θdφ2 ),

(1.26)

so that altering the functions {fi , gi } will give rise to γ-fixed transformations.17
In order to proceed, we remove some of the gauge freedom by demanding
1.
2.

f2 = 0,
∂t gαβ = 0.

(1.27)

Then we find that the vacuum field equations Rab = 0 enforce
f1 g1 = C,
g12 − g22 = 1 − 2M/r,

(1.28)
(1.29)

where C and M are constants, and we have identified the latter as the central mass by
comparison with the Standard Schwarzschild and Painlevé-Gullstrand gauges. Under these
conditions we find that all the components of tab vanish apart from the energy density:
tαi = tiα = 0,
t00 = −

g13

− g1 + 2r∂r g1
.
g13 r2

(1.30)
(1.31)

This last formula makes manifest the large space of gauge equivalent energy-momentum
tensors associated with the Schwarzschild spacetime, even after we have removed a large
portion of gauge freedom by demanding (1.27). Notice in particular that the Standard
Schwarzschild gauge yields

2
2M
00
t =−
,
(1.32)
r(r − 2M )
17

Equally we could have arranged for this process to run in the opposite direction. Starting with the
standard form of the Schwarzschild metric in (t, r, θ, φ) coordinates, we could have performed a coordinate
transformation to a system (T, R, θ, φ) that preserved the spherical symmetry. Working in these coordinates, a seeming natural choice of the flat-metric would have been γαβ dx0α dx0β = dT 2 − dR2 − R2 (dθ2 +
sin2 θdφ2 ), a different tensor from the one defined by (1.26). The choice of coordinates used to represent
g ab would therefore determine γ ab but not alter g ab itself. The effect would be that of a γ-transformation.
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whereas, in the Painlevé-Gullstrand gauge
t00 = 0.

(1.33)

The gauge equivalence of these two results leaves little room for a physical interpretation
of this energy-momentum tensor. Because tab can be made to vanish everywhere by a
gauge transformation, it cannot possibly convey any more gauge-invariant information
than to tell us that this spacetime is empty of whatever it is that tab represents. While
this is not unreasonable per se (as tab might only be sensitive to gravitational radiation
or some other phenomena absent from the Schwarzschild spacetime) it then becomes very
difficult to justify why the energy-momentum tensor should be non-zero in any gauge at
all. This uncomfortable situation would force us to identify a whole host of non-trivial
energy-momentum tensors with emptiness, of which (1.31) are only a small fraction.
As the Advanced Eddington-Finkelstein gauge has f2 6= 0, we cannot use (1.31) to
calculate the energy-momentum tensor. Instead, we take the general formula (1.10) as
our starting point, and recover tab = 0, just as we found in the Painlevé-Gullstrand gauge.
This agreement suggests that the non-zero energy-momentum tensor (1.32) might only be
an artefact of the ‘horizon’ present in the Standard Schwarzschild gauge: in the (t, r, θ, φ)
coordinate system picked out by γab , the components of the GR metric gαβ are singular at
r = 2M . In contrast, Painlevé-Gullstrand and Advanced Eddington-Finkelstein are global
gauges: the components gαβ are regular everywhere but at the origin. While a coordinate
singularity is admissible within differential geometry, in Grishchuk’s flat-space picture this
would correspond to an infinite ‘gravitational field’ hab , which could be deemed unphysical.
This line of reasoning allows us to reject (1.32) because it was derived in a gauge which
transforms the gravitational field to infinity at some points, and we would then hope to
confirm that the physical result (tab = 0) applies in all global gauges. Unfortunately, this
turns out to be impossible, as we show by means of a counter-example. Consider a family
of gauges parametrised by λ:
p
f1 = r/(r + λM ),
f2 = 0,
p
g1 = (r + λM )/r,
p
g2 = (2 + λ)M/r.

(1.34)

It is easy to check that these obey the restrictions (1.27) and the vacuum field equations
(1.28) and (1.29). Furthermore, for λ ≥ 0, gαβ defined by (1.25) is regular everywhere but
the origin. Using (1.31) we find that (apart from λ = 0 which is just Painlevé-Gullstrand
again) the energy-momentum tensor is non-zero:

2
λM
00
t =−
.
(1.35)
r(r + λM )
Not only can we make t00 (r) take on a wide range of values by adjusting λ, we also note
that in the limit λ → ∞, we have the disconcerting situation of a non-zero energy density
that is independent of M .
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In light of all these results, it appears highly unlikely that the behaviour of tab would
permit the extraction of gauge invariant information and allow us to view this tensor as
maintaining some physical content under gauge transformations.

1.4

Conclusion

The formulation of gravity presented in [40] succeeds in recasting general relativity as
a flat-space theory of a symmetric tensor field. While we do not find fault with the
formalism itself, we assert that care must by taken in its interpretation, as we believe
we have demonstrated that only those quantities which can be defined solely in terms of
GR tensors are of any physical importance. The physically insignificant content of the
flat-space formalism is a consequence of an unmeasurable field γ ab which is not uniquely
determined by the requirement that it be a flat metric tensor.
There are in principle two ways to deal with the non-uniqueness of γ ab : 1. Pick a
particular flat metric and declare that this is the immutable ‘correct’ choice, to be used in
all situations; 2. Allow γ ab to depend somehow on the physical system we are describing,
or how we have chosen to represent the system mathematically.
The problem with the first stance is that the theory still retains γ-fixed gauge transformations. To see this, note that equation (53) of [11] expresses the equivalence of
Grishchuck’s equations of motion (rab ≡ −P cabˇ;c − P cad P dbc + 13 Pa Pb = 0) with the Einstein
field equations:
Rab [g] = Řab [γ] + rab [h, γ].

(1.36)

Babak and Grishchuk interpret this relation as follows: given a flat-metric γ ab , an hab that
satisfies rab = 0 will enforce Rab = 0, establishing the agreement with GR. However, one
can always use this equation to make the converse argument: given a flat-metric γ ab , a
g ab which solves Rab = 0 will enforce Grishchuk’s equation rab = 0. As Rab [φ∗ g] = 0 if
Rab [g] = 0, we can construct a whole range of solutions {h0ab : rab [h0 ] = 0} from hab simply
by applying diffeomorphisms to g ab . Because we declared γ ab to be immutable, these new
solutions will correspond to γ-fixed transformations of hab . Crucially, as g 0ab = φ∗ g ab , no
‘geometric’ experiment can tell any h0ab apart from from hab . Thus, without a method
to measure a non-GR quantity directly, we have to conclude that these new solutions
represent physically equivalent systems, and that the γ-fixed transformation is a gauge
transformation of the theory.
The second stance appears to be able to dodge this argument, because one can claim
that we should have applied the same diffeomorphism to γ ab that we applied to g ab , forcing
us to perform a harmless DGT instead of a γ-fixed transformation. However, if we take
this view, we will need a heuristic for deriving γ ab from measurable quantities, otherwise
we will never know where to start with the ‘correct’ pairing (g ab , γ ab ). In order that
this heuristic be consistent with arbitrary DGTs (which are gauge transformations of any
tensorial theory) a prescription for which T ab = 0 ⇒ hab = 0 inevitably leads us to identify
22
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γ-transformations as gauge transformations anyway, because we are free to represent the
T ab = 0 limit in any diffeomorphism gauge we choose.
Accepting that γ-transformations and γ-fixed transformation are maps between different mathematical representations of the same physical system, we conclude that the exotic
gauge transformation properties of tab cannot allow us to interpret this tensor as a local
measure of the energy and momentum content of the gravitational field. Although tab is a
perfectly legitimate mathematical construction, its dependence on the unmeasurable and
non-unique tensor γ ab renders it ill-defined, and devoid of physical meaning.

1.A

Appendix: Infinitesimal Transformations

ˇ a change under transformations defined by difHere we calculate how hab , tab , and ∇
feomorphisms infinitely close to the identity: φ∗ = 1 + Lξ . In this limit, the γ-fixed
transformation (1.20) for hab is
hab → h0
h0

ab

ab

√

= (−γ)−1/2 (1 + Lξ )
−γ(γ ab + hab ) − γ ab

√
−γ(γ ab + hab ) + hab .
= (−γ)−1/2 Lξ

(1.37)

Thus,
δhab ≡ h0

ab

− hab

√
= (γ ab + hab )(−γ)−1/2 Lξ −γ + Lξ (γ ab + hab )




(a
= (γ ab + hab )ξ cˇ;c + ξ c γ ab + hab − 2ξ ˇ;c γ b)c + hb)c
ˇ;c




(a
= ξ c (γ ab + hab ) − 2ξ ˇ;c γ b)c + hb)c ,

(1.38)

ˇ;c

proving (1.21).
To calculate the behaviour of the energy-momentum tensor under a γ-fixed transformation, we define the tensor

g
g  ab cd
Y abcd ≡ g (a[b) g (c]d) =
g g − g a(c g d)b ,
(1.39)
γ
2γ
so that
κtab = Y abcdˇ;cˇ;d .

(1.40)

Under the γ-fixed transformation, tab → t0ab where
h

i
ab
κt0 = γ −1 (1 + Lξ ) gg (a[b) g (c]d)
ˇ;cˇ;d
h 

i
ab
abcd
(a[b) (c]d)
= κt + Lξ Y
− gg
g
Lξ (γ −1 )
ˇ;cˇ;d
h
i
(a
d)
= κtab + Y abcdˇ;e ξ e − 2ξ ˇ;e Y b)ecd − 2Y abe(c ξ ˇ;e + 2Y abcd ξ eˇ;e

ˇ;cˇ;d

.

(1.41)
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In contrast, were tab a GR tensor, under the γ-fixed transformation we would have tab →
tab + Lξ tab , with
κLξ tab = ξ e Y abcdˇ;cˇ;dˇ;e − 2ξ

(a
b)ecd
ˇ;e Y
ˇ;cˇ;d .

(1.42)

Thus, the non-GR part of κt0ab is


ab
∆(κtab ) ≡ κ t0 − tab − Lξ tab
(a
b)ecd
ˇ;eˇ;cˇ;d Y

= ξ eˇ;cˇ;d Y abcdˇ;e + 2ξ eˇ;c Y abcdˇ;eˇ;d − 2ξ
h
i
d)
.
− 2 Y abe(c ξ ˇ;e − Y abcd ξ eˇ;e

− 4ξ

(a
b)ecd
ˇ;eˇ;c Y
ˇ;d

ˇ;cˇ;d

(1.43)

ˇ a operators
Note that the third and fourth terms vanish because Y abcd = −Y acbd and ∇
commute. Expanding out the derivatives acting on the square brackets, then cancelling
and collecting like terms, we arrive at
∆(κtab ) = 2ξ eˇ;e Y abcdˇ;cˇ;d − ξ eˇ;cˇ;d Y abcdˇ;e + 2ξ eˇ;eˇ;d Y abcdˇ;c
i
h
= 2 ξ eˇ;e Y abcdˇ;c − ξ eˇ;cˇ;d Y abcdˇ;e .
ˇ;d

(1.44)

Replacing Y abcd with its definition (1.39), the transformation law (1.24) immediately follows.
Because the γ-fixed transformation is simply a DGT with φ followed by a γ-transformation with φ−1 , it is easy to use this result to calculate the behaviour of tab under an
infinitesimal γ-transformation:
(γ-fixed)φ tab = (γ-trans)φ−1 (DGT)φ tab


= (γ-trans)φ−1 tab + Lξ tab
= (γ-trans)φ−1 tab + Lξ tab ,
for infinitesimal ξ. Thus, under a γ-transformation, κtab becomes
#
"
 

g
ab
g ab g cd − g a(c g d)b
κt0 = κtab − ξ eˇ;e
γ
ˇ;c ˇ;d
 


g
+ ξ eˇ;cˇ;d
g ab g cd − g ac g db
,
2γ
ˇ;e

(1.45)

(1.46)

which clearly demonstrates that tab is non-GR.
ˇ a changes under an inFor completeness, we calculate how the derivative operator ∇
finitesimal γ-transformation. We shall proceed without using the flatness of γ ab , in order
that the result be in its most general form; only at the end we will set Řabcd = 0 to recover
the formula applicable here. According to (1.16), we have
ˇ a γbc = 0,
∇
ˇ 0 (γbc + Lξ γbc ) = 0.
∇
a
24

(1.47)
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Any two torsionless derivative operators can be related by a symmetric connection; thus,
in the same way one might write the figurative relation “ ∇ = ∂ + Γ ” to define the GR
ˇ0 = ∇
ˇ + E ” to define a connection E a = E a between
Christoffel symbols, we write “ ∇
bc
cb
ˇ 0a and ∇
ˇ a . By continuity E a must be at least first order in ξ, so (1.47) becomes:
∇
bc


ˇ a γbc + 2γd(b ∇
ˇ c) ξ d − 2γd(b E d = 0,
∇
c)a

ˇ a∇
ˇ (c ξb) .
⇒ E(bc)a = ∇
(1.48)
However, because Eabc is symmetric in its last two indices,
E(ab)c + E(ac)b − E(bc)a = Eabc ,
⇒


E abc = γ ae E(eb)c + E(ec)b − E(bc)e .

(1.49)

Substituting (1.48) into the right-hand-side and reorganising the derivatives, we find

ˇ (b ∇
ˇ c) ξ a + γ ae ∇
ˇ [b ∇
ˇ e] ξc + ∇
ˇ [c ∇
ˇ e] ξb .
E abc = ∇

(1.50)

ˇ [a ∇
ˇ b] ξc = − 1 Řd ξd , we
Finally, using the defining property of the Riemann tensor, ∇
cab
2
arrive at the following compact formula:


d
ˇ (b ∇
ˇ c) − Řa
(1.51)
E abc = δda ∇
(bc)d ξ .
In the case where γ ab is flat, this becomes
E abc = ξ aˇ;bˇ;c .

(1.52)
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Chapter

2

Bootstrapping Gravity: A Consistent
Approach to Energy-Momentum Self-Coupling

2.1

Introduction

It is a standard view in particle physics that the non-linearity of a field theory, such as
those of Yang and Mills, can be equated with the notion that the field in question carries
the charge of the very interaction it mediates. This idea has been brought to bear on
gravity many times, and various arguments [21, 25, 26, 36, 41, 50, 63] aim to derive general
relativity from a linear starting point by coupling gravity to the energy and momentum of
all fields, including the gravitational field itself. Despite the conventional wisdom that this
self-coupling process is already well understood, Padmanabhan has uncovered a number of
serious problems with the standard arguments [64]. Although we postpone an examination
of Padmanabhan’s analysis to appendix 2.A, it suffices to express here what is, in our
view, his most pertinent observation: one cannot start with linear gravity, the FierzPauli massless spin-2 action [37, 64], and generate the higher-order corrections of general
relativity by coupling the gravitational field to its own Hilbert energy-momentum tensor.
More succinctly: one cannot derive the Einstein equations by bootstrapping gravitons1 to
their own energy and momentum.
To clarify the content of this observation, consider a perturbative expansion of the
matter about a Minkowski background: g
Einstein field equations Gαβ = κTαβ
αβ = ηαβ + hαβ .
Working to second-order in hαβ , we obtain
(1)

(2)

matter
Gαβ = −Gαβ + κTαβ
,

(2.1)

where the numbers in parenthesis denote the powers of hαβ the term contains. Because
(1)
Gαβ = 0 is the equation of motion for a massless spin-2 field hαβ , the right-hand side of
(2.1) can be interpreted as this field’s source. Thus a satisfying physical picture suggests
1

In discussions of this nature, the word graviton is often used as a shorthand for the classical massless
spin-2 field. We follow this convention to cohere with the literature, but stress that this graviton is in no
way quantum mechanical. What is actually being referred to is a gravitational wave, a classical fluctuation
in the geometry of spacetime.
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itself: the gravitational field hαβ is induced by the energy-momentum tensor of all fields
matter + t , where t
Tαβ = Tαβ
αβ
αβ is gravity’s own energy-momentum tensor, identified as
(2)

−Gαβ /κ. In actuality, however, this description cannot be formulated in a straightforward
manner. Although the Fierz-Pauli action SFP is typically used to prescribe the dynamics
of a massless spin-2 field, its Hilbert energy-momentum tensor2
−1 δSFP
tαβ ≡ √
,
−γ δγ αβ

(2.2)

(2)

is not proportional to Gαβ , and thus cannot be used as the source-term for the secondorder field equations. As an alternative approach, one could introduce energy-momentum
self-coupling at the level of the action: because tαβ is a function of hαβ , adding the selfcoupling term tαβ hαβ to the Lagrangian yields a different result from adding tαβ directly
(2)
to the equations of motion. Unfortunately, this procedure also fails to generate −Gαβ /κ
in the field equations.
Padmanabhan claims that these realisations bring to light a previously neglected object
(see appendix 2.A) which appears to codify the self-coupling of the gravitational field.
Unfortunately, this object has many undesirable features: it is not a tensor under general
coordinate transformations, has no clear physical interpretation, and fails to reveal any
equivalence between the coupling of gravity to matter, and gravity to itself.
S αβ

We propose an alternative solution to this apparent inconsistency: the action for the
graviton is not the Fierz-Pauli action but is instead S2 given by (2.4), possessing a nonminimally coupled term that vanishes when the (vacuum) background equations are enforced.3 We shall demonstrate that the energy-momentum tensor of this action is the
correct second-order contribution to the equation of motion, and furthermore, that this
action provides the starting point for a straightforward energy-momentum self-coupling
procedure that generates the Einstein-Hilbert action (modulo surface terms) to arbitrary
order. We conclude the discussion by extending our formalism to non-vacuum spacetimes.
Throughout the chapter we employ the abstract index notation [79, §2.4], with lowercase Roman indices indicating a tensor’s ‘slots’, and Greek indices serving to enumerate
its components in a particular coordinate system. The metric has signature (−, +, +, +),
κ ≡ 8πG/c4 , and the Riemann and Ricci tensor are defined with the following conventions:
Rabcd v b ≡ 2∇[c ∇d] v a , Rab ≡ Rcacb .
2

Although other definitions of the energy-momentum tensor exist (see §2.2.3) we must define tαβ
matter
according to the Hilbert’s prescription (2.2) in order to maintain the analogy with Tαβ
. This definition
requires that SFP be “covariantised” (represented in arbitrary coordinates using a flat metric γαβ ) and a
functional derivative taken with respect to the metric. It is important to realise that even though γαβ is
flat, the arbitrary variations δγαβ required to construct the functional derivative inevitably explore curved
metrics in a neighbourhood of γαβ . Thus “covariantisation” is not really sufficient: the action must be
generalised to a curved background spacetime. One of the key aims of this chapter is to generalise SFP to
curved spacetime in such a way that energy-momentum self-coupling is consistent with general relativity.
3
More precisely, S2 is the action for the graviton in a background spacetime with metric in some small
neighbourhood of the solutions of the vacuum field equations. We use the term vacuum to signify a region
without matter; this does not necessarily imply the absence of spacetime curvature.
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2.2

Graviton Action

Contrary to the standard approach, we represent the gravitational field as a perturbation
hab of the inverse physical metric g ab from the background ǧ ab :
g ab = ǧ ab + hab .

(2.3)

This expression is exact in that we have not neglected terms O(h2 ); in contrast, the physical
metric gab = ǧab − hcd ǧca ǧdb + O(h2 ) . Following this convention, we use the contravariant
field hab , rather than hab , as the fundamental dynamical variable of the action.4 In general
we will write “caron” marks over tensors derived solely from the background geometry,
and adopt the usual notational convenience of raising and lowering indices with ǧ ab and
ǧab .5
We posit that the dynamics, energy and momentum of the gravitational field hab ,
propagating in a background spacetime with metric ǧab , are all determined (to lowestorder) by the following action:
1
S2 [ǧ , h ] ≡
2κ
ab

ab

Z

p
b abcd + Ȟabcd )hcd ,
d4 x −ǧhab (G

(2.4)

where
b abcd ≡ 1 (ǧa(c ǧd)b − ǧab ǧcd )∇
ˇ2 − ∇
ˇ (c ǧd)(a ∇
ˇ (c ∇
ˇ (a ∇
ˇ b) + 1 ǧab ∇
ˇ d) + 1 ǧcd ∇
ˇ b)
G
2
2
2

(2.5)

is a differential operator representing the linearised Einstein tensor (see appendix 2.B) and
Ȟabcd ≡ 21 Ř(ǧac ǧdb + 21 ǧab ǧcd ) − Řab ǧcd .

(2.6)

√
Any metric theory of gravity will have an ambiguity as to which variable g ∈ {g ab , gab , −gg ab , . . .}
should be identified as the true “gravitational field”. Such a distinction is of no physical consequence and
is largely unnecessary for a non-perturbative calculation; however for the present discussion we are forced
to single out a particular field variable for the expansion g = ǧ + h. Our aim is to connect gravity to the
particle physics notion of a spin-2 field and elucidate a simple energy-momentum self-coupling scheme that
generates general relativity; to this end we are required to pick g ∈ {g ab , gab } as it is only for these that h is
a genuine spin-2 field, i.e. a symmetric tensor (not a tensor density) with (lowest-order) infinitesimal gauge
ˇ (a b) . Fortunately, it is precisely for g ∈ {g ab , gab } that the necessary energytransformation δhab = 2∇
momentum self-coupling is its most simple: hab tab (see §2.3). These considerations provide no criteria for
choosing the metric over its inverse as our expansion variable, and while this choice only trivially alters the
(2)
perturbation theory at first-order (hab ↔ −hab ) to second-order (the relevant order for S2 , tab , and Gab )
ac b
ab
the two definitions of the h-field differ by a term of the form h h c . Our choice of g = g is preferable for
this chapter because it simplifies the mathematics of the action and energy-momentum tensor. The reason
for this is explored in §2.3.5, and stems from the fact that any Lagrangian for pure gravity must contain
more factors of g ab than gab in order that all the derivatives ∂a be contracted; thus an expansion in g = g ab
will be algebraically simpler. Indeed, this observation still holds when coupling gravity to a scalar field φ
or a 1-form Aa , and thus taking g = g ab simplifies many of the calculations of the non-vacuum case also
(see §2.4).
5
The only exception to this rule is the physical metric and its inverse, for which g ab 6= gcd ǧ ac ǧ db , but
rather g ab gbc = δca .
4

29

Chapter 2. Bootstrapping Gravity

While Ȟabcd has no obvious geometric interpretation, we intend to show that its contribution to the action is necessary for the consistency of energy-momentum self-coupling with
general relativity. Further motivation for this ansatz is given in section 2.3.
Naturally, if we are to obtain general relativity without at first assuming it, we must
begin by considering the graviton in a flat background spacetime. Nevertheless, we will see
from the formalism of section 2.3 that (provided we use S2 to describe the graviton) energymomentum self-coupling generates the Einstein-Hilbert action even when the background
is not flat; ǧ ab need only satisfy the weaker condition
Ǧab ≡ Řab − 21 ǧab Ř = 0.

(2.7)

While this equation expresses the generality of the analysis that is to follow, it should be
stressed that no knowledge of (2.7) will be required to assemble the Einstein-Hilbert action
order by order: a flat background will serve as a perfectly satisfactory starting point.6 No
matter which background we use, however, it is absolutely crucial that we refrain from
inserting this particular metric (or even equation (2.7)) into the action, thereby reducing
R 4 √
1
b abcd hcd . This is because we will need to be able to perform arbitrary
S2 to 2κ
d x −ǧhab G
variations of ǧ ab , not just those consistent with Řabcd = 0 or Řab = 0, to construct the
energy-momentum tensor for hab . That said, it will be instructive to temporarily ignore
this advice so that we may relate S2 to the Fierz-Pauli action.

2.2.1

The Fierz-Pauli Action

For a flat background, Ȟabcd vanishes, and we can choose coordinates {xα } such that
ǧ αβ = η αβ and evaluate S2 as a functional of the components hαβ . Integrating by parts
R 4
and discarding surface terms, we find that S2 reduces to −1
2κ d xLFP , where
LFP = 21 ∂λ hαβ ∂ λ hαβ − 12 ∂λ h∂ λ h − ∂λ hαβ ∂α hβ λ + ∂α h∂β hαβ

(2.8)

is the Fierz-Pauli Lagrangian [64].7 Modulo surface terms and an overall rescaling, LFP
is the unique specially relativistic Lagrangian for a symmetric tensor field hαβ that is
invariant under the infinitesimal gauge transformation δhαβ = 2∂ (α β) (see [64] for proof);
hence it is the Lagrangian for the graviton (massless spin-2 field) in flat spacetime.
Starting from (2.8), we can “covariantise” LFP by making the replacements ηαβ →
ˇ α and multiplying by √−ǧ. This process obviously generates a unique
ǧαβ , ∂α → ∇
manifestly covariant Lagrangian density if ǧ ab is flat, as in this case the procedure is
equivalent to representing the same Lagrangian in arbitrary coordinates. However, for the
6

Of course, once the self-coupling procedure is complete, and the Einstein-Hilbert action has been
assembled starting from the graviton on a flat background, we will be in a excellent position to justify
(2.7), as this is precisely the field equation (applied to the background) that we will have derived. With
hindsight, then, we can see there was nothing special about our flat-space starting point: we may begin
with any one solution to (2.7) and use energy-momentum self-coupling to derive the action (and field
equation) that defines all the others.
7
Here and elsewhere we use the customary shorthand h ≡ haa ≡ hab ǧab .
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purposes of calculating the energy-momentum tensor (via arbitrary variations of ǧ ab ) it
will be necessary to generalise LFP to arbitrary backgrounds, and for a curved metric the
covariantisation procedure is ambiguous. To see this, observe that we can transmute the
third term of (2.8) by twice integrating by parts:
∂λ hαβ ∂α hβ λ ↔ ∂α hαβ ∂λ hβ λ .

(2.9)

However this equivalence relies on the commutativity of partial derivatives, and does not
occur for the covariant derivatives of a curved background; instead, integration by parts
yields
ˇ c h c − hca hb Řab − hab hcd Řacdb .
ˇ ah c ↔ ∇
ˇ a hab ∇
ˇ c hab ∇
∇
b
c
b

(2.10)

Thus we are forced to make a seemingly arbitrary choice: do we to covariantise (2.8) as
written, or should we do so after performing (2.9)? These two possibilities determine Lagrangians which differ by hca hbc Řab + hab hcd Řacdb ; they lead to different (first-order) equations of motion if the background is curved,8 and determine different energy-momentum
tensors even if the background is flat.9 This last problem is discussed by Padmanabhan
[64], and is one of his many non-trivial objections to the conventional wisdom that general relativity is the unique energy-momentum self-coupled limit of the flat-space massless
spin-2 field.
A greater problem than this ambiguity, however, is that neither choice (nor an admixture) leads to general relativity after coupling it to its own energy-momentum. As we shall
see in section 2.3, the contribution from hab Ȟabcd hcd is necessary to achieve this, and it is
impossible to use the covariantising ambiguity to produce this tensor because it does not
contain hab hcd Řacdb . Instead, the presence of Ȟabcd represents a rather different coupling
ambiguity faced when moving from a flat background to a curved one. Typically we would
invoke the Einstein equivalence principal to banish from the action terms coupling matter fields and Ricci tensors; we would argue that, working in locally inertial coordinates
about a point p, the Lagrangian at p should have the same form as the Lagrangian in flat
spacetime. This amounts to a minimal coupling procedure: once we have covariantised a
specially relativistic Lagrangian, the job of coupling the field to the gravity is complete.
However, while this rule may make sense to curve the background spacetime of a spin-2
field that is “just another matter-field” and has nothing to do with gravitation, it is far
from clear that the principal should hold for the graviton, for which it was only ever a
convenient fiction to think of as a tensor field propagating over a background geometry.
In summary, the Fierz-Pauli action is insufficient to determine S2 for an arbitrary background geometry; the principal of equivalence fails to give a unique solution, and cannot
justify all the contributions necessary for an energy-momentum self-coupling procedure
8

The first-order field equation only describes the spacetime perturbations of general relativity if the
ˇ c hab ∇
ˇ a hbc ; see §2.2.2 and appendix 2.B.
ambiguous term is covariantised to become ∇
9
Note that all other terms of LFP are invariant under the operation that generated (2.9) so do not
introduce further ambiguity.
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consistent with general relativity. However, it was never our aim to construct general
relativity from LFP , and we do not pretend to be able to derive a curved spacetime theory
of gravity from purely specially relativistic concepts. S2 will serve as our starting point,
and the only significance we shall ascribe LFP is that of a special case.

2.2.2

Field Equations

Leaving the Fierz-Pauli action behind, we refocus our attention on S2 and begin the
process of deriving its advertised connection to general relativity. First, we shall calculate
the associated field equations. As usual, the equations of motion are derived from the
condition that their solutions be stationary configurations of S2 with respect to variations
in the dynamical field hab . As we will have no cause to vary ǧ ab in the derivation, we
can enforce the background equations (2.7) immediately and discard Ȟabcd . Next, observe
b abcd is “self-conjugate”: for any tensor fields Aab and B ab
that G
Z
Z
p
p
b abcd B cd = d4 x −ǧB ab G
b abcd Acd ,
(2.11)
d4 x −ǧAab G
provided either Aab or B ab has compact support. Therefore, holding ǧ ab constant and
performing a variation δhab (a symmetric tensor field with compact support) gives rise to
a variation in the action
Z
p
1
b abcd hcd .
(2.12)
δS2 =
d4 x −ǧδhab G
κ
b abcd is already symmetric in its first two indices, we can conclude that the equation
As G
of motion is
1 δS2
b abcd hcd = 0.
√
= κ−1 G
−ǧ δhab

(2.13)

b abcd hcd = G(1) , the linear apThe centrally important feature of this equation is that G
ab
proximation to the Einstein tensor under the inverse metric expansion (2.3). This is particularly easy to verify for the special case of a flat background in Lorentzian coordinates,
but is shown to hold more generally for vacuum backgrounds in appendix 2.B. Thus S2
prescribes the correct first-order equation of motion for the graviton. In the next section
we show that by adding the energy-momentum tensor tab of hab (determined by S2 ) to the
right hand side of (2.13) we successfully generate the Einstein field equations correct to
second-order.10
10

Of course, the resulting field equation will no longer be a stationary configuration of the action S2 .
In order that this self-coupled equation of motion can be derived from the principle of stationary action
it will be necessary to introduce a third-order correction to the action S3 . Naturally, S3 will alter the
energy-momentum tensor of hab by a term O(h3 ); however, seemingly by miracle, this will be precisely
the third-order part of the Einstein field equations. This process continues indefinitely and is explained
systematically in §2.3. For the moment we content ourselves with exploring the theory to second-order
only.

32

2.2. Graviton Action

2.2.3

Energy-momentum Tensor

We will now calculate the energy-momentum tensor of the graviton and relate it to the
second-order contribution to the Einstein field equations. We follow Hilbert’s prescription
and define the energy-momentum tensor as a functional derivative of the action with
respect to the (background) metric:
−1 δS2
tab ≡ √
,
−ǧ δǧ ab

(2.14)

where hab (rather than hab or hab ) is to be held constant when taking this derivative, as
this is the field we have taken to be the fundamental dynamical variable.11
As an aside, it is worth contrasting the variational definition (2.14) with Noether’s
(canonical) energy-momentum tensor:
tµν
can ≡

∂L
∂ ν hαβ − η µν L,
∂(∂µ hαβ )

(2.15)

comprising the four conserved currents associated with the invariance of the Lagrangian
L under rigid spacetime translations. The canonical tensor cannot be used in the present
discussion for a number of reasons. Firstly, it is not uniquely determined by the action
for hab : as it depends directly on the Lagrangian, we are free to alter tµν
can by adding a
ab
four-divergence to L, without changing either the dynamics of h or S2 . Secondly, we
require a symmetric tensor to act as the source for the first-order field equation (2.13),
but the canonical tensor need not have this property.12 Lastly, Noether’s definition does
not naturally generalise to curved spacetime in such a way that tµν
can inherits a covariant
conservation law [51]. None of these issues arise with tab , and in any case our aim has
been to connect the coupling between matter and gravity found in general relativity with
a perturbative coupling of gravity to itself; it is the Hilbert energy-momentum tensor of
matter, not the canonical tensor, that appears in the full Einstein field equations as the
gravitational source. For these reasons we discard the canonical tensor and henceforth
refer to tab , following Hilbert’s prescription (2.14), as the energy-momentum tensor of hab .
To begin the calculation of tab , we divide the action into two pieces S2 = S2G + S2H :
Z
p
1
b abcd hcd ,
S2G ≡
d4 x −ǧhab G
(2.16)
2κ
Z
p
1
S2H ≡
d4 x −ǧhab Ȟabcd hcd .
(2.17)
2κ
It will be convenient to perform the functional derivative (2.14) on these two components
separately. Focusing first on S2G , we integrate by parts13 so as to remove the second
11

In later sections, the tensor written here as tab will be notated t2ab to indicate that it is the energymomentum contribution from the second-order action S2 only. Here we need not make this distinction.
12
It is true that the canonical tensor can be made symmetric by adding to it an identically conserved
“correction” ∂α φµ[να] , a function of hab that cancels the antisymmetric part of tµν
can . However, if we allow
this sort of ad hoc adjustment of the energy-momentum tensor, we only exacerbate the problem of nonuniqueness.
√
13
ˇ a ) = √−ǧ ∇
ˇ a [h∇h]
ˇ a
More precisely, one adds to the integrand a divergence of the form ∂a ( −ǧ[h∇h]
that alters S2 only by a function of the fields on the boundary (or at infinity) and thus may be neglected
for the purposes of functional variation.
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derivatives from the integrand:
S2G

−1
=
2κ

Z

d4 x

p
ˇ c hab ∇
ˇ d hef K c d ,
−ǧ ∇
ab ef

(2.18)

for which we have introduced the abbreviation

1  cd
c
d
c d
d c
ǧ ǧa(e ǧf )b − ǧ cd ǧab ǧef − 2δ(e
ǧf )(a δb)
+ δ(e
δf ) ǧab + δ(a
δb) ǧef
Kab cef d ≡
2
= Kba cef d = Kab cf e d = Kef dab c .
(2.19)
An infinitesimal variation in the inverse background metric δǧ ab , vanishing on the boundary of the integral, induces a variation in the action
"
!
Z
c d
p
∂K
−1
1
ab
ef
ˇ d hef
ˇ c hab ∇
d4 x −ǧ δǧ pq ∇
δS2G =
− ǧpq Kab cef d
2κ
∂ǧ pq
2
#
ˇ c hab C (e hf )s K c d ,
+ 4∇
(2.20)
ab ef
sd
where

ˇ b δǧcd + ∇
ˇ c δǧbd − ∇
ˇ d δǧbc
C abc ≡ 21 ǧ ad ∇


r
ˇ r δǧ pq
ǧc)q − ǧ ar ǧbp ǧqc ∇
= − 21 2δpa δ(b

(2.21)

ˇ
is the connection that arises from the variation of the covariant derivative: ∇ǧ+δǧ = ∇+C.
pq
We can move the covariant derivatives off δǧ in the connection term using integration by
R
parts, and arrive at an equation of the form δS2G = d4 x δǧ pq [. . .]pq ; the tensor density
in square brackets is then the functional derivative we seek:
!
c d
−1 ˇ ab ˇ ef ∂Kab ef
1
κ δS2G
c d
√
=
∇c h ∇d h
− ǧpq Kab ef
2
∂ǧ pq
2
−ǧ δǧ pq



c
r
f
f
rf
cr
ˇr ∇
ˇ c hab K c
h
+
K
h
−
K
h
.
(2.22)
−∇
ab (p|f |q)
ab f (p q)
ab f (p q)
Meanwhile, S2H varies by
δS2H

1
=
2κ

Z

d4 x





p
−ǧδ Řab 12 ǧ ab 21 h2 + hcd hcd − hab h ,

(2.23)

where we have used the background equation (2.7) (after the variation) to remove the
terms proportional to Řab ; these would only be significant if we intended to perform
further variations in the metric. Now, because
ˇ [c C c
δ Řab = 2∇
b]a


r s
ˇ r∇
ˇ s δǧ pq ,
= 12 ǧ rs ǧap ǧqb + 21 δ(a
δb) ǧpq − δpr δbs ǧaq ∇

(2.24)

when we (twice) integrate by parts to alleviate δǧ ab of its covariant derivatives, we generate
a second-order differential operator
bpqab ≡ 1 ǧa(p ǧq)b ∇
ˇ 2 + 1 ǧpq ∇
ˇ (a ∇
ˇ b) − ∇
ˇ (a ǧb)(p ∇
ˇ q) ,
R
2
2
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with the property
Z

d4 x

Z
p
p
bpqab Aab
−ǧδ Řab Aab = d4 x −ǧδǧ pq R

(2.26)

for all Aab . Therefore, we can conclude from (2.23) that




κ δS2H
1b
cd
ab
1 ab 1 2
√
R
=
ǧ
h
+
h
h
−
h
h
.
pqab
cd
2
2
2
−ǧ δǧ pq

(2.27)

Finally, we have only to combine equations (2.22) and (2.27), expand out all the
products and derivatives, and assemble the outcome into a formula for tab as a function
ˇ c hab . This is a straightforward but arduous calculation, and as such we chose to
of ∇
complete it with a computer algebra package. The result is

5ˇ
ˇ a∇
ˇ b hab + 2hab ∇
ˇ a∇
ˇ b h − 2hab ∇
ˇ ˇa
ˇ 2 hab − h∇
ˇ 2h − 1 ∇
ˇ c ab
κtpq = 14 ǧpq h∇
2 a h∇ h − 2 ∇c hab ∇ h

ˇ 2 h + 1 h∇
ˇ (p ∇
ˇ q) h − 1 hpq ∇
ˇ 2 hpq + ha(p ∇
ˇ 2h a
ˇ c hab ∇
ˇ b hac + 2∇
ˇ a h∇
ˇ b hab + 1 h∇
+∇
4
2
4
q)
ˇ a∇
ˇ b hpq + 1 hpq ∇
ˇ q) ha + 1 hab ∇
ˇ (p ∇
ˇ q) hab − 1 h∇
ˇ a∇
ˇ b hab − ha(p ∇
ˇ b∇
ˇ a∇
ˇ (p h a
− 21 hab ∇
b
2
2
2
q)
b
1ˇ
ˇ a h∇
ˇ a hpq + 1 ∇
ˇ
ˇ ab ˇ a ˇ
ˇb a
ˇ ab 3 ˇ
+ 14 ∇
2 b hap ∇ h q − 2 ∇a hpq ∇b h + 4 ∇p hab ∇q h − ∇b h (p ∇q) ha

ˇ b h∇
ˇ (p h b + 1 ∇
ˇ a ˇ b
− 21 ∇
2 b h p ∇a h q .
q)

(2.28)

It is possible to render this formula rather more manageable by working in a gauge with
ˇ a hab = 0, h = 0:
∇


bˇ
ac
c ab
2 ab
5ˇ
1
1ˇ
ˇ
ˇ
ˇ 2 h a − 1 hab ∇
ˇ a∇
ˇ b hpq
+ ha(p ∇
κtpq = ǧpq 4 ∇c ha ∇b h − 8 ∇c hab ∇ h − 2 hab ∇ h
2
q)
a
b
3ˇ
ˇ (p ∇
ˇ
ˇ ab ˇ a ˇ
ˇ q) hab + 1 ∇
ˇb a
− hbc Řabc(p hq) + 21 hab ∇
2 b hap ∇ h q + 4 ∇p hab ∇q h − ∇b h (p ∇q) ha

ˇ b hap ∇
ˇ a hb ,
+ 21 ∇
q

(2.29)

but we will not need this partially gauge-fixed result for this present chapter.14
(2)

Our task now is to compare tab with Gab and demonstrate that the energy-momentum
self-coupling of hab (determined by S2 ) is consistent with general relativity. Details of the
(2)
calculation of Gab can be found in appendix 2.B; the conclusion is
(2)

Gab = −κtab + O(h3 ),

(2.30)

and thus, to second-order, the vacuum Einstein field equations are
b abcd hcd = κtab
G

(2.31)

as advertised.
14

Gauge transformations are covered in §2.3.3; we note here only that because tab is not invariant under
ˇ (a b) , only the first formula (2.28) can be used in all
the infinitesimal gauge transformation δhab = 2∇
gauges. Although gauge invariance would be a highly desirable property if we intended to argue that tab
was a physically meaningful tensor in full general relativity, it is an impossible request to make of the
(2)
tensor we seek, which should be proportional to the gauge dependent tensor Gab .
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As a corollary of (2.31), we can confirm Padmanabhan’s observation that general
relativity cannot be derived from energy-momentum self-coupling the Fierz-Pauli Lagrangian. Only once the contribution from Ȟabcd is included will Einstein’s gravity result
from an energy-momentum self-coupled graviton. This realisation casts doubt on Mannheim’s recent treatment of gravitational energy-momentum [56], in which a tensor is
constructed by applying (2.14) to a covariantised Fierz-Pauli Lagrangian, rather than S2 .

2.3

Perturbative Gravity

Here we develop the formalism to uncover the root cause of the second-order energymomentum self-coupling (2.31), and reveal how the process continues to arbitrary order.
The vast majority of this section applies to any metric theory of pure gravity15 and can
be generalised to include interactions with matter (see §2.4). Only in section 2.3.5 will
we commit to general relativity, fix our action S = SEH , the Einstein Hilbert action, and
derive the formula (2.4) for S2 .
We shall concern ourselves with an expansion of the inverse metric g ab about a nondynamical background ǧ ab , which is itself an exact solution of the vacuum field equations:
g ab = ǧ ab + λhab ,
0=

δS[ǧ]
,
δǧ ab

(2.32)
(2.33)

where λ, a dimensionless expansion parameter, is constant over spacetime.
Following (2.32), the action of the exact theory S[g] becomes a λ-dependent functional
of ǧ ab and hab , which can be Taylor expanded thus:
S[g] = S[ǧ + λh] =

∞
X

λn Sn [ǧ, h],

(2.34)

n=0

where Sn is the “nth partial action” given by
Sn [ǧ, h] =

1 n
(∂ S[ǧ + λh])λ=0 .
n! λ

(2.35)

The derivative ∂λ acts on each instance of λhab in the integrand of S[ǧ + λh] by Leibniz’s
law, removing the factor of λ. The ‘bare’ hab left behind may still be covered by spacetime
derivatives ∂a , but these can be moved onto the remainder of the integrand by integration
by parts. This operation generates the usual functional derivative:
Z
δ
∂λ S[ǧ + λh] = d4 xhab (x) ab
S[ǧ + λh].
(2.36)
δǧ (x)
In truth, the left hand side of this equation differs from the right by the surface term
R 4
d x∂a J a created when integrating by parts. As this is only a functional of the fields on
15

We require only that the dynamics are determined by an action that is a coordinate-independent
integral of the metric and its derivatives.
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the boundary (or as xµ → ∞ if the integral of S runs over the entire manifold) it will
not contribute to equations of motion or energy-momentum tensors, the calculation of
which are dependent only on variations of the field that vanish on the boundary (or have
compact support). Hence these surface terms may be neglected for our present purposes.
It follows from the repeated application of (2.36) that
Z
n
n
4
ab δ
∂λ S[ǧ + λh] =
S[ǧ + λh],
(2.37)
d xh
δǧ ab
and thus the partial actions (2.35) are given by
Z
n
1
4
ab δ
d xh
Sn [ǧ, h] =
S[ǧ].
n!
δǧ ab

(2.38)

An important consequence of this relation is that, using S2 as our starting point, we can
generate the entire set of partial actions {Sn : n ≥ 3} by calculating
Z

δ n−2
2
d4 xhab ab
S2 [ǧ, h],
(2.39)
Sn [ǧ, h] =
n!
δǧ
which is possible provided S2 is known in a neighbourhood of whichever particular background (a solution of (2.33)) we are interested in. Note that the first two partial actions
do not contribute to the dynamics of hab : S0 = S[ǧ] is manifestly independent of hab ,
and S1 vanishes once the background equation (2.33) has been enforced. We conclude,
therefore, that S2 contains all the information necessary to reconstruct the “dynamical”
part of the action
Sdyn [ǧ, h] ≡

∞
X

λn Sn [ǧ, h],

(2.40)

n=2

which itself contains all the dynamical information of the full action S. This is absolutely
key to the calculations of section 2.2, in which we saw the first consequence of this reconstruction process, the recovery of the second-order equation of motion from an action that
one would expect to encode only first-order dynamics.

2.3.1

Field Equations

In general, we could let λ be a free parameter and, on demanding δS[g]/δg ab = 0 for fixed
ǧ ab , derive a λ-dependent equation of motion Eλ [ǧ, h] = 0 for our dynamical field hab .
Any hab that solved this equation would correspond to a metric g ab = ǧ ab + λhab that
solved the field equations exactly.16 However, if we are interested in approximating small
variations of the metric (i.e. the limit λhab → 0) we can choose some order N to which we
want the equation of motion to hold:
δS[g]
= O(λN +1 ).
δg ab

(2.41)

16

It is advisable to set λ = 1 before attempting to solve Eλ [ǧ, h] = 0, as this constant can always be
absorbed into the magnitude of hab . Although this refinement was convenient for §2.2, here we shall keep
λ as it provides a simple method for tracking the powers of hab in expressions and is useful as a variable
for differentiation.
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This is equivalent to
N +1
1 δSdyn [ǧ, h]
= O(λN +1 ),
λ
δhab

(2.42)

N +1
where Sdyn
is defined by discarding from Sdyn those terms that can be neglected in (2.41):

N +1
Sdyn
[ǧ, h] ≡

N
+1
X

λn Sn [ǧ, h].

(2.43)

n=2

We shall adopt this “N th -order approximation” picture for the development of our formalism, as we can always write N = ∞ if we wish to discuss the exact theory.
For the sake of continuity with the previous section, we introduce the notation
δS2 [ǧ, h]
δhab

≡ κ−1

p
b abcd hcd ,
−ǧ G

(2.44)

δS[ǧ]/δǧ ab =0

b abcd will be a linear differential operator dewhere, because S2 is second-order in hab , G
pendent only on ǧ ab .17 The equation of motion (2.42) now takes the form
N +1
κ
δ X n
cd
b
λGabcd h = − √
λ Sn [ǧ, h],
λ −ǧ δhab n=3

(2.45)

where it should be taken as given that terms O(λN +1 ) have been neglected. This is
the N th -order approximation to the equation of motion for hab that is consistent with
the dynamics of g ab prescribed by the action S. The first-order contribution has been
b abcd hcd = 0 with
separated from the sum so as to evoke the picture of a wave equation λG
a source. In the next section we will see that the source term on the right of (2.45) is
indeed the energy-momentum tensor of the field hab , neglecting terms O(λN +1 ).

2.3.2

Energy-momentum Tensor

First we shall demonstrate that the dynamical part of the action (2.40) can be generated from S2 by a simple energy-momentum self-coupling procedure. Observe that, as a
consequence of (2.38), we have
1
Sn [ǧ, h] =
n

Z

d4 xhab

δSn−1 [ǧ, h]
.
δǧ ab

(2.46)

Defining the nth partial energy-momentum tensor tnab by applying Hilbert’s prescription
to the nth partial action,
−1 δSn [ǧ, h]
tnab ≡ √
,
−ǧ δǧ ab
17

(2.47)

b abcd defined here coincides with the definition in (2.5) once S = SEH has been fixed.
The operator G
This is shown in §2.3.5 by deriving S2 .
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we conclude that
−1
Sn [ǧ, h] =
n

Z

d4 x

p
n−1
−ǧhab tab
.

(2.48)

This makes manifest the energy-momentum self-coupling procedure that allows us to generate the dynamical part of the action (2.40) to arbitrary order, given only S2 . The nth
partial action is nothing more than the integral of the contraction of hab with the energymomentum tensor of the previous partial action (divided by −n). The dynamical part of
the action is therefore given by
N +1
Sdyn
[ǧ, h]

Z

2

= λ S2 [ǧ, h] −

N
X
p
λn+1 tnab
ab
d x −ǧh
.
n+1
4

(2.49)

n=2

Note that, for the particular case of general relativity (S = SEH ), the background equation
(2.7) also sets S0 = 0, thus Sdyn = SEH (modulo surface terms) and the energy-momentum
self-coupling procedure recovers the entire action of the full theory, not just the dynamical
part.
Because of factors of n + 1 dividing each tnab in (2.49), it is not the case that in the
action hab couples directly to its (N th -order) total energy-momentum tensor, given by
N

N

−1 δSdyn X n n
N
≡√
=
λ tab .
Tab
−ǧ δǧ ab
n=2

(2.50)

Instead, the numerical denominators account for the n + 1 factors of hab in hab tnab , and
N as the source. To prove this, note
ensure that the equations of motion do indeed have Tab
that for any symmetric field lab (vanishing on the boundary, or with compact support) we
have
Z
Z
ab δ
4 ab δSn [ǧ, h]
4 l
d xl
=
d
x
(∂ n S[ǧ + λh])λ=0
n! δhab λ
δhab
=

1
n!

(∂µ (∂λn S[ǧ + λ(h + µl)])λ=0 )µ=0

=

1
n!

(∂λn ∂µ S[ǧ + λ(h + µl)])λ=µ=0

=

1
n!

(∂λn (λ∂α S[ǧ + λh + αl]))λ=α=0 ,

where α ≡ λµ ⇒ ∂µ = λ∂α . Thus,
Z

δSn [ǧ, h]
1 n
n−1
d4 xlab
=
λ∂
∂
S[ǧ
+
λh
+
αl]
+
n∂
∂
S[ǧ
+
λh
+
αl]
α
α
λ
λ
n!
δhab
λ=α=0

1
=
∂α ∂λn−1 S[ǧ + λh + αl] λ=α=0
(n − 1)!
= (∂α Sn−1 [ǧ + αl, h])α=0
Z
δSn−1 [ǧ, h]
= d4 xlab
.
δǧ ab

(2.51)

Hence we have the following important result:
δSn [ǧ, h]
δSn−1 [ǧ, h]
=
.
ab
δh
δǧ ab

(2.52)
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Or, using definition (2.47),
p
δSn [ǧ, h]
= − −ǧtn−1
ab .
ab
δh

(2.53)

Therefore the equation of motion (2.45) takes on the form
b abcd hcd = κλ−1
λG

N
+1
X

λn tn−1
ab ,

(2.54)

n=3

or, recalling (2.50),
b abcd hcd = κT N .
λG
ab

(2.55)

We have derived the relation we sought, demonstrating that any metric theory of pure
gravity can be formulated as a first-order wave equation with its own energy-momentum
tensor as a source. For every N ≥ 1, we can derive the equation of motion (2.55) by applyN +1
ing the variational principle to the action Sdyn
; the left hand side is the wave equation for
the linearised theory, and the right hand side is the energy-momentum tensor prescribed
N . This energy-momentum tensor is, to some extent, incomplete: it does
by the action Sdyn
not include the O(λN +1 ) contribution from the highest-order partial action SN +1 . This
contribution could be calculated, if so desired, and added by hand to the field equations
N +1
, but this equation would no longer be a sta(2.55) so that the right hand side read κTab
N +1
tionary configuration of the action Sdyn . To remedy this, we could introduce a correction
to the action λN +2 SN +2 that would generate the extra term in the equation of motion;
the appropriate functional is given by (2.48) and couples hab to the highest-order partial
+1
N +1
energy-momentum tensor tN
ab . But now once again the energy-momentum tensor Tab
is incomplete, and we can apply this same line of reasoning anew. So long as there is no
N for which tN
ab vanishes identically, this process can continue indefinitely, and as N → ∞
the exact field equations are recovered, along with the action Sdyn = S − S0 − λS1 .
All that remains is to connect our formalism to the specific results of the previous
section. For the sake of completeness, however, we shall first discuss the gauge symmetries
N +1
of the theory, and deduce the conservation law for Tab
.

2.3.3

Gauge Transformations

Because the action S[g] is a coordinate-system independent integral, any diffeomorphism
φ : M → M gives rise to a gauge transformation of the theory through the action of φ∗ ,
the map comprising the pullback of φ on covector indices and the pushforward of φ−1 on
vector indices:
S[φ∗ g] = S[g].

(2.56)

Taylor expanding both sides about ǧ ab and applying the background equation reveals the
gauge invariance of the dynamical part of the action:
N +1
N +1
Sdyn
[ǧ, h0 ] = Sdyn
[ǧ, h],
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where
λh0ab ≡ φ∗ g ab − ǧ ab .

(2.58)

In the context of an N th -order approximation, we must insist that φ∗ = 1 + O(λ), otherwise these transformations will map the small metric fluctuations λhab onto fluctuations
comparable in magnitude to ǧ ab . We can write a general diffeomorphism of this form as
φ∗ = eλLξ , where Lξ is the Lie derivative along a vector field ξ a = O(1). The gauge
transformations of the theory are hence given by
hab → h0ab = hab + δhab ,
δhab ≡ λ−1

N
X
(λLξ )n
n=1

n!

ǧ ab +

N
−1
X
n=1

(λLξ )n ab
h ,
n!

(2.59)

where we have discarded all terms O(λN ), as these will only contribute terms O(λN +1 ) to
N +1
the equation of motion, and terms O(λN +2 ) to Sdyn
. If we wish we can let ξ a = a , an
infinitesimal vector field, and derive the infinitesimal gauge transformation

L ǧ ab + λhab  N ≥ 2,

ab
δh =
(2.60)
−2∇
ˇ (a b)
N = 1.
N +1
,
Because these gauge transformations (infinitesimal or otherwise) are symmetries of Sdyn
they map solutions of the equation of motion (2.55) to other solutions. We can therefore
N:
use the equation of motion to deduce the transformation law for Tab
N
N
N
δTab
≡ Tab
[ǧ, h0 ] − Tab
[ǧ, h] =

λb
Gabcd δhcd .
κ

(2.61)

This verifies the earlier remark that the energy-momentum tensor is gauge dependent,
N = 0 by definition. It may come as a surprise
except in the trivial case N = 1, for which Tab
that the energy-momentum tensor does not inherit the gauge invariance of the action from
N +1
which it was derived. It should be stressed, however, that Sdyn
is not identically gauge
invariant: the relation (2.57) is only true when the background equation is obeyed. For
general ǧ ab , the diffeomorphism invariance of S[g] only furnishes the gauge transformation
N +1
law δSdyn
= −λδS1 , the right-hand side of which has a non-vanishing energy-momentum
N . Equivalently, the gauge dependence of T N can
tensor responsible for the variation in Tab
ab
be seen to result from the non-commutativity of gauge transformations and the functional
N [55]; these operations would only commute if the
derivative δ/δǧ ab used to define Tab
N +1
gauge invariance of Sdyn
extended to a neighbourhood of the solutions of the background
equation, rather than being confined to the solutions themselves.

2.3.4

Conservation Law

N +1
It should be expected that Sdyn
[ǧ, h] inherits the diffeomorphism invariance of S[g], and
that this symmetry endows the energy-momentum tensor with a covariant conservation
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law with respect to the background metric. The derivation proceeds in close analogy to
matter = 0 from general relativity.
the proof of ∇a Tab
We again appeal to the diffeomorphism invariance of the action (2.56) but this time
expand S[g] about ǧ ab (a solution of the background equation) and S[φ∗ g] about φ∗ ǧ ab
(which will also be a solution). The result,
N +1 ∗
N +1
Sdyn
[φ ǧ, φ∗ h] = Sdyn
[ǧ, h],

(2.62)

N +1
affirms that Sdyn
is diffeomorphism invariant.18 Now let φ be an infinitesimal diffeomorphism: φ∗ = 1 + L for an arbitrary infinitesimal vector field a with compact support.
Then (2.62) becomes
" N +1
#
Z
N +1
δSdyn
δSdyn
4
ab
ab
0= d x
L ǧ +
L h
.
(2.63)
δǧ ab
δhab

Clearly the second term vanishes (to O(λN +1 )) if hab solves the equation of motion (2.55),
and thus
Z
N +1
δSdyn
ˇ a b + O(λN +2 )
∇
0 = d4 x
δǧ ab
Z
p
ˇ a T N +1 + O(λN +2 ).
= d4 x −ǧb ∇
(2.64)
ab
As this equation holds for any a it follows that
ˇ a T N +1 = 0
∇
ab

(2.65)

is valid up to and including O(λN +1 ). Because this relation holds whenever hab solves its
equation of motion, and because gauge transformations map solutions to solutions, the
conservation law is gauge invariant.
It is important to recognise that (2.65) applies to the (N +1)th -order energy-momentum
tensor: this is the highest-order approximation to the energy-momentum tensor that can
N +1
be constructed from our truncated action Sdyn
, and is a better approximation than the
N
tensor Tab which features in the equations of motion appropriate to this order. Of course,
N follows from (2.65) by discarding the highest-order term, and
the conservation law for Tab
ˇ aG
b abcd hcd = 0,
ensures the consistency of the equation of motion (2.55) with the identity ∇
which holds for all hab once the background equation has been enforced.

2.3.5

Constructing the Graviton Action

It is now time to close the circle of our discussion and connect the abstract formalism to
our earlier calculation. We shall derive here the graviton action S2 , the ansatz of section
2.2, by applying the perturbative formalism to the particular case
Z
√
1
S[g] =
d4 x −gR ≡ SEH [g],
(2.66)
κ
18

Note that diffeomorphism invariance is equivalent to being independent of coordinate system, and is
a distinct property from gauge invariance as defined in §2.3.3.
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the Einstein-Hilbert action. To proceed, we will use equation (2.38) to derive S1 , and
then S2 , by successive functional derivatives δ/δǧ ab acting on SEH [ǧ]. The first derivative
generates
Z
p
1
d4 x −ǧ Ǧab hab ,
S1 [ǧ, h] =
(2.67)
κ
which of course vanishes for all hab when ǧ ab solves the background equation Ǧab = 0. A
second variation in ǧ ab gives rise to
Z
p 


1
d4 x −ǧ δ Řab hab − 12 hǧ ab + δǧ cd 12 hcd Ř − hŘcd − ǧcd Ǧab hab .
δS1 =
(2.68)
κ
bcdab in accordance with (2.26), we determine δS1 /δǧ ab and asReplacing δ Řab → δǧ cd R
semble
Z
δS1
1
d4 xhcd cd
S2 =
2
δǧ
Z
p 


1
bcdab hab − 1 hǧ ab + 1 hcd hcd Ř − hŘcd − ǧcd Ǧab hab
=
d4 x −ǧ hcd R
2
2
2κ
Z
p
1
b abcd + Ȟabcd )hcd .
d4 x −ǧhab (G
=
(2.69)
2κ
In the last line we referred to the definitions (2.5) and (2.6), and made use of the identity
b abcd .
babef (δce δ f − 1 ǧ ef ǧcd ) ≡ G
R
d
2

(2.70)

This completes the derivation of the graviton action (2.4) and confirms that it can be
used as the starting point of an energy-momentum self-coupling procedure (2.48) that
generates the Einstein field equations and the Einstein-Hilbert action (modulo surface
terms) to arbitrary order.
The preceding calculation helps to reveal the advantage of using hab , a perturbation in
the inverse metric, as our fundamental degree of freedom. Had we instead taken the usual
approach, expanding gab = ǧab + λhab and taking hab as fundamental, the perturbative
formalism would have unfolded identically but for the placement of indices. However,
the calculation of S2 from SEH would have differed dramatically. The Lagrangian of
S1 would instead be proportional to Ǧab hab , and because the Ricci tensor is naturally
covariant, the variation of Ǧab = Řcd ǧ ca ǧ db − 12 Řcd ǧ cd ǧ ab under δǧ ab would have been
complicated by the extra two factors of ǧ ab on the first term, compared to the relevant
tensor in our approach: Ǧab = Řab − 21 Řcd ǧ cd ǧab . This trend continues at every order; the
hab convention leads to a greater proliferation of terms in each partial energy-momentum
ˇ a )2 (hab )n so must be contracted with
tensor because the Lagrangian of Sn has the form (∇
a further n + 1 factors of ǧ ab to render it a scalar.19 Each of these metric factors generates
a term in the partial energy-momentum tensor, and thus act as compound interest for
the process of energy-momentum self-coupling. In comparison, our convention leads to
19

ˇ a , but these occur equally in either convention.
There are of course the instances of ǧ ab ∂c ǧde in each ∇
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ˇ a )2 (hab )n , which need only n − 1 additional factors of ǧab .20
Lagrangians of the form (∇
Clearly the inefficiency of the hab approach stems from the natural covariance of derivative
ˇ a ) and curvature tensors; the advantages of the contravariant expansion
operators (∂a or ∇
g ab = ǧ ab + hab are therefore not peculiar to the Einstein Hilbert action, and are expected
to be even more distinguished in higher derivative theories of gravity.

2.4

Matter

To avoid over-complicating our discussion, we have so far focused exclusively on pure gravity. Here we will go some way to remedy this simplification, and generalise the formalism
of the previous section to include the perturbations of matter fields, and the effects of
non-vacuum backgrounds.
In the most general case, let the action S be a functional of g ab and a generic matter
field ΨA , where A will serve as a placeholder for any number of internal or spacetime
indices. We then expand S about a background (ǧ ab , Ψ̌A ) as follows:

⇒

g ab = ǧ ab + λhab ,

(2.71)

ΨA = Ψ̌A + λψ A ,

(2.72)

S[g, Ψ] =

∞
X

λn Sn [ǧ, h, Ψ̌, ψ],

(2.73)

n=0

where ǧ ab and Ψ̌A satisfy the background equations
δS[ǧ, Ψ̌]
= 0,
δǧ ab

δS[ǧ, Ψ̌]
= 0.
δ Ψ̌A

(2.74)

As before, each partial action can be calculated from the partial action at the previous
order; with matter included, the appropriate recurrence relation is
Z

p 
−1
A n−1
Sn =
d4 x −ǧ hab tn−1
+
ψ
j
,
(2.75)
A
ab
n
where
−1 δSn
tnab ≡ √
,
−ǧ δǧ ab

−1 δSn
n
jA
≡√
.
−ǧ δ Ψ̌A

(2.76)

There are two aspects of this coupling scheme that differ from pure gravity. The first is
immediately apparent: the hab tab term has been joined by an analogous coupling between
matter fluctuations ψ A and its “source current” jA . The second difference is hidden within
the definitions of tab and jA ; because the {Sn } now represent the partial actions for gravity
and matter together, hab tab and ψ A jA are no longer just self-couplings, and will in general
contain terms coupling hab to ψ A . In particular, tnab should now be interpreted as the
20

This does not mean that all terms in such a Lagrangian will contain only n − 1 additional factors of
ˇ a )2 and thus n+1 factors of the metric (and
ǧab ; there will often be cases in which ǧ ab is contracted with (∇
its inverse) will be present. These cases only represent a small proportion of all possible terms, particularly
as n becomes large, and are no worse than the terms afforded by the hab convention.
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(nth -order) energy-momentum tensor due to all the fields: hab , ψ A , and the background
matter Ψ̌A .
Proceeding as before, we can now demand that the dynamical fields hab and ψ A solve
P +1 n
N +1
the field equations of the action Sdyn
= N
n=2 λ Sn , and generate approximate solutions
of the exact field equations (prescribed by S) accurate to O(λN ). Instead of using the
b abcd , we write the general form of S2 , modulo surface terms, as
definition (2.44) for G
Z

p 
1
b abcd hcd /κ − 2hab IbabA ψ A + ψ A W
cAB ψ B ,
S2 =
(2.77)
d4 x −ǧ hab G
2
b abcd ,
once the background equations (2.74) have been enforced. In the above equation, G
cAB are linear operators that depend only on background fields, G
b abcd and
IbabA , and W
†
cAB are self-conjugate, in the sense given by (2.11), and IbabA is conjugate to Ib :
W
Aab
Z
Z
p
p
†
Aab ,
(2.78)
d4 x −ǧAab IbabA B A = d4 x −ǧB A IbAab
for all Aab or B ab , provided one has compact support. These definitions lead to equations
of motion, accurate to O(λN ), as follows:
b abcd hcd = κT N + λκIbabA ψ A ,
λG
ab
cAB ψ B = J N +
λW
A

(2.79)

†
λIbAab
hab ,

(2.80)

where
N
≡
Tab

N
X

λn tnab ,

n=2

JAN ≡

N
X

n
λn jA
.

(2.81)

n=2

Although this formalism is quite general, it is probably too general to be usefully
employed. Indeed, the complications involved in describing matter as a background field
and a dynamical perturbation generally serve to obscure the physical interpretation of the
ˇ a T N +1 = 0
mathematics. An interesting example of this occurs when one tries to rederive ∇
ab
by applying the argument of section 2.3.4. The result that now follows is
Z
p
1
δ
a N +1
ˇ
∇ Tab = √
d4 x −ǧJAN +1 L Ψ̌A ,
(2.82)
b
2 −ǧ δ
the physical interpretation of which is far from clear. Rather than continue with this
formulation in its full generality, it will therefore be more instructive to examine two
special cases. First, we set Ψ̌A = 0 and consider small matter fields λψ A interacting
with λhab . Second, by setting ψ A = 0 we can study the effect of a background matter
field Ψ̌A on the propagation of the graviton. In principal, one could reach these special
cases starting from the formalism we have just described, but it will be simpler and more
illuminating to build them up from scratch.

2.4.1

Matter Perturbations

In a region where the matter fields are small enough that their effects on spacetime
curvature can be described by small perturbations λhab in the inverse metric, we can
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model the dynamics by taking Ψ̌A = 0, and describe the matter field using λψ A alone. As
it is often the case for gravitational theories, let us suppose that the action S is the sum
of a gravitational action Sg and a matter action SΨ :
S[g, Ψ] = Sg [g] + SΨ [g, Ψ].

(2.83)

Moreover, for the sake of simplicity, we take ΨA to be a free field:
SΨ [g, λΨ] = λ2 SΨ [g, Ψ]

∀ g ab , ΨA .

(2.84)

This assumption will mean that the perturbative expansion of S can be described by an
energy-momentum coupling procedure only. To see this explicitly, we expand the action
about a background (ǧ ab , 0):
S[ǧ + λh, λψ] =

∞
X

λn (Sgn [ǧ, h] + SΨn [ǧ, h, ψ]) ,

(2.85)

n=0

where each gravitational partial action
1 n
(∂ Sg [ǧ + λh])λ=0
n! Zλ
n
1
4
ab δ
d xh
Sg [ǧ],
=
n!
δǧ ab

Sgn [ǧ, h] =

(2.86)

much as before, and the matter partial actions
1 n
(∂ SΨ [ǧ + λh, λψ])λ=0
n! λ

1
=
∂λn λ2 SΨ [ǧ + λh, ψ] λ=0
n!

1
=
∂λn−2 SΨ [ǧ + λh, ψ] λ=0
(n − 2)!
Z
n−2
1
4
ab δ
=
d xh
SΨ [ǧ, ψ].
(n − 2)!
δǧ ab

SΨn [ǧ, h, ψ] =

(2.87)

Defining the partial energy momentum tensors for hab and ψ A as
−1 δSgn
tgn
,
ab ≡ √
−ǧ δǧ ab

−1 δSΨn
tΨn
,
ab ≡ √
−ǧ δǧ ab

(2.88)

respectively, we see that the partial actions are coupled as
Z
Sn [ǧ, h] = −

4

p
d x −ǧhab

gn−1
tΨn−1
tab
+ ab
n
n−2

!
.

(2.89)

These partial actions lead to the N th -order equations of motion
b abcd hcd = κT N =
λG
ab

N
X


Ψn
λn tgn
ab + tab ,

(2.90)

n=2

cAB ψ B =
λW

N 
X
n=2
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−λn
δ
√
(n − 1) −ǧ δψ A

Z


p
ab Ψn
d x −ǧh tab .
4

(2.91)

2.4. Matter

The first equation confirms that the energy-momentum tensors of ψ A and hab combine as
the source for the graviton. The second equation describes how the coupling between hab
A
and tΨ
ab acts as a source for ψ . Note that even when the matter field is not free, because
SΨ never contains terms linear in the matter fields, IbabA must be at least linear in Ψ̌A , so
we will always have IbabA = 0 when Ψ̌A = 0.

2.4.2

Non-Vacuum Background

For a non-vacuum spacetime, we expect to be able to approximate (at least to first-order)
the behaviour of a gravitational perturbation by ignoring the perturbations in the matter
field that it might induce. Alternatively, we may have in mind a particular non-vacuum
solution of the field equations (ǧ ab , Ψ̌A ) and wish to find nearby solutions (approximate or
exact) with precisely the same matter content. For these two scenarios, we can set ψ A = 0
and investigate the effect that the background Ψ̌A has on the dynamics of hab .
Considerations of this nature highlight an interesting feature of our prior discussion of
the graviton action. In section 2.2 we saw the importance of a contribution to the action
hab Habcd hab that vanished in the vacuum; the obvious question to ask is whether a similar
term exists in the non-vacuum case, and whether or not it will vanish on the non-vacuum
background equations. To answer these questions we will derive the graviton action for
a non-vacuum background, which will also include the cosmological constant as a special
case.
Let us restrict our attention to general relativity in the presence of a matter field:
S[g, Ψ] = SEH [g] + SΨ [g, Ψ],
Z
√
SΨ [g, Ψ] ≡ 2 d4 x −gLΨ (g ab , ΨA , ∂a ΨA ).

(2.92)
(2.93)

The factor of two in the definition of the matter Lagrangian LΨ compensates for our
slightly unusual normalisation of SEH .21 It should be noted that we have assumed that
LΨ does not depend on derivatives of the metric. This is the case for the Lagrangians of
all the fields of the standard model except the spin- 12 fermion, which in any case should
be coupled to gravity using the vierbein formalism, e.g. [53]; such an approach is beyond
the scope of this chapter. The results of this section can be generalised to allow Lm to
depend on ∂c g ab without any great difficulty, but this is an added algebraic complication
that seems to add little insight to our investigation.
We proceed by expanding the action about a background (ǧ ab , Ψ̌A ) just as in (2.71)
and (2.72), but now, as ψ A = 0, the coupling scheme (2.75) reverts to the familiar energymomentum coupling of section 2.3. Following precisely the same method as section 2.3.5,
we can compute S2 by two successive functional derivatives (with respect to ǧ ab ) applied
21

All our actions are twice as large as the usual definition. This normalisation has no effect on the
classical equations of motion, but has allowed us to define the energy-momentum tensor without a factor
of two, simplifying the algebra of §§2.2&2.3.
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to S[ǧ, Ψ̌]. The first derivative yields
Z
p
 ab
1
Ψ
S1 =
h ,
d4 x −ǧ Ǧab − κŤab
κ

(2.94)

where
−1 δSΨ [ǧ, Ψ̌]
∂ ĽΨ
Ψ
Ťab
=√
= −2 ab + ǧab ĽΨ
ab
∂ǧ
−ǧ δǧ

(2.95)

is the energy-momentum tensor of the background matter. The second derivative yields
the graviton action:
Z
δS1
1
d4 xhab ab
S2 =
2
δǧ
Z
h
2
p

1
b abcd hcd − Ǧab − κŤ Ψ hab h + 2κhab hcd ∂ ĽΨ
=
d4 x −ǧ hab G
ab
2κ
∂ǧ ab ∂ǧ cd
i
 1
+ Ř + 2κĽΨ 2 hab hab − 14 h2 .
(2.96)
This is the action we sought: the generalisation of equation (2.4) to a non-vacuum background.
If we are only interested in the linear theory, and have no wish to calculate the energymomentum tensor, then we are free to enforce the background equation
Ψ
,
Ǧab = κŤab

(2.97)

in the graviton action. In sharp contrast to the vacuum case, however, the background
R 4 √
1
b abcd hcd , or indeed any other covariantisaequation does not reduce S2 to 2κ
d x −ǧhab G
tion of the massless spin-2 Fierz-Pauli action. Instead, it appears as though the background
matter has endowed the graviton with mass:
Z

p 
1
b abcd hcd + α ,
S2 =
d4 x −ǧ hab G
(2.98)
2κ
where the “mass-term” α is given by


α ≡ − 12 M hab hab − 21 h2 + Nabcd hab hcd ,

(2.99)

with

M ≡ 2κ ĽΨ −

∂ ĽΨ
ǧ ab ab
∂ǧ


,

Nabcd ≡ 2κ

∂ 2 ĽΨ
.
∂ǧ ab ∂ǧ cd

(2.100)

We refer to α as a “mass-term” because it is quadratic in hab , free from derivatives, and
b abcd hcd in the Lagrangian. However, as we will see
has been added to the kinetic term hab G
for the specific case of the cosmological constant, α does not by itself determine whether
the graviton is actually massive, i.e. whether it propagates subluminally; the curvature of
the background will play an equally important role in the field equations. In particular,
while it is tempting to identify a mass m for the graviton according to m2 = M (at least
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when Nabcd = 0) we will soon see that the background matter often sets M < 0, so this
idea is essentially untenable.
To explore these issues, it will be instructive to calculate α for a few simple examples.
First, consider a scalar field background Φ̌ with Lagrangian
ĽΦ = − 21 ǧ ab ∂a Φ̌∂b Φ̌ − V (Φ̌);

(2.101)



αΦ = κV (Φ̌) hab hab − 21 h2 .

(2.102)

the mass-term is

To ensure that the scalar field has positive energy density, we must insist that V (Φ̌) ≥
0; hence M ≤ 0 as previously warned. Equation (2.102) can also be used to find the
corresponding mass-term for a cosmological constant. In this case the Lagrangian is LΛ =
−Λ/κ, which we can reach from LΦ by setting ∂a Φ̌ = 0 and V = Λ/κ. Clearly this gives


αΛ = Λ hab hab − 12 h2 ,
(2.103)
which similarly suffers from M < 0 if the cosmological constant is positive.
At this point, the reader may be suspicious that the formulae for αΦ and αΛ (with M <
0 and Nabcd = 0) signify that hab is a tachyon in the presence of a scalar field background
or a cosmological constant. Indeed, if the background were flat and M constant over
spacetime, we could derive the field equations from (2.98), observe that their divergence
enforces the de Donder gauge condition
∂ α hαβ − 21 ∂β h = 0,

(2.104)

and, substituting this back into the equations of motion, conclude that the dynamics of
the graviton were described by

∂ 2 − M hαβ = 0.

(2.105)

This argument appears to justify the relation m2 = M for the graviton’s mass, and
motivate the conclusion that M < 0 betrays tachyonic behaviour. It is important to realise,
however, that the field equation above is of little relevance to the actual physical system we
were discussing. In reality, M will not be constant, and the presence of background matter
will inevitably preclude background flatness. To understand how this last consideration
alters the dynamics of the graviton, we shall briefly examine the field equation for hab in
the presence of a cosmological constant. First, we substitute (2.103) into (2.98) and derive
the field equation

b abcd hcd + Λ hab − 1 ǧab h = 0.
G
2

(2.106)

In contrast to the naive approach, the covariant divergence of this equation vanishes
ˇ b h and ∇
ˇ a hab . In place of this, the gauge
identically, and so cannot be used to relate ∇
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invariance of the vacuum theory remains intact22 , and the field equation may be simplified
ˇ a hab = 0:
by setting h = 0, ∇
ˇ 2 hab − 2Řdabc hdc = 0.
∇

(2.107)

Surprisingly, the contribution from αΛ has been cancelled by a term proportional to the
background Ricci tensor, resulting in a field equation that is identical in form to the firstorder vacuum field equation (2.13) in this gauge. Of course, this does not indicate that
the cosmological constant has no effect on the propagation of hab , only that these effects
are limited to the constraints imposed on the background geometry by the background
equation Řab = Λǧab . For this reason, it does not seem particularly natural to interpret
2Řdabc hdc as endowing the graviton with a mass; equation (2.107) can instead be understood as a (partially gauge-fixed) massless spin-2 field equation that has been generalised
to cosmological backgrounds. Quite aside from this, there is also the technical issue of interpreting the four-index tensor Řabcd as a mass: only if this tensor can be defined in terms
of a single scalar variable (and the background metric) could the argument be made that
this single variable described the graviton’s mass. For a non-zero cosmological constant,
the only background with this property is de Sitter space: Řdabc = Λ3 (ǧdb ǧac − ǧdc ǧab ), thus
the gauge-fixed field equation (2.107) becomes


2Λ
2
ˇ −
∇
hab = 0.
(2.108)
3
If we were so inclined, we might interpret this as a field equation for a graviton with
m2 = 2Λ/3, and note that this relation has the correct sign for positive Λ, unlike the
formula m2 = −2Λ suggested by our preliminary inspection of αΛ . In truth, however,
further investigation is needed before we can either adopt or discard this interpretation.
This is not only because (2.107) (of which (2.108) is a special case) can be understood as a
generalisation of a massless field equation to cosmological backgrounds, but also because
ˇ 2 in curved space, and issues
of the subtleties involved in interpreting the wave operator ∇
of whether or not to use a conformal coupling. Clearly, more work must be done to
ascertain the physical ramifications of αΛ , and the “mass-term” α in general, before we
can understand the degree to which its effects can be thought of as giving mass to the
graviton.
Although massive gravitons and the cosmological constant were historically viewed
as entirely separate concepts, recent work has brought to light a number of interesting
connections between the two. Deser and Waldron [28] have demonstrated that, in (anti-)de
Sitter background spacetimes, a massive spin-2 field is stable if and only if m2 ≥ 2Λ/3,
or m = 0. While it is intriguing that our de Sitter background field equation (2.108)
22

If we wish to extend our discussion of gauge invariance (§2.3.3) to include background matter in
general, we would need to account for the gauge-fixing implicit in our starting assumption ψ A = 0, which
is obviously not preserved by a (first-order) infinitesimal diffeomorphism δψ A = L Ψ̌A . However, because
ˇ (a b)
Λ is constant over spacetime, no such difficulty arises here, and the transformations δhab = −2∇
remain a symmetry of the equations of motion.
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suggests precisely the same special value of m2 = 2Λ/3, Deser and Waldron’s analysis
differs significantly from our own, so this superficial observation may be misleading. In
particular, whereas our mass-term arises as a direct result of the perturbative expansion,
Deser and Waldron add their mass-term to the action by hand. Thus it is far from clear that
the massive gravitons of their paper correspond to the physical system considered above.
In contrast, Novello and Neves [62] claim to prove that m2 = −2Λ/3, with the implication
that Λ ≤ 0. This approach considers an unusual generalisation of the spin-2 field equation
to curved backgrounds, making a non-standard choice for the covariantisation ambiguous
term discussed in section 2.2.1. Thus, while their calculations arguably describe a spin-2
field, this does not appear to be a natural way to describe the spin-2 field that results
from perturbations of the metric (or its inverse) in Einstein’s theory. It is our intention
to disentangle the connections between these two approaches, and our own, in a later
publication.
For the sake of completeness, we conclude this section with an example of a mass-term
that can have M > 0, and Nabcd 6= 0. Unlike αΛ , however, we shall not attempt to derive
any of the implications for the equations of motion. Consider an electromagnetic 1-form
background Ǎa , with Lagrangian
ĽA = − 41 F̌ 2 = − 14 ǧ ab ǧ cd F̌ac F̌bd ,

(2.109)

and note that F̌ab ≡ 2∂[a Ǎb] is independent of the metric. The calculation yields


(2.110)
αA = − 41 κF̌ 2 hab hab − 21 h2 − κhab hcd F̌ac F̌bd ,
which has the aforementioned properties.

2.5

Conclusion

Contrary to the prevailing maxim, coupling the classical Fierz-Pauli graviton to its own
energy and momentum does not recreate general relativity order by order. However, there
is an alternative action for the graviton (2.4) for which energy-momentum self-coupling
is consistent with Einstein’s theory. Using this action, the energy-momentum tensor of
the graviton (2.28), added as a source to the graviton’s first-order equation of motion
(2.13), builds a field equation consistent with the Einstein equations to second-order.
Furthermore, the perturbative formalism developed in section 2.3 reveals that our action
provides sufficient information to reconstruct general relativity to arbitrary accuracy: a
simple recurrence relation (2.48) identifies the energy-momentum tensor at one order as
the appropriate contribution to the action at the next. To any order N , this scheme
assembles an action that dictates field equations (2.55) in which the graviton’s N th -order
energy-momentum tensor is the source.
The formal machinery used to understand vacuum perturbations is easily extended
to include matter, although the physical interpretation of the most general approach, in
which matter comprises both a background field and a small perturbation, is less than
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transparent. Focusing on matter perturbations separately from non-vacuum backgrounds
serves to clarify the formalism significantly. In a vacuum background, the interactions
between the graviton and perturbations of a free matter field lead to a field equation
(2.90) in which the source for the graviton is the sum of gravitational and matter energymomentum. This interaction inevitably induces a source in the field equations for matter
(2.91). Alternatively, one may neglect matter perturbations and examine the consequences
of a non-vacuum background. In this case, the dynamics and energy-momentum of the
graviton are prescribed by the action (2.96), generalising our previous ansatz. Surprisingly,
the background matter appears to induce a “mass-term” in the graviton action, although
it is currently unclear to what extent its interpretation as a mass is valid at the level of the
field equations. The mass-terms induced by a scalar field (2.102), a cosmological constant
(2.103) and electromagnetism (2.110) have been calculated.

2.A

Appendix: Padmanabhan’s Analysis

The recent article by Padmanabhan [64] unearths many significant shortcomings of the
well known arguments [25, 36, 41, 50] that supposedly derive Einstein’s equations by
coupling the Fierz-Pauli graviton to its own energy-momentum tensor. Here we attempt
to summarise his observations, and explain their relation to this present work.
In broad terms, Padmanabhan’s criticisms fall into three areas:
1. The Einstein-Hilbert action consists of a bulk term (the Γ2 action) and a surface
term. The latter includes a piece linear in hαβ , so there can be no way to construct
it from a self-coupling procedure that starts with an action that is already quadratic
in hαβ .23
2. The starting point, the Fierz-Pauli Lagrangian (2.8), describes a Lorentz invariant
field theory, and yet the end result, general relativity, is generally covariant. It is
claimed that this metamorphosis only occurs because general covariance has been
assumed in the various derivations, in which case it is “no big deal to obtain Einstein’s
theory”. More generally, the classic bootstrapping arguments wield ideas developed
in general relativity (such as Hilbert’s definition of the energy-momentum tensor) or
use knowledge of the end result to achieve their goal. Hence they cannot be regarded
as a derivation of general relativity from first principles.
3. The first-order field equation can only take a symmetric tensor as its source; the
canonical energy-momentum tensor (2.15) is not necessarily symmetric, and although
it can be made to be so, this process is not unique. Therefore the energy-momentum
self-coupling procedure is ill-defined. The Hilbert definition is uniquely determined
by the action, but to use it would violate criticism 2. Crucially, even if we allow
23

The argument given by Padmanabhan is phrased in terms of non-analyticity in a dimensionful coupling
constant. This form of the argument depends on his particular choice of normalisation for hαβ and SEH ,
but is essentially equivalent to the statement given here.
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ourselves to use Hilbert’s definition, we still fail to recover the correct source term
for the second-order field equation.
It is to this very last crucial point that we have devoted the bulk of this chapter. We now
wish to explain our position with regards to the first two criticisms, and also Padmanabhan’s proposed solution to the third.
1. Our approach expressly avoids discussing surface terms. This has greatly streamlined our formalism, and because such terms are completely irrelevant for determining field
equations or energy-momentum tensors, the only price to pay for this simplicity is that we
can only claim to reconstruct the Einstein-Hilbert action modulo surface terms.24 In this
sense, Padmanabhan’s first criticism still stands, although it is unclear whether it has any
great importance. If the action is an integral over the whole manifold, and asymptotic
conditions apply to hab such that the surface term at infinity vanishes, then of course there
is no distinction between the Einstein-Hilbert action and the action we have constructed.
Even if the action is an integral over a manifold with a boundary, so long as we consider
the action to be a functional over all fields with a particular boundary configuration (just
as we might think of the action of a particle as a functional over all paths with particular
end-points) the two actions differ only by an irrelevant constant. Besides, in situations
where contributions from the boundary really are important, one does not typically use
the Einstein-Hilbert action anyway: the Gibbons-Hawking-York boundary term [39, 83]
must be included to remove the dependence on second derivatives of the metric. This
allows the field equations to be derived using a variational principle that only demands
that the variation in the fields (and not also their derivatives) vanish on the boundary.
Padmanabhan’s major concern is that the surface term of the Einstein-Hilbert action
has some quantum mechanical significance. As the nature of quantum gravity has yet
to be understood, it remains unclear whether or not this is the case. We stress once
again that the analysis in this chapter is purely classical, and that we make no claims
as to a quantum mechanical interpretation. Furthermore, it is not even known whether
the graviton is a useful theoretical object for describing quantum gravity. We note again
that the Gibbons-Hawking-York boundary term is usually included in quantum gravity
investigations for which the boundary is not negligible.
2. It is our view that Padmanabhan’s concerns about general covariance are unjustified:
we take the position of Weinberg [80], that “general covariance by itself is empty of physical
content.” Any theory (Lorentz invariant or not) can be expressed in arbitrary curvilinear
coordinates, so the requirement of general covariance cannot, in and of itself, constrain the
sort of theory one might construct. Rather, the kinematical content of general relativity
is encapsulated by the equivalence principle, that the effect of gravity vanishes locally in
an inertial coordinate system; thus expressing physical equations in coordinate invariant
notation is an invaluable tool for describing how their dynamics are modified by gravity.
It is possible that when Padmanabhan refers to ‘general covariance’ he is referring to the
24

Note that this does not nessesarily mean that we have constructed the Γ2 action, only that the
√
integrand of the action differs from −gR by some total divergence.
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equivalence principle also. As the latter is tantamount to identifying the gravitational
field with a dynamical metric, he would certainly be correct to criticise any “derivation”
that contained such a step; needless to say, we do not appeal to the equivalence principle
in our approach.
General covariance aside, though, Padmanabhan’s objection to the use of curved-space
ideas is a valid one, indicating that none of the classic arguments constitute a derivation
from first principles. Our approach certainly makes use of curved-space concepts; however our goals are perhaps not quite so bold as the other derivations that Padmanabhan
has scrutinised: we do not pretend to derive general relativity purely from the ideas of
Lorentz-invariant field theory. It should be stressed, however, that even if some of the
kinematical content of general relativity is in some way assumed (curved spacetime, functional derivatives with respect to the metric, etc.) it is still a “big deal” to derive the
dynamical content of the theory, Einstein’s equations.
3. We have already explained our position with regards to the definition of the energymomentum tensor in section 2.2.3; the only reason that Hilbert’s definition is unpalatable
to Padmanabhan is that his aim is to start with as little curved-space mathematics as
he can. However, the failure of the Hilbert energy-momentum tensor to give the correct
second-order term for the Einstein field equations is a more significant stumbling-block.
We have explained our remedy, the use of a different starting action, in the body of this
chapter. Padmanabhan, on the other hand, eschews energy-momentum self-coupling and
introduces a new object S αβ that he defines with the following algorithm. Start with
a Lorentz invariant Lagrangian L(ηαβ , hαβ , ∂γ hαβ ) expressed in Lorentzian coordinates
{xα }. Replace every instance of ηαβ with the metric ǧαβ to produce a new Lagrangian
e αβ , hαβ , ∂γ hαβ ); note that this is not the same as expressing L in an arbitrary coL(ǧ
ordinate system because the partial derivatives ∂α have not been upgraded to covariant
ˇ α . We can now define
derivatives ∇
√
∂ −ǧ Le
αβ
S ≡2
.
(2.111)
∂ǧαβ
ǧ=η

The subscript reminds us that we must set ǧαβ = ηαβ after taking the metric derivative,
as we are supposedly working in Lorentzian coordinates. Padmanabhan claims to be able
to reconstruct the Γ2 action by coupling hαβ to this new object S αβ . Unfortunately S αβ
has a number of highly undesirable properties, suggesting that it is a rather unnatural
object, ill-defined in its current form.25
Firstly, as it has been constructed from a Lagrangian rather than an action, S αβ
depends directly on surface terms. This introduces a very large ambiguity, as S αβ will
depend on whether we write the integrand of the action in the form (∂h)2 , as Padmanabhan
does, in the form h∂ 2 h, or as some arbitrary combination of both. Each possibility defines
a different S αβ and (presumably) leads to a different self-coupled limit for the graviton.
25

In private communication, Padmanabhan has indicated that he shares our concerns about S αβ and
does not believe it to be of any fundamental importance; hence we present the case against S αβ for the
sake of completeness rather than rebuttal.

54

2.A. Appendix: Padmanabhan’s Analysis

It seems that the only remedy for this ambiguity is to artificially stipulate that L contain
no second derivatives, although we note in passing that even this leaves us free to add
surface terms of the form ∂ α (φAα ) in theories for fields other than the graviton.
The second troubling aspect to S αβ is the “half-covariantising” algorithm used to cone It should be clear that this procedure has only been defined in Lorentzian
struct L.
coordinates, thus the matrix S αβ does not really constitute the components of a tensor,
as we have not explained how their values change when expressed in another coordinate
system.26 There are essentially two ways to extend the definition (2.111) to include curvilinear coordinates. The trivial solution is to construct the tensor S ab ≡ S αβ (∂α )a (∂β )b
using the vectors {(∂α )a }, partial derivatives with respect to the Lorentzian coordinates
used to calculate S αβ in the first place. This obviously defines a genuine tensor, so the
0 0
0
components S α β of S ab in some curvilinear coordinate system {xα } can be calculated,
and they will be related to S αβ by the usual transformation rules. It should be clear,
however, that this solution is rather unnatural: suppose we have a Lagrangian expressed
0 0
in a curvilinear coordinate system, then the only way to calculate the components S α β
in that system is to first transform to Lorentzian coordinates, calculate S αβ according to
(2.111), and then transform back to our original coordinate system. Also, because this
process picks out a special set of coordinates, there is also no reason to expect that S ab
ˇ a . The natural way to proceed
can be written as a tensorial function of hab , ǧab and ∇
0 0
would be to generalise the definition (2.111) in such a way that we could calculate S α β
working in any coordinate system. It might seem that a viable solution would be to define
the tensor
√
2 ∂ −ǧL
ab
S ≡√
,
(2.112)
−ǧ ∂ǧab Γ̌
ˇ c hab ) is the fully covariant Lagrangian, and the subscript indicates
where L = L(ǧab , hab , ∇
that the Christoffel symbols Γ̌abc are to be treated as independent of the metric and
held constant in the derivative. This expression generalises (2.111) to define a tensor
S ab in a coordinate invariant fashion; because the Christoffel symbols are held constant,
no term arises from a variation of the covariant derivatives, and S ab will reduce to S αβ
in Lorentzian coordinates. This expression gives us some insight into the geometrical
meaning of Padmanabhan’s half-covariantised algorithm; in particular it reveals that the
derivative ∂/∂ǧαβ used to define S αβ is in fact exploring geometries (infinitesimally close
to Minkowski spacetime) with connections that are not metric compatible.27 It is perhaps
unsurprising that this Γ̌-constant derivative introduces a new layer of ambiguity to the
ˇ c ǧab to the
procedure, as we can now alter S ab by adding terms proportional to 0 = ∇
Lagrangian. Although this might seem a rather contrived objection, it is in fact a very
26

The insistence that we be able to calculate the components of this object in arbitrary coordinates has
nothing to do with curved spacetime or general relativity. Rather, this reflects the perfectly reasonable
expectation that we should be able to express Padmanabhan’s self-coupling procedure in flat-space spherical
polar coordinates, for example, or any other coordinate system we choose.
27
This is the same operation as the derivative used to acquire the Einstein equations from the Palatini
action [45, §19.10], although here we will have no cause to perform the complementary derivative ∂/∂Γ|ǧ .
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common consideration. For example, suppose the Lagrangian includes a term of the form
ˇ a ha ; should we calculate S ab by acting with ∂/∂ǧ| on ∇
ˇ a (ǧ ac hcb ), or should we first
∇
Γ̌
b
ˇ a hcb instead? Note that
commute the metric past the covariant derivative, and act on ǧ ac ∇
this issue would have been invisible in Lorentzian coordinates because
ˇ c ǧef
∂∇
∂ǧab

= −2Γ̌
Γ̌

(a
b)
c(e δf ) ,

(2.113)

which we would have automatically set to zero. It seems the only way to avoid this
uncertainty in S ab is to introduce another artificial constraint on the Lagrangian: we insist
that it be written in such a way that no derivatives act on the metric. This should be
achieved by commuting covariant derivatives through the metric, rather than integrating
by parts, due to the aforementioned issues with surface terms.
We shall take our analysis of S αβ no further at this time. It is still uncertain whether
this object can be generalised, naturally and uniquely, to form a genuine tensor; without
such a generalisation it is difficult to ascertain what sort of mathematical object the matrix
of functions S αβ is supposed to represent. Although we cannot claim to have exhausted
all possibilities, the evidence before us suggests, at the very least, that this goal is not
easily achieved.
Aside from these technical issues, we should also emphasise that, unlike the energymomentum tensor, S αβ has no apparent physical interpretation beyond its supposed role in
a graviton self-coupling scheme. Energy-momentum self-coupling was justified by analogy
with matter-gravity coupling, and advanced by the notion that the energy-momentum of
all fields should source gravitation. In contrast, the self-coupling scheme involving S αβ
only serves to set gravity apart from the other fields. Furthermore, our solution displays
an unusual symmetry between the coupling terms in the action and source terms generated
in the field equations as a result (see §2.3.2); this symmetry is broken by Padmanabhan’s
self-coupling procedure.

2.B

Appendix: Expansion of Gab

Here we determine the first two terms of the expansion of the Einstein tensor
(1)

(2)

Gab = Gab + Gab + O(h3 ),

(2.114)

induced by a perturbation of the inverse metric about a vacuum background:
g ab = ǧ ab + hab ,

(2.115)

Ǧab = 0.

(2.116)

The perturbation in the metric is of course fixed by the relationship g ab gbc = δca ,
⇒
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gab = ǧab − hab + hac hcb + O(h3 ).

(2.117)
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ˇ a:
To begin, introduce a connection E abc between the derivative operators ∇a and ∇
ˇ b gcd + ∇
ˇ c gbd − ∇
ˇ d gbc ).
E abc = 12 g ab (∇
This allow the Ricci tensor to be expressed as


ˇ [c E c + E c E d
Rab = 2 ∇
a]b .
d[c
a]b

(2.118)

(2.119)

From (2.118) it is clear that
a(0)
bc
a(1)
E bc
a(2)
E bc

E

= 0,

(2.120)

ˇ (b hc)d − ∇
ˇ d hbc ),
= − 12 ǧ ad (2∇

(2.121)

ˇ (b hc)d − ∇
ˇ d hbc ) + 1 ǧ ad (2∇
ˇ (b (hc)e he ) − ∇
ˇ d (hbe he )).
= − 21 had (2∇
c
d
2

(2.122)

(1)

(2)

Hence the terms of the expansion Rab = Rab + Rab + O(h3 ) can be computed as follows:
(1)

c(1)

ˇ [c E
Rab = 2∇
a]b


(2)
ˇ [c E c(2) + E c(1) E d(1) .
Rab = 2 ∇
a]b
d[c
a]b

(2.123)
(2.124)

Thus,
(1)

(1)

(1)

Gab = Rab − 12 ǧab Rcd ǧ cd


ˇ c∇
ˇ d hcd + ∇
ˇ 2h ,
ˇ 2 hab + 1 ∇
ˇ a∇
ˇ b h − 1 ǧab −∇
ˇ c∇
ˇ (a h c + 1 ∇
= −∇
2
2
2
b)

(2.125)

b abcd , as defined in (2.5), represents the linearised Einstein tensor:
which confirms that G
b abcd hcd = G(1) .
G
ab

(2.126)

In particular, note that both sides of this equation agree on the order of the derivatives
ˇ c∇
ˇ (a h c ; this is the descendant of the covariantisation ambiguous term discussed in
in ∇
b)
section 2.2.1.
(2)
To find Gab , start with


(2)
(2)
(2)
(1)
(1)
Gab = Rab − 12 ǧab Rcd ǧ cd + Rcd hcd + 21 hab Rcd ǧ cd ,
(2.127)
and substitute equations (2.123) and (2.124), followed by (2.121) and (2.122). The bookkeeping for this calculation is characteristically laborious, but is easily accomplished using
a computer algebra package; the result is
(2)

b abcd hcd ,
Gab = −κtab + 12 hG

(2.128)

where tab is given by (2.28). As expounded in section 2.2.2, and now confirmed by direct calculation (2.126), the first-order approximation to the Einstein field equation is
b abcd hcd = 0, so G
b abcd hcd = O(h2 ) must hold true at second-order. Clearly it follows from
G
b abcd hcd = O(h3 ), and hence (2.30) is verified.
this that hG
(2)
The third-order difference between Gab and −κtab exists because the field equation
√
√
approximated to second-order in (2.31) is actually −gGab / −ǧ = 0; this is of course
entirely equivalent to the usual form of the Einstein field equation Gab = 0.
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Chapter

3

Localising the Energy and Momentum of
Linear Gravity

3.1

Introduction

Half a century ago, a simple argument established that gravitational waves carry energy and can exchange this energy with matter. Often attributed to Feynman (certainly
popularised by Bondi [19]) the argument asked us to imagine a gravitational detector comprising a rigid rod along which two “sticky beads” are threaded. A passing gravitational
wave then acts to alter the proper distance between the beads, and this motion, opposed
by friction, heats the detector and thus mediates a transfer of energy from gravity to matter. Despite the simplicity of this idea, even after fifty years, it has not been possible to
explain where in spacetime this gravitational energy resides, and it is generally accepted
that attempts to do so are “looking for the right answer to the wrong question”[58, §20.4].
The elusiveness of the “right answer”, and the wrongness of the question, are very
often identified as arising from gravity’s gauge freedom, the consequence of which is a oneto-many mapping between physical spacetime and whatever localisation of gravitational
energy-momentum might be proposed. Historically this issue was cast in terms of coordinate dependence, and the multitude of non-covariant objects that were constructed (first
by Einstein [35], and most famously by Landau and Lifshitz [52]) were termed energymomentum pseudotensors. However, a more recent formulation [11] has made it clear that
the construction of a genuine tensor (defined on some background spacetime) is not the
central problem; rather, it is the tensor’s dependence on the arbitrary diffeomorphism that
maps physical spacetime to the background (see chapter 1).
Nevertheless, there is no reason a priori that gauge dependence should preclude the
construction of a physically unambiguous tensor, provided we are prepared to remove
the gauge freedom in some well-defined way. In cosmology this is frequently done by
constructing new variables which are gauge invariant but equal to the relevant gaugedependent fields (such as gravity or density fluctuations) in a particular gauge [12, 76];
however, it is just as effective to provide a physically unambiguous method by which the
gauge may be fixed, and to then insist that the gravitational field be evaluated in this
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gauge when locating its energy and momentum. Unfortunately, no previous approach has
supplied instructions of this nature, and more importantly, neither the construction of
these energy-momentum objects, nor their key properties, appear to favour one gauge (or
one set of gauge-invariants) over another; thus it appears impossible to justify any of these
seemingly arbitrary choices as natural.
Besides gauge dependence, there is also a great range of choice over which properties, physical or mathematical, should define the gravitational energy-momentum tensor:
should we be guided by a putative conservation law, or have in mind a particular role in
the field equations? For instance, it is always possible to locate the energy-momentum of
matter by measuring the gravity it generates, so one might suggest that gravity’s energymomentum should be localised in a similar fashion, by examining the interaction it has with
itself. Following this idea to its conclusion, it has been shown (in chapter 2 and elsewhere
[25, 27, 36]) that general relativity may be constructed from an initially linear (spin-2)
field theory that is then systematically coupled to its own (Hilbert) energy-momentum
tensor. Sadly, this scheme leads us to identify the non-linear part of the Einstein tensor
(1)
Gab − Gab as the gravitational energy-momentum, so (a) the gauge problem remains, and
(b) the result is additionally ambiguous, as different choices of “gravitational field” (gab ,
√
g ab , −gg ab , etc.) mix the linear and non-linear terms in Gab .
In spite of these various difficulties, one aspect of this enduring problem stands opposed to conventional wisdom and motivates our present discussion: when gravity and
matter interact, the exchange of energy is local! To see this we need look no further than
the sticky bead detector: here, the energy exchange is certainly localised in so far as it
takes place only within the confines of the detector. Furthermore, we can imagine a very
small detector, much smaller than a wavelength of the incident gravitational radiation,
and observe that at each instant a well-defined power is developed in the detector as heat;
thus, at least in this case, the rate of energy exchange is associated with a particular point
in spacetime. One might hope, therefore, that consistency with this phenomenon would be
enough to localise the energy and momentum of the gravitational field outside the detector,
or even when no detector is present. Moreover, even if a gravitational energy-momentum
tensor could not be found, there would still be great value in constructing a framework
for the description and analysis of local gravitational energy-momentum exchange. The
purpose of this chapter is to develop precisely this framework, and to examine the gravitational energy-momentum tensor it brings to light. In doing so we uncover a simple and
unambiguous “right answer” through which the effects of gravitational energy-momentum
may be usefully understood. Conceivably, this was the “right question” to ask.
For the sake of simplicity, we have restricted our present discussion to linearised general relativity on a flat Minkowski background. It is only in this linear regime that the
convenient fiction of a “gravitational field” propagating on a background spacetime can
be taken seriously, a construction which is essentially unavoidable when localising gravitational energy-momentum.1 On a technical level, the restriction to the linear approximation
1
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limits the space of gauge transformations to a manageable size, facilitating the analysis
and eventual removal of our description’s gauge dependence. Furthermore, our gravitational energy-momentum tensor will not be derived from non-linear terms in the field
equations, so we avoid any ambiguity arising from field redefinition. We shall not attempt
to extend our results beyond the linear theory at this time.2
The structure of the chapter will be as follows. We begin by building the foundations
of our framework, deriving a gravitational energy-momentum tensor (3.23) by demanding consistency with the energy and momentum exchanged with matter. As we will see,
most of the tensor’s gauge freedom is eliminated immediately as a natural consequence
of this derivation. Following this, we demonstrate two important additional properties
of our tensor, further solidifying its interpretation as gravity’s energy-momentum tensor.
We then develop our framework more concretely by analysing the transfer of gravitational energy-momentum onto an infinitesimal detector; in the process of making this
analysis gauge invariant, we will purge the last trace of gauge ambiguity from our energymomentum tensor. Finally, we examine the gravitational energy-momentum in some specific examples. Throughout, we work in units where c = 1, write κ ≡ 8πG, and use the
sign conventions of Wald [79]: the metric signature is (−, +, +, +), and the Riemann and
Ricci tensors are defined by [∇c , ∇d ]v a ≡ Rabcd v b , and Rab ≡ Rcacb .

3.2

Motivation and Derivation

The purpose of this section is to explain how, by considering the energy-momentum transferred between matter and gravity, we are led to a formula for the gravitational energymomentum tensor. We begin by laying down some mathematical groundwork.

3.2.1

Preliminaries

As previously explained, this chapter focuses exclusively on linear gravity: we only consider physical spacetimes (M, gab ) in which the curvature Rabcd is everywhere small. As
usual, this allows us to identify the physical spacetime with a flat background spacetime
(M̌, ǧab ), where Řabcd = 0, using a diffeomorphism φ : M → M̌. The “gravitational field”
this will naturally play the role of the background, and fluctuations away from this configuration will constitute the gravitational field. Although the most natural choice for this “ground-state” is flat spacetime,
this does not necessarily preclude the extension of our formalism to less trivial backgrounds; however, we
suspect there may be technical or conceptual problems with “ignoring” the energy-momentum of a nontrivial background. In particular, we anticipate issues analogous to those of associating energy-momentum
with a fluctuation in the electromagnetic field δFab when the background F̌ab is non-zero: the energymomentum tensor T ∼ F̌ 2 + F̌ δF + (δF )2 , so the dominant contribution from the fluctuation will be linear
in the field, rather than quadratic.
2
Of course, it may not be possible to extend the framework we develop here to the full non-linear
theory, and we accept that localising gravitational energy-momentum in this regime (where the distinction
between background and fluctuation is virtually meaningless) may be an inherently flawed idea. Of course,
this does not alter the validity of our work in the linear case, where the “field theoretic” view is justified.
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hab is then defined on M̌ by
φ∗ gab = ǧab + hab ,

(3.1)

and we insist that φ be chosen such that hab is small everywhere, in order that the linearised
Einstein field equations are a good approximation:3
b cd hcd = κŤab + O(h2 ).
G
ab

(3.2)

In the above relation, Ťab ≡ φ∗ Tab = O(h) is the matter energy-momentum tensor Tab
mapped onto the background, and


b cd hcd ≡ ∇
ˇ c∇
ˇ (a h c − 1 ∇
ˇ 2 hab − 1 ∇
ˇ a∇
ˇ b h + 1 ǧab ∇
ˇ 2h − ∇
ˇ c∇
ˇ d hcd
G
(3.3)
ab
2
2
2
b)
(1)

is the linearised Einstein tensor Gab . Our freedom of choice over φ will of course give rise
ˇ (a ξb) .
to the usual gauge transformation δhab = ∇
On the background it will be useful to define four vectors4 {ěµa } obeying
ˇ a ěbµ = 0,
∇

(3.4)

ěµa ěνa = ηµν ,

(3.5)

which form the basis of a Lorentz coordinate system {xµ } on M̌: ěµa ≡ (∂µ )a . From this
starting point, we shall define a corresponding set of vector fields {eµa } in the physical
spacetime,
eµa ≡ (φ−1 )∗ ěµa ,

(3.6)

the behaviour of which will only be determined once we have fixed the gauge φ, an issue
to which we will return later.

3.2.2

Energy-Momentum Currents

Superficially, general relativity is a theory in which the energy and momentum of matter
is always conserved:
∇a Tab = 0.

(3.7)

However, the sticky bead argument has already demonstrated that this is not the case;
in reality, matter may gain (or lose) energy through interaction with the gravitational
field. The reason for this apparent contradiction is as follows. In order to determine
the energy of each part of the detector, one must first specify a timelike vector field
3

We use O(hn ) as an abbreviation of O((hab )n ); this should not be confused with the trace of the
gravitational field h ≡ hab ǧ ab .
4
We use Roman letters as abstract tensor indices [79, §2.4] and Greek letters as numerical indices
running from 0 to 3. Tensor indices of fields defined on the background are of course raised and lowered
with ǧab .
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e0a (the “time direction” conjugate to the energy) with which to form an energy currentdensity J a ≡ T ab e0b . The incoming gravitational wave will then prevent e0b from satisfying
∇a e0b = 0, and we will find that ∇a J a = T ab ∇a e0b 6= 0. This inequality indicates a
mismatch between the energy of the matter flowing into a given point, and the change
in energy of the matter at that point; in other words, it represents the appearance of
additional energy which was not already present in the matter – this is the energy absorbed
from the gravitational wave! What is needed, therefore, is a framework which can account
for this gained energy by identifying a corresponding loss in the energy of the gravitational
field. We devote the rest of this section to the development of this idea, which will form
the basis of our description of gravitational energy-momentum.
Following the previous discussion, it should now be clear that we must define one
energy current-density, and three momentum current-densities, by
Jµ a ≡ T ab eµb ,

(3.8)

using the vectors {eµa } that get mapped to the Lorentz basis of the background. This is
a generalisation of the practice of defining conserved currents by contracting Tab with a
killing vector in a spacetime with a continuous symmetry. Here, however, the vector fields
{eµa } only correspond to approximate symmetries (present because spacetime is nearly
flat) and thus the currents will not be conserved. The real difficulty is choosing sensible
behaviour for {eµa } that sufficiently captures the “parallelism” of killing vectors in the
absence of any gravitational symmetry. Because eµa ≡ (φ−1 )∗ ěµa , this question has been
recast as a choice of gauge, which we will address later.
Having defined our energy-momentum currents (apart from specifying φ) we are now
in a position to express the key idea of our approach. We seek a symmetric tensor field
τab , defined on the background, that is a quadratic function of the gravitational field hab .
We wish to be able to interpret τab as the energy-momentum tensor of the gravitational
field, and we shall achieve this by insisting that its non-conservation (in the background)
exactly balances the non-conservation of the Jµ a in the physical spacetime. Specifically,
we wish to be able to define gravitational energy-momentum current-densities jµ a by
jµ a ≡ τ ab ěµb ,

(3.9)

ˇ a jµ a + φ∗ (∇a Jµ a ) = 0.
∇

(3.10)

such that

This equation captures the idea that energy-momentum is transferred between matter and
the gravitational field. In particular, equation (3.10) indicates that knowing the behaviour
of hab at some point will be sufficient to determine the fields ∇a Jµ a that express the local
change in energy-momentum of the matter at the corresponding point in the physical
spacetime.
We proceed by calculating the two elements of (3.10). Because we are using a Lorentz
ˇ a ěbµ = 0 trivially gives
basis in the background, ∇
ˇ a j a = ě b ∇
ˇ aτ a .
∇
µ
µ
b

(3.11)
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The second term is a little less trivial; using (3.7),
φ∗ (∇a Jµ a ) = φ∗ (T ab ∇a eµb ),
= φ∗ T ab φ∗ (∇a eµb ),
ˇ a ě b + ě c C b ),
= (Ť ab + O(h2 ))(∇
µ
µ
ac

(3.12)

ˇ bh a + ∇
ˇ ch a − ∇
ˇ a hbc ) + O(h2 ) is the connection between the two
where C abc = 12 (∇
c
b
ˇ a φ∗ v b + C b φ∗ v c . Now, because ∇
ˇ a ěb = 0, and
derivative operators: φ∗ (∇a v b ) = ∇
µ
ac
Ťab = Ťba , we have
ˇ c hab + ∇
ˇ a hcb − ∇
ˇ b hac ) + O(h3 )
φ∗ (∇a Jµ a ) = 21 Ť ab ěµc (∇
ˇ c hab + O(h3 ).
= 21 ěµc Ť ab ∇

(3.13)

Finally, we use the field equations (3.2) to write
φ∗ (∇a Jµ a ) =

1 q b cd
ˇ q hab ) + O(h3 ).
ě (Gab hcd )(∇
2κ µ

(3.14)

Inserting (3.11) and (3.14) into (3.10), and discarding the O(h3 ) terms, we arrive at the
defining relation of the gravitational energy-momentum tensor:
ˇ a τaq = − 1 (∇
ˇ q hab )G
b cd hcd .
κ∇
ab
2

(3.15)

The next step will be to use this equation to derive a formula for τab in terms of hab .
In order to do so, however, we must make one additional demand: τab will not depend
ˇ c hab and ǧab only. The reason we
on second derivatives of hab , but will be a function of ∇
must impose this condition is that equation (3.15) can only define τab up to the addition
of “superpotential” terms, those fields whose divergence vanishes identically. Because
ˇ c∇
ˇ d H[ac][bd] (where H[ac][bd] = H[bd][ac] is some function of
these terms are of the form ∇
hab ) they necessarily contain second derivatives; thus our restriction on τab is sufficient to
remove this ambiguity. At the moment, it might be tempting to view this condition as
a convenient way to tame the derivation, and keep in mind that we can always add in
super-potentials later if we wish. However, in section 3.3 it will become clear that many
of the interesting properties displayed by τab will be unavoidably spoilt by the addition of
such terms. For this reason we will not consider superpotentials further here.

3.2.3

Determining the Energy-Momentum Tensor

In truth, it will not be possible to construct a symmetric tensor τab that satisfies (3.15) for
ˇ c hab and specialise
all hab ;5 to make progress we will need to impose some condition on ∇
to this restricted set of gravitational fields. Although this forced restriction might appear
to be a flaw in our formalism, as we shall soon see, it is actually a valuable asset.
ˇ c hab which neither introduce
There are only three linear conditions we can place on ∇
ˇ c hab = 0, (b) ∇
ˇ a h = 0, or (c) ∇
ˇ a hab =
extra fields, nor break Lorentz invariance: (a) ∇
5

We will shortly describe how to check this assertion, which is simply a property of (3.15) and independent of the requirement that τab contain no second derivatives.
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ˇ b h, for some constant λ.6 Condition (a) is obviously far too restrictive: it does not
λ∇
allow us any gravitational field whatsoever. In contrast, condition (b) is not restrictive
enough: there is no τab that solves (3.15) for all gravitational fields with constant trace.7
We must therefore focus on condition (c), which we repeat for later reference:
ˇ a hab = λ∇
ˇ b h.
∇

(3.16)

ˇ a hab with λ∇
ˇ b h; hence
Using this relation, it will be possible to replace any occurrence of ∇
ˇ c hab , is as
the most general formula for a symmetric tensor τab , a quadratic function of ∇
follows:
ˇ c hab ∇
ˇ c hab + A1 ∇
ˇ a h∇
ˇ a h + A2 ∇
ˇ c hab ∇
ˇ b hac ) + A3 ∇
ˇ p hab ∇
ˇ q hab
κτpq = ǧpq (A0 ∇
ˇ
ˇa
ˇ
ˇ a hb ∇
ˇ a h∇
ˇ (p h a + A6 ∇
ˇ p h∇
ˇ q h + A5 ∇
+ A4 ∇
(p q) hab + A7 ∇a hbp ∇ hq
q)

b

ˇ a hq b + A9 ∇
ˇ a h∇
ˇ a hpq ,
ˇ b hap ∇
+ A8 ∇

(3.17)

where {An } are arbitrary constants. We proceed by substituting this ansatz into (3.15)
ˇ p τpq by taking the divergence of (3.17);
and solving for {An }. First, let us calculate ∇
ˇ a hab to λ∇
ˇ b h, and collecting terms, we find that left-hand
using (3.16) to convert every ∇
side of (3.15) amounts to
ˇ c hab + (2A1 + A4 + 1 λA5 + λA9 )∇
ˇ qh
ˇ p τpq = (2A0 + A3 )∇
ˇ q∇
ˇ c hab ∇
ˇ a h∇
ˇ a∇
κ∇
2
ˇ q hab + A4 ∇
ˇ 2 h∇
ˇ qh
ˇ q∇
ˇ b hac + A3 ∇
ˇ 2 hab ∇
ˇ c hab ∇
+ (2A2 + 21 A6 )∇
ˇ a∇
ˇ b h∇
ˇ a hbq + ( 1 A5 + 1 λA6 )∇
ˇ a∇
ˇ b h∇
ˇ q hab
+ ( 21 A5 + λA7 + λA8 + A9 )∇
2
2
ˇ a h∇
ˇ 2 haq + ( 1 A6 + A7 )∇
ˇ a∇
ˇ b hcq ∇
ˇ a hbc + 1 A6 ∇
ˇ a hbq ∇
ˇ 2 hab
+ 21 A5 ∇
2
2
ˇ c hab ∇
ˇ a∇
ˇ b hcq .
+ A8 ∇

(3.18)

Meanwhile, (3.16) simplifies the right-hand side of (3.15):

ˇ q hab )G
b cd hcd = − 1 ∇
ˇ q hab (λ − 1 )∇
ˇ a∇
ˇ bh − 1 ∇
ˇ 2 hab + 1 ǧab (1 − λ)∇
ˇ 2h .
− 12 (∇
ab
2
2
2
2

(3.19)

Comparing (3.18) with (3.19), term by term, we conclude that the unique solution to
(3.15) is
A0 = − 18 ,

A1 =

1
16 ,

A3 = 14 ,

A4 = − 81 ,

A2 = A5 = A6 = A7 = A8 = A9 = 0,

λ = 12 .

(3.20)

We have therefore determined the formula for our gravitational energy-momentum tensor,
1
ˇ q hab − 1 ∇
ˇ
ˇ c ab 1 ˇ ˇ a
ˇ p hab ∇
ˇ ˇ
κτpq = 41 ∇
8 p h∇q h − 8 ǧpq (∇c hab ∇ h − 2 ∇a h∇ h),

(3.21)

ˇ a hab = 0, can be achieved by taking (c) with λ = 0.
The only other possibility, ∇
For the sake of brevity, we will not prove this assertion here. Instead we will attend to condition (c)
and derive the formula for τab that it admits. After we have done so, we invite the reader to perform a
similar calculation under condition (b) and verify that no solution exists.
6

7
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and the condition,
ˇ a hab − 1 ∇
ˇ
∇
2 b h = 0,

(3.22)

that we must place on the gravitational field. Finally, we introduce the abbreviation
h̄ab = hab − 12 ǧab h for the trace-reversed gravitational field, and τ̄ab = τab − 21 ǧab τ for the
trace-reversed gravitational energy-momentum tensor, allowing us to compactly re-express
our results:
ˇ p hab ∇
ˇ q h̄ab ,
κτ̄pq = 14 ∇

(3.23)

ˇ a h̄ab = 0.
∇

(3.24)

We are now in a position to justify our earlier claim, that the restriction on the gravitational field is not a hindrance but a major advantage. The condition we have derived
(3.24) is simply the defining equation of the harmonic gauge.8 As this equation can always
be satisfied by making a gauge transformation, it does not in any way limit the physical
applicability of our approach! Moreover, we have received a valuable gift: this condition
has appeared as a natural consequence of the derivation, and forces upon us a very strong
restriction for the diffeomorphism φ that maps the physical spacetime onto the background. Specifically, φ−1 is required to map the Lorentz coordinates of the background
onto harmonic coordinates in the physical spacetime.9 We can therefore think of (3.24) as
the condition that specifies the correct behaviour to demand of the basis {eµa } needed to
define sensible energy-momentum currents Jµ a . We should stress, however, that while the
harmonic gauge condition has removed the vast majority of the gauge freedom, a small
ˇ (a ξb) which satisfy ∇
ˇ 2 ξa = 0; we
amount remains in the form of transformations δhab = ∇
will return to this issue in section 3.4.
This completes the derivation of τab . We have found the unique symmetric tensor, a
ˇ c hab , that describes the transfer of energy and momentum between
quadratic function of ∇
matter and the gravitational field according to (3.10). In doing so we have found that this
ˇ a h̄ab = 0 is obeyed, and this in turn has
solution only exists if the harmonic condition ∇
solidified the definition of energy-momentum currents Jµ a as the contraction of Tab with
the basis vectors associated with harmonic coordinate systems of physical spacetime. In
the next section we shall prove that τab displays many other interesting properties very
much in keeping with its interpretation as an energy-momentum tensor. In section 3.4 we
shall examine energy-momentum exchange in detail, and address the last piece of gauge
freedom.
8

This is also commonly referred to as de Donder gauge or Lorentz gauge.
ˇ a∇
ˇ b xµ = 0), and let {y µ } be
To see this, let {xµ } be Lorentz coordinates on the background (∇
µ
µ
ˇ 2 xµ −
coordinates in physical spacetime defined by y (p) = x (φ(p)) for all p ∈ M. Then φ∗ (∇2 y µ ) = ∇
ab ˇ ˇ
µ
a
b
µ
1
ˇ hab − ∇
ˇ h)∇
ˇ x = 0.
h ∇a ∇b x − (∇
2 b
9
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Properties

Here we will demonstrate that, in two important special cases, τab exhibits interesting
mathematical properties (beyond accounting for ∇a Jµ a ) that further promote its interpretation as the energy-momentum tensor of the linear gravitational field.

3.3.1

Gauge Invariance of Plane-Waves

Consider an arbitrary gravitational plane-wave:
hab = hab (kµ xµ ).

(3.25)

Here, ka is a constant vector, and {xµ } are Lorentz coordinates on the background. The
ˇ 2 h̄ab = 0, and the harmonic condition ∇
ˇ a h̄ab = 0, enforce
linear vacuum field equation ∇
k a ka = 0,

k a h̄0ab = 0,

(3.26)

respectively, where the prime indicates differentiation with respect to the variable kµ xµ .
ˇ (a ξb) that maintains
We wish to consider the most general gauge transformation δhab = ∇
the plane-wave form of hab . Clearly we require ξa = ξa (kµ xµ ), and thus
0
δhab = k(a ξb)
.

(3.27)

ˇ 2 ξa = 0, ensuring that the harmonic condition (3.24)
Note that k a ka = 0 now guarantees ∇
is not broken by the transformation. Let us now calculate the effect of this transformation
on the gravitational energy-momentum tensor; working from (3.23),
ab
ˇ q h̄ab + 1 ∇
ˇ
ˇ p δhab ∇
ˇ
κδτ̄pq = 21 ∇
4 p δhab ∇q δ h̄
00 0ab
00
= 21 kp kq k(a ξb)
h̄ + 41 kp kq k(a ξb)
(k (a ξ 00b) − 12 ǧ ab k c ξc00 )

= 81 kp kq ((k c ξc00 )2 − (k c ξc00 )2 ) = 0.

(3.28)

Thus the energy-momentum of an arbitrary gravitational plane-wave is completely invariant under the gauge freedom consistent with the harmonic condition and its plane-wave
form. This is significant for a number of reasons. Firstly it reveals that, for the special
case of plane-waves, we need not concern ourselves with the gauge freedom that remains
after enforcing the harmonic condition: the requirement that the gauge be chosen such
that the plane-wave form of the field be manifest is sufficient to unambiguously define the
energy-momentum tensor τab from the physical spacetime (M, g). Thus, even if one does
not accept our method for resolving the last of the gauge ambiguity (to be presented in
section 3.4) it is still possible to stop at this point and agree that a well-defined energymomentum tensor for linearised gravitational plane-waves has been found. Secondly, this
particular gauge invariance will prove useful when we wish to produce a global picture of
the motion of energy-momentum: if the source region of a gravitational wave is very far
from the detection region, we may use a different gauge in each and yet still produce a
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consistent picture of energy-momentum transfer – the field in intermediate region will approximate a plane-wave, and thus τab in this region will agree with both end-point gauges.10
There is also a third significance to this result, but this will only become apparent once
we have demonstrated the second important property of gravitational energy-momentum:
positivity.

3.3.2

Positivity

This section concerns the energy-momentum of transverse-traceless (tt) gravitational
ˇ a hab = 0, and ua hab = 0, for some constant timelike
fields, those for which h = 0, ∇
vector field ua defined on the background.11 For now let us simply suppose that these
conditions apply to hab and derive the consequences for τab . We shall justify our interest
in this specialisation, and offer an interpretation of ua , in section 3.4. Presently, let it
suffice to say that because these conditions may always be imposed (at least locally) by a
gauge transformation in regions where Ťab = 0, the results of this section will be generally
applicable to vacuum regions, but it will not be necessary to demand that Ťab = 0 globally.
We present our result as the following theorem.
Theorem. If, at some point p ∈ M̌, the gravitational field hab obeys the transversetraceless conditions
ˇ a hab = 0,
∇

h = 0,

ua hab = 0,

(3.29)

for some timelike vector ua , then τab satisfies the following inequalities
v a τab v b ≥ 0,

(3.30)

v a τac τ cb v b ≤ 0,

(3.31)

at p, for any timelike vector v a .
Proof. Without loss of generality we can set ua ua = −1 and v a va = −1. Now, introduce
two Lorentzian coordinate systems at p, the first {x0 , xi } (i = 1, 2, 3) such that u0 = 1,
0
0
0
0
ui = 0, and the second {x0 , xi } (i0 = 1, 2, 3) such that v 0 = 1, v i = 0. The transversetraceless conditions (3.29) reduce (3.23) to
ˇ c hab ∇
ˇ c hab + 1 ∇
ˇ
ˇ ab
κτpq = − 18 ǧpq ∇
4 p hab ∇q h ,

(3.32)

ˇ a,
and set h0i = h00 = 0. Using the primed basis to express the tensor indices of ǧab and ∇
the unprimed basis for hab , and writing ḣij ≡ ∂00 hij , we find that
κv a τab v b = κτ00 00
= 18 ((∂i0 hij )2 − (ḣij )2 ) + 41 (ḣij )2
= 18 ((∂i0 hij )2 + (ḣij )2 ) ≥ 0,
10
11
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This idea is explained fully in section 3.4.4.
Clearly, the harmonic condition is satisfied as a result of these requirements.

(3.33)
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because (∂i0 hij )2 ≡
squares. Similarly,

P3

i,j,i0 =1 ∂i0 hij ∂i0 hij

and (ḣij )2 ≡

P3

i,j=1 ∂00 hij ∂00 hij

are sums of

(4κv a τab )2 = 16κ2 (−(τ00 00 )2 + (τ00 i0 )2 )
= − 14 ((∂i0 hij )2 + (ḣij )2 )2 + (ḣij ∂i0 hij )(ḣkl ∂i0 hkl )
= − 41 ((∂i0 hij )2 − (ḣij )2 )2 − (ḣij )2 (∂i0 hkl )2 + (ḣij ∂i0 hij )(ḣkl ∂i0 hkl )
= − 41 ((∂i0 hij )2 − (ḣij )2 )2 − 21 (ḣij ∂i0 hkl − ḣkl ∂i0 hij )2 ≤ 0.

(3.34)

The inequalities we have just deduced are the gravitational version of the Dominant
Energy Condition: the first indicates that τab only ever defines positive energy-densities;
the second indicates that the flux of this energy can never be spacelike. Succinctly, they
tell us that gravitational energy is positive and never flows faster than light. As the
Dominant Energy Condition has always referred to matter, we will avoid confusion if
we resist subsuming (3.30) and (3.31) under this name; instead, when the gravitational
energy-momentum tensor obeys these inequalities (for all timelike v a ) we shall simply say
that it is positive, and write τab ≥ 0 as a shorthand.
That τab is positive for all transverse-traceless hab is one of the major advantages our
approach has over previous descriptions of gravitational energy-momentum [11, 35, 52, 56,
59]. Provided we work with a transverse-traceless field (with respect to some timelike vector ua ), which is always possible locally in a vacuum, τab will always make good physical
sense in that it will obey its own version of the Dominant Energy Condition. To some extent, this result supplies its own justification for choosing the tt-gauge whenever possible;
however, we will see in the next section that these conditions arise naturally by considering
the gauge invariant transfer of energy-momentum onto point-sources. Furthermore, the
significance of ua (in terms of energy-momentum transfer) will also be explored through
these arguments.
Before we move on, however, we take this opportunity to present an important corollary of the plane-wave gauge-invariance of section 3.3.1. It is well known that there
always exists exactly one gauge transformation of the form (3.27) that takes an arbitrary
plane-wave (3.25) to one obeying the tt-conditions [45, §18.1]. Hence we can transform
any gravitational plane-wave into transverse-traceless gauge without altering the energymomentum tensor, at which point the positivity theorem ensures that τab ≥ 0. Thus, all
gravitational plane-waves have positive energy-momentum tensors, even if they are not
transverse-traceless.

3.4

Interactions

In this section we apply our formula for the gravitational energy-momentum tensor to
the interaction between gravity and an idealised matter distribution that we shall refer to
as a point-source. The reader will be familiar with the compact source, an isolated body
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confined to a compact spatial region of radius d much smaller than the wavelength λ of
the gravitational radiation it emits; point-sources are the limit of such systems as d → 0,
entirely analogous to the infinitesimal dipoles of electromagnetism.12 Not only will this
provide a useful example of the practical application of our approach, these considerations
will finally allow us to rid ourselves of the last trace of gauge-dependence in our description.
From now on we will work almost exclusively in the flat background spacetime; as such
it will generally be convenient to represent all tensors in some Lorentzian coordinate system
{xµ }, and to drop the “caron” mark from Ťµν . Thus, our formula for the gravitational
energy-momentum tensor is written as
κτ̄µν = 41 ∂µ hαβ ∂ν h̄αβ ,

(3.35)

∂ µ h̄µν = 0,

(3.36)

the harmonic condition becomes

and the linearised field equations (3.2) are
∂ 2 h̄µν = −2κTµν .

(3.37)

Also, it will be useful to separate {xµ } into a time coordinate t = x0 , and spatial coordinates ~x = (x1 , x2 , x3 ), define a radial coordinate r ≡ |~x|, and to use lower-case Roman
indices (i, j, k . . .) to indicate spatial components. Typically, the coordinates will be implicitly chosen to coincide with the rest-frame of the system under consideration.

3.4.1

Pulses and Point-Sources

The core of our analysis will be to examine the most localised gravitational interaction
possible: an infinitesimal point-source (at ~x = 0) met by an instantaneous pulse planewave (propagating along the x1 direction, arriving at ~x = 0 at t = t0 ).
As a result of calculations in appendix 3.A, we know that a point-source has the
following energy-momentum tensor:
T00 = M δ(~x) + 21 Iij ∂i ∂j δ(~x),
T0i = 12 (I˙ij − Lij )∂j δ(~x),

(3.38)

Tij = 12 I¨ij δ(~x).
Here M and Lij = L[ij] are constants representing, respectively, the mass and angular
momentum of the source, and Iij = I(ij) (t) its (time dependent) quadrupole moment.13
We do not intend to use this point-source as an actual source of gravitational radiation,
but rather as a probe of the energy-momentum of the incident pulse. To this end, we
are interested in the limit M, Iij , Lij → 0, allowing us to neglect the self-interaction of
12

We derive the energy-momentum tensor and gravitational field of the point-source in appendix 3.A.
The reader should refer to appendix 3.A for definitions of these quantities in terms of the infinitesimal
limit of the compact source.
13
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the source. As this procedure is entirely analogous to using a “test-particle” to probe the
geometry of spacetime, we shall refer to the point-source as a test-source in this limit.
The gravitational field will consist of two parts: hµν = hsource
+ hwave
µν
µν . The first, due
to the test-source, is given in appendix 3.A by (3.85) and satisfies the inhomogeneous field
equations
∂ 2 h̄source
= −2κTµν .
µν

(3.39)

The latter is the incident pulse plane-wave,
hwave
= Aµν H(kα xα − t0 ),
µν

(3.40)

where H is the Heaviside step function, kµ = (1, −1, 0, 0) is a null vector in the x1 direction,
and Aµν is a constant tensor satisfying k µ Āµν = 0, as demanded by the harmonic condition.
Obviously, hwave
satisfies the homogeneous field equations: ∂ 2 hwave
= 0.
µν
µν
µ
Let us now compute ∂ τµν , which, via (3.10), quantifies the exchange of energymomentum between the test-source and the gravitational wave. Starting from (3.35),
we have
κ∂ µ τµν = 14 ∂ 2 h̄αβ ∂ν hαβ
= − 12 κTαβ ∂ν (Aαβ H(kσ xσ − t0 )) + O((hsource
)2 ),
µν

(3.41)

source in the
and we neglect terms of order (hsource
)2 compared to those of order hwave
µν
µν hµν
limit M, Iij , Lij → 0.14 Using H 0 = δ, the Dirac delta function, we arrive at

∂ µ τµν = − 12 kν δ(kσ xσ − t0 )Tαβ Aαβ

= − 41 kν δ(kσ xσ − t0 ) I¨ij Aij δ(~x) − 2(I˙ij − Lij )∂j δ(~x)Ai0

+ (2M δ(~x) + Iij ∂i ∂j δ(~x))A00 .

(3.42)

This is the equation we sought. It determines the energy and momentum collected by our
probe due to the incident pulse, and locates this transfer in spacetime. The key problem
is that above relation is not, as it stands, gauge invariant; we address this issue the next
section.

3.4.2

Gauge Invariance and Microaveraging

The incident wave possesses gauge freedom that neither breaks the harmonic condition
nor spoils its pulse plane-wave form:
δhwave
= ∂(µ ξν) ;
µν

ξµ = Eµ ∆(kα xα − t0 ),

(3.43)

14

There is a slight technical issue here. From (3.85), we can see that, as r → 0, hsource
→ ∞; thus
µν
inevitably becomes larger than hwave
at
small
enough
distances.
Strictly
speaking,
then,
one should
µν
source 2
use a finite-size source (of radius d, say) when one takes M, I, J → 0 and neglects O((hµν ) ). As we
can choose d to be as small as we like, however, we can always replace the finite source with an equivalent
point-source after this limit has been taken.
hsource
µν
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where Eµ is any constant vector, and ∆0 = H. The effect of this transformation is to
alter Aµν by δAµν = k(µ Eν) , and although the transverse components do not change
(δA22 = δA23 = δA33 = 0) the right-hand side of (3.42) is clearly not invariant. The
beauty of working with an instantaneous interaction, however, is that we can average over
the (infinitesimal) interaction region
lim B (t0 ),

→0

where

B (t0 ) ≡ {(t, ~x) : |t − t0 | ≤ , |~x| ≤ },

(3.44)

without sacrificing the localised description of ∂ µ τµν . Let us call this operation a microaverage (at ~x = 0, t = t0 ) and denote it by h. . .it0 :
Z
f d4 x.
(3.45)
hf it0 ≡ δ(~x)δ(t − t0 ) lim
→0 B (t )
0

R
For the interaction we are analysing, the integral B (t0 ) ∂ µ τµν d4 x captures the key physical content of ∂ µ τµν . To elaborate: the divergence theorem equates this integral with
R
3 µ
∂B (t0 ) τµν d S which measures the mismatch between the net flux of gravitational energymomentum entering through a spherical surface S ≡ {~x : |~x| ≤ } barely larger the source,
and the gravitational energy-momentum contained within S that is gained between the
times t = t0 −  and t = t0 + . By the defining property (3.15) of τµν , this mismatch
in gravitational energy-momentum precisely accounts for the energy-momentum absorbed
by the source, which is what we wanted to know. The only information we have lost in
taking the microaverage is the knowledge of precisely where within the test-source the
energy-momentum is being absorbed. As we have let the size of this probe shrink to zero,
however, this is of little concern.
The computational advantage of the microaverage is that the integration in (3.45)
allows us to transfer derivatives off the delta-functions in (3.42); for example,
Z
Z
δ(kα xα − t0 )I˙ij ∂j δ(~x)Ai0 d4 x = −
∂j δ(t − x1 − t0 )I˙ij δ(~x)Ai0 d4 x
B (t0 )
B (t )
Z  0
=
δ̇(t − x1 − t0 )I˙i1 δ(~x)Ai0 d4 x
B (t0 )
Z
=−
δ(t − x1 − t0 )I¨i1 δ(~x)Ai0 d4 x
B (t0 )

= −I¨i1 (t0 )Ai0 .

(3.46)

Applying this technique to the whole of (3.42) yields


h∂ µ τµν it0 = − 14 kν δ(~x)δ(t − t0 ) I¨ij Aij + 2I¨i1 Ai0 + I¨11 A00 + 2M A00 .

(3.47)

Finally, we unpack k µ Āµν = 0,
A00 + A11 + 2A01 = 0,

A22 + A33 = 0,

A02 + A12 = 0,

A03 + A13 = 0,

(3.48)

and substitute these into (3.47). The result is


h∂ µ τµν it0 = − 12 kν δ(~x)δ(t − t0 ) I¨× A× + I¨+ A+ + M A00 ,
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where we have written the transverse components of the wave as A× = A23 and A+ =
(A22 − A33 )/2, and extended this notation to Iij . We are almost done: δA× = δA+ = 0
under the gauge transformation (3.43), so the first two terms in (3.49) are manifestly gauge
invariant; however, the term proportional to M A00 is not.
Various arguments can be made to show that this “monopole term” is physically irrelevant to the energy-momentum transfer we are considering. At the simplest level, the fact
that we are free to set A00 to any value (including zero) through gauge transformation
(leaving A× and A+ untouched) indicates that the monopole term can have no bearing on
the energy-momentum of the physical system under scrutiny. Furthermore, if we consider
a wave for which Aµν = k(µ Eν) , then it is clear that, while such a pulse is gauge-equivalent
to flat spacetime (Aµν = 0) it would nonetheless register a transfer of energy-momentum
if the monopole term were to be believed.
The physical irrelevance of the monopole term should come as no great surprise, as
there can be no way to extract energy-momentum from a gravitational wave using a
monopole alone (i.e. a test-source with Iij = Lij = 0): an observer sitting on an isolated
point mass could perform no local test to distinguish whether a gravitational wave had
even passed, and in particular, must be unable to extract any energy.
In fact, all that the monopole term is responding to is a change in normalisation of the
time coordinate in the physical spacetime: φ∗ (ea0 e0a ) = −1+h00 . Naively, we might expect
this factor to be significant as it represents the Newtonian potential at the test-source.
However, this is not a local effect. The only way an observer on the test-source could
be aware of such a shift is by comparison with some standard clocks at spatial infinity.
The pulse plane-wave prevents this idea from being well-defined, however, as it divides
spatial infinity into two regions: x1 < t − t0 , where wave has already been received, and
x1 > t − t0 , where it has not. Fortunately, a gauge can always be chosen that does not
suffer from this inconsistency; setting A00 = 0 is the only way to ensure that the standard
clocks at infinity all run at the same rate (relative to our coordinate t) and this inevitably
removes all trace of the monopole term from the interaction. Thus the insistence that the
clocks at infinity agree with each other amounts to a prescription that removes the gaugedependence of our microaveraged energy-momentum transfer.15 We can implement this
procedure mathematically (without fixing the gauge, or setting M = 0, which is physically
untenable) by acting on h∂ µ τµν it0 with the operator (1 − M ∂M ):
/

µ
h∂ µ τµν iM
t0 ≡ (1 − M ∂M )h∂ τµν it0


= − 12 kν δ(~x)δ(t − t0 ) I¨× A× + I¨+ A+ .

(3.50)

We shall call this the monopole-free microaverage. This is a local, completely gauge
15

The reader should not be under the impression that the monopole term is universally insignificant.
Thus far we have argued its irrelevance only for pulse plane-wave, and as we shall see at the beginning
of the next section, this idea follows by linearity to general gravitational waves. However, should the
gravitational field have a time-independent part, then it is possible for this to couple to the monopole in
a physically meaningful way. This is due to the particularly limited gauge freedom available to h00 when
the field is time-invariant. We will return to this issue in section 3.4.5.
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invariant description of the energy-momentum transferred onto test-sources by pulse planewaves. Furthermore, the right-hand side of (3.50) has an obvious physical interpretation:
the coupling between I¨ij and Aij can be understood, roughly speaking, as the product
of a force (responsible for accelerating the constituents of the quadrupole moment) and a
distance (actually an expansion/contraction of spacetime) and thus represents the work
done on the test-source. For example, consider a test-source composed of two bodies of
mass m separated by a light elastic rod of length 2d aligned with the x2 -axis; provided
∼ 4dma,
the amplitude of the motion of the masses is much smaller than d, then I¨22 =
where a is the (outward) acceleration of each mass. Due to the gravitational wave, the
proper distance of each mass from the centre of the rod increases by A22 d/2; thus, counting
the motion of both ends of the rod, the total work done on the source, by the wave, is
−2(ma)(A22 d/2) = −I¨22 A22 /4 = −I¨+ A+ /2, which agrees precisely with (3.50). Thus we
see that the monopole-free microaverage corresponds to the familiar physical quantities
that we would intuitively use to define the energy and momentum of the test-source.
In the next section we will generalise the monopole-free microaverage to arbitrary
gravitational fields, and uncover a substantial mathematical shortcut that will greatly
simplify this procedure.

3.4.3

Arbitrary Gravitational Fields

Clearly, pulse waves are a special case, and one might expect that for an arbitrary (harmonic gauge) plane-wave
hwave
= Bµν (kα xα ),
µν

k µ B̄µν = 0,

(3.51)

we would need to perform finite averages, rather than microaverages, to remove the gauge
dependence of our description; thus, we would be forced to sacrifice our localised picture
of energy-momentum transfer. However, provided Bµν (t) → 0 as t → −∞, we can always
write
Z ∞
wave
hµν =
Bµν (t0 )δ(kα xα − t0 )dt0
−∞
Z ∞
=
Ḃµν (t0 )H(kα xα − t0 )dt0 − [Bµν (t0 )H(kα xα − t0 )]+∞
−∞
Z−∞
∞
=
Ḃµν (t0 )H(kα xα − t0 )dt0 ,
(3.52)
−∞

and perform the monopole-free microaverage on each component of this sum:
Z ∞
/
/
µ
source
wave M
∂ τµν [hαβ + hαβ ] R ≡
h∂ µ τµν [hsource
+ Ḃαβ (t0 )H(kσ xσ − t0 )]iM
αβ
t0 dt0 .

(3.53)

−∞

The result of this process is


¨× Ḃ× + I¨+ Ḃ+ ,
R/ = − 1 kν δ(~
h∂ µ τµν iM
x
)
I
2
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which renders the interaction completely gauge invariant, and does not sacrifice the local
character of our description of energy-momentum transfer.16
Although the operation of splitting the wave into a series of pulses and performing
a monopole-free microaverage on each pulse may seem too complicated to be useful, the
same result can be achieved by a simple alternative method: transform hwave
µν to transverseµ
traceless gauge, where the vector u referred to by the tt-conditions (3.29) corresponds
to the rest-frame of the test-source. Then, when we calculate ∂ µ τµν , we will automatically recover the monopole-free microaveraged result. To demonstrate this, we recalculate
∂ µ τµν , generalising (3.42) for use with arbitrary plane-waves (3.51),

∂ µ τµν = − 14 kν I¨ij Ḃij δ(~x) − 2(I˙ij − Lij )∂j δ(~x)Ḃi0

+ (2M δ(~x) + Iij ∂i ∂j δ(~x))Ḃ00 ,
(3.55)
and substitute the tt-conditions B0ν = B = 0 (which, along with k µ B̄µν = 0, set B1ν = 0
and B22 = −B33 ):
tt
∂ µ τµν
≡ ∂ µ τµν [hsource + (hwave )tt ]

= − 14 kν δ(~x)I¨ij Ḃij


= − 12 kν δ(~x) I¨× Ḃ× + I¨+ Ḃ+ .

(3.56)

Hence,
/

R = ∂ µ τ tt .
h∂ µ τµν iM
µν

(3.57)

Furthermore, this equation is not only applicable to incident plane-waves. Because both
wave is any sum of planesides are linear in hwave
µν , equations (3.57) must also hold when hµν
waves, propagating in arbitrary directions. Locally, we can always express hwave
as a sum
µν
of plane-waves (and some time-independent part, which we will ignore until section 3.4.5)
so, quite generally, we have
tt
¨
R/ = − 1 δ(~
h∂ µ τµν iM
4 x)Iij ∂ν hij ,

(3.58)

where htt
µν is the incident gravitational field in transverse-traceless gauge. This equation
provides an easy method for calculating the energy-momentum transferred onto the microaveraged test-source due to the presence of arbitrary incident gravitational radiation.
Moreover, we see that (ignoring the time-independent field) our gauge invariant probe only
exchanges energy-momentum with the transverse-traceless field; the other components of
the field do not play a role in this process. We explore the wider significance of this result
in the next section.

3.4.4

Energy-Momentum and Transverse-Traceless Gauge

Let us now take a step back from the fine details of the test-source interaction and assess
the general picture that is unfolding. As we first saw in section 3.2.3, τµν is not in
16

Just as we write Iij for Iij (t), we have, in (3.54) and elsewhere, left the argument of Bµν (t) implicit.
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general invariant under the gauge freedom that remains after the harmonic condition has
been enforced. As a partial remedy of this, the monopole-free microaveraged test-source
emerged as a local, gauge invariant probe of gravitational energy-momentum exchange. It
has now come to light that only the transverse-traceless field takes part in this process.
From this standpoint, a method suggests itself which will remove the remaining ambiguity
of τµν in a natural fashion: simply transform the incident gravitational field to transversetraceless gauge! Consequently, only the degrees of freedom relevant to gauge invariant
energy-momentum exchange will contribute to the gravitational energy-momentum tensor.
We shall codify this idea as a gauge-fixing programme defined in terms of two “frames”,
one associated with gravitational detectors, the other with astrophysical sources. In what
follows, the gauge-fixing only refers to the dynamical part of the gravitational field; as we
explain in section 3.4.5, the time-independent part of the gravitational field is essentially
gauge invariant and so does not need to be fixed in any way.
Detector-frame. Consider a gravitational detector D in a region VD which contains
no matter besides the detector. We shall suppose that the incident field (due to sources
outside VD ) is much larger than the field due to the detector itself; in other words, we
model D as a test-source. The detector-frame is then obtained by transforming the incident field to tt-gauge, taking uµ to be the four-velocity of the detector.17 As a result, the
energy-momentum transferred onto D will be exactly equal to the gauge invariant quantities defined by the monopole-free microaverage. What is more, we can imagine adding
hypothetical test-sources (co-moving with D) anywhere within VD in order to “measure”
the gravitational energy-momentum there; because the field has been prepared in this
gauge, the result will agree with the gauge invariants we have already defined. In this
way, the detector-frame defines τµν through the gauge invariant energy-momentum that
would be absorbed by furnishing VD with an array of infinitesimal probes moving at the
same velocity as the actual detector.
Source-frame. Now consider a compact source S in a region VS which, as above,
contains no other matter. In contrast to the detector, we shall assume any incident
field can be neglected in comparison to the outgoing field due to S. The source-frame is
obtained by transforming the outgoing field to tt-gauge, taking uµ to be the four-velocity
of the source. This gauge transformation can only be achieved by breaking the harmonic
condition at S (see Appendix 3.B for details) so it will not be possible to use τµν to describe
the energy-momentum lost by the source; however, this self-interaction is ill-defined for a
point-like system anyway, and we would have to resolve the source into component parts
before such a question could be answered. Outside the source, hµν will remain harmonic,
so τµν will still represent the energy-momentum that could be absorbed by a hypothetical
test-source (with the velocity of S) were we to insert one. Much like the detector-frame,
we can think of this prescription as measuring τµν by filling VS with infinitesimal probes
17

Note that it is not the total field, but just the incident field, which is made transverse-traceless. We
cannot alter the gauge of the field generated by the detector because it is impossible to produce outgoing
spherical waves in the gauge field ξ µ without breaking the harmonic condition at D. This cannot be
allowed to happen if τµν is to account for the energy-momentum exchanged with the detector.
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Figure 3.1: Schematic showing plane-wave regions sewing various sourceframes to the detector-frame of D. S1 and S2 represent compact sources many
wavelengths apart; if they have different velocities, then each will determine a
separate source-frame. In contrast, S3 and S4 are only separated by a small
number of wavelengths; as there is no plane-wave region dividing the sources,
they must share their source-frame. It is natural to base this joint source-frame
on the velocity of the centre of mass of the multi-component system.

that are co-moving with the source.
The gauge-fixing programme is simple: if one wishes to describe the energy-momentum
of the gravitational field as it would be measured by some detector D, then adopt the
source-frame near distant astrophysical sources, and the detector-frame of D everywhere
else. This allows the energy-momentum in the vicinity of a source to be unambiguously
determined by the source alone, whilst simultaneously adapting the gravitational field for
a description of energy-momentum absorption by the detector. Remarkably, despite using
different tt-gauges in the various regions, this programme still produces a self-consistent
picture of the propagation of energy-momentum from the sources to the detector. This is
because, many wavelengths from an isolated source, the gravitational field approximates
a plane-wave, and so (as we saw in section 3.3.1) the gravitational energy-momentum is
gauge invariant there. Thus, in this regime, the source-frame energy-momentum and the
detector-frame energy-momentum are equal, regardless of the relative velocity between the
source and the detector. The plane-wave regions will therefore “sew together” the different
frames and produce a globally consistent description of energy-momentum flowing from
source to detector. When the sources are not isolated, but are separated from each other by
only a small number of wavelengths, no plane-wave region will exist between the sources.
In this case, the sources must be treated as one extended source, with a joint source-frame
that identifies uµ with the four-velocity of the centre of mass of the many-body system.
We illustrate the gauge-fixing programme schematically in figure 3.1.
Up to this point, we have justified our insistence on tt-gauge based purely on considerations of energy-momentum exchange with matter. Of course, there is another exceptional
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property of τµν , derived in section 3.3.2, that also holds under these conditions: it is always
positive. This is a peculiar and surprising result. It is something of a small miracle that
transverse-tracelessness guarantees not only agreement with the monopole-free microaverage, but also ensures that τµν represents positive energy-density, and causal energy flux.
Under these conditions it will always be possible to make physical sense of the gravitational energy-momentum tensor: we will never have to interpret (or explain) negative or
superluminal energy.
We feel that the dual significance of transverse-traceless gauge leaves little doubt that
this is the correct procedure by which to remove the final trace of ambiguity in the definition of τµν . In section 3.5 we will apply this programme to a small number of examples,
including two specific compact sources: a vibrating rod, and an equal-mass binary. First,
however, we must address a technical issue regarding the time-independent part of the
gravitational field.

3.4.5

Time-Independent Fields

Unlike the dynamical part of the gravitational field, the gauge of the time-independent
mode (i.e. the time-averaged field) is completely fixed by insisting that (a) the harmonic
condition ∂ µ h̄µν = 0 holds everywhere, (b) hµν → 0 as r → ∞, and (c) gauge transformations δhµν = ∂(µ ξν) are finite everywhere and bounded at infinity. To see this, suppose
that our time-independent field hµν (~x) obeys the harmonic condition and vanishes at spatial infinity. Then the transformed field h0µν = hµν + ∂(µ ξν) will only satisfy the harmonic
condition if ∂ 2 ξ = 0, and will only be time-independent if ξ¨µ = 0. Thus ∂i2 (∂(µ ξν) ) = 0,
the only bounded solutions of which are constants (by Liouville’s theorem). Hence we are
forced to take h0µν = hµν if the new field is to also vanish at spatial infinity, and we thus
conclude the gauge is unique.18
This result reveals that we are not required to perform any form of microaverage to
remove the gauge dependence of the energy-momentum transfer associated with the timeindependent mode of the gravitational field: this mode is already gauge invariant. In truth,
this is a rather convenient situation. We could not microaverage a time-independent field
even if we needed to, due to the caveat Bµν (t) → 0 as t → −∞, encountered when deriving
(3.53).
As there is no gauge freedom in the time-independent part of the gravitational field,
we cannot expect this mode to have h0µ = 0 or h = 0 in general. This leaves open the
possibility (at least in principal) that close to sources, where the time-independent mode
can become comparable in amplitude to the dynamical field, the positivity of τµν may be
compromised. However, in section 3.5.3 we will see that, even very close to (but not inside)
18

This argument relies on our insistence that the harmonic condition be valid everywhere. In section
3.5.3 we will make use of the following mathematical trick: by relaxing the harmonic condition at the
source itself, we will be able to combine many local tt-gauges to form a gauge in which the dynamical part
of the gravitational field (outside the source) is transverse-traceless for all time. As we will see, however,
it is impossible to apply this procedure to a time-independent field. Thus there is nothing to gain from
weakening the harmonic condition on the time-independent mode, and it is therefore kept unbroken.
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a compact source, the time-independent field obeys h̄00  h̄0i  h̄ij .19 It is easy to show
that such a field will not upset the positivity of τµν . Neglecting the small quantities, the
trace-reversed gravitational field will take the form
h̄µν = htt
µν − 4Φuµ uν ,

(3.59)

where htt
µν is the dynamical field in transverse-traceless gauge, and Φ ≡ −h̄00 /4 is the
the Newtonian potential, the only non-negligible contribution from the time-independent
mode. The trace-reversed gravitational energy-momentum tensor therefore takes the form
tt
4κτ̄µν = ∂µ hαβ ∂ν h̄αβ = ∂µ htt
ij ∂ν hij + 8∂µ Φ∂ν Φ,

(3.60)

which ensures that the positivity proof of section 3.3.2 can proceed almost exactly as
before, with Φ effectively behaving as an additional component of htt
ij . Thus, even though
it is not transverse-traceless, the time-independent mode does not give rise to any negative
or superluminal energy.

3.5

Applications

This section is devoted to calculating the energy-momentum content of the gravitational
field in a small number of examples, following the gauge-fixing programme of section 3.4.4.

3.5.1

Plane-Waves

Although we have already studied gravitational plane-waves in a variety of contexts, we
have yet to evaluate the energy-momentum they carry. This calculation will serve as a
simple first example, and will illustrate the use of the detector-frame.
We begin with an arbitrary (harmonic gauge) plane-wave,
hµν = hµν (kα xα ),

k µ kµ = 0,

k µ h̄0µν = 0,

(3.61)

and substitute this field into equation (3.35):
κτµν = 14 kµ kν h0αβ h̄0αβ .

(3.62)

As we ascertained in section 3.3.1, the energy-momentum of plane-waves is gauge invariant.
Consequently, we can simplify (3.62) by evaluating hµν in tt-gauge, thereby removing all
components except for h+ and h× :
κτµν = 12 kµ kν ((h0+ )2 + (h0× )2 ).

(3.63)

19

These order-of-magnitude inequalities are not limited to the compact source. The time-independent
mode of the gravitational field is always generated by the time-averaged energy-momentum tensor of matter
hTµν i, and it is to be expected that this field will be dominated by the slow (i.e. non-relativistic) motion of
matter, so that hT00 i  hT0i i  hTij i. Hence h̄00  h̄0i  h̄ij will hold quite generally: whenever hTµν i
is dominated by non-relativistic motion.
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In fact, because δh+ = δh× = 0 under any gauge transformation that keeps hµν a planewave, the right-hand side of this equation is gauge invariant also. Hence, equation (3.63)
must hold in any gauge, and all other terms on the right-hand side of (3.62) must cancel in
general.20 Using this formula for τµν , every future-directed timelike unit-vector v µ defines
a gravitational energy current-density,
v µ τµν = v µ kµ kν ((h0+ )2 + (h0× )2 )/2κ,

(3.64)

which is clearly future-directed and null; unsurprisingly, the energy of a gravitational
plane-wave is positive and flows at the speed of light in the direction of propagation.
So far, the gauge invariance of τµν has made gauge-fixing unnecessary. The insistence
that we evaluate the hµν in the detector-frame only becomes important when there are
multiple plane-waves propagating in different directions. Suppose, for example, that there
are two plane-waves:
II α
hµν = hIµν (kαI xα ) + hII
µν (kα x ),

(3.65)

where kµI and kµII are non-parallel null vectors. As τµν is quadratic in hµν , the energymomentum of the total field takes the form
I
II
I II I0
κτµν = κτµν
+ κτµν
+ 21 k(µ
kν) hαβ h̄II0αβ − 41 ηµν kσI k IIσ hI0αβ h̄II0αβ ,

(3.66)

I and τ II are the individual energy-momentum tensors of hI and hII respectwhere τµν
µν
µν
µν
ively. Now, any gauge transformation that preserves the form (3.65) of the gravitational
field can be thought of as a pair of gauge-transformations that act on hIµν and hII
µν separII
I
ately, preserving their plane-wave forms; thus τµν and τµν must be invariant under gaugetransformations of this type. However, the “cross-terms” in (3.66) are gauge-dependent, as
the (gauge-dependent) longitudinal components of hIµν will be transverse to hII
µν , and vice
versa. This gauge ambiguity is removed, however, by the presence of a physical detector:
once we demand that the energy-momentum exchanged with this detector is to equal the
monopole-free microaverage, we fix the gauge completely. This is the detector-frame: hµν
is transverse-traceless, with uµ identified as the four-velocity of the detector. In this sense,
the gauge-fixing programme is the procedure that enables us to “add together” the energymomentum tensors of gravitational plane-waves (which, individually, are gauge invariant)
to form the energy-momentum tensor of the total field.
For the sake of the concreteness, let us set kµI = (1, 1, 0, 0), kµII = (1, 0, 1, 0), and
uµ = (1, 0, 0, 0). Then, once we have transformed hµν to tt-gauge, the energy-momentum
tensor becomes
I II
I
II
kν) + ηµν )hI0+ hII0
κτµν = κτµν
+ κτµν
− 41 (2k(µ
+,
II
II
where hI+ = hI22 = −hI33 , and hII
+ = h33 = −h11 . Due to the positivity theorem of section
3.3.2, we already know this tensor describes a positive energy-density, and a causal energy
20
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This can be verified by taking kµ = (1, −1, 0, 0) and using kµ h̄µν = 0 in the same form as (3.48).
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flux. As a particular example of this, it is easy to calculate the energy-density associated
with uµ ,
κτ00 =

1
2

 1 I0 II0
2
II0 2
(hI0+ )2 + (hI0× )2 + (hII0
− 4 h+ h+ ,
+ ) + (h× )

2
I0 II0
and, as (hI0+ )2 + (hII0
+ ) ≥ h+ h+ /2, we can confirm that this energy-density can never be
negative.

3.5.2

Linearised Schwarzschild Spacetime

The Schwarzschild spacetime is the vacuum solution to the Einstein field equations outside any uncharged spherical non-rotating body of mass M . At distances much greater
than κM , where the linear approximation is valid, the gravitational field must therefore
correspond to that of the compact source with Iij = Lij = 0:
h̄00 =

κM
,
2πr

(3.67)

and h̄0i = h̄ij = 0. Obviously, this is an example of a gravitational field that is entirely
time-independent; thus, as explained in section 3.4.5, there will be no possibility of transforming to transverse-traceless gauge, nor any need to do so.21 The formula (3.35) for the
gravitational energy-momentum tensor yields

τµν = κ

M
8πr2

2
(2x̂µ x̂ν − ηµν ) ,

(3.68)

where x̂µ is the radial unit vector.22 It is easy to confirm that this energy-momentum
tensor is everywhere positive. Any timelike unit vector v µ defines a positive gravitational
energy-density,
µ

ν

% ≡ v τµν v = κ



M
8πr2

2


2(x̂i vi )2 + 1 ≥ 0,

(3.69)

and an energy current-density J ν ≡ v µ τµν which is nowhere spacelike:
ν

J Jν = −κ

2



M
8πr2

4
≤ 0.

(3.70)

It is also worth comparing equation (3.68) with the electromagnetic energy-momentum
outside a point-charge: Tµν ∼ (gµν + 2uµ uν − 2x̂µ x̂ν )/r4 . While both tensors diminish in
proportion to 1/r4 , they define very different stress profiles at each point. The gravitational
field has τrr = −τθθ = −τii = τ00 ≥ 0 and thus describes radial compression, tangential
tension, and negative pressure; while the electromagnetic field has −Trr = Tθθ = Tii =
T00 ≥ 0 and thus describes radial tension, tangential compression, and positive pressure.
The physical significance of this difference is far from obvious, but may relate to the
21

Of course, the linearised Schwarzschild spacetime can be represented in other gauges, but no others
obey ∂ µ h̄µν = 0 and ḣµν = 0 everywhere, and are well-behaved at infinity.
22
This is a trivial extension of the notation x̂i = xi /r from appendix 3.A; we simply define x̂0 = 0.
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like-attracts-like character of gravity: the negative gravitational pressure mediating the
attraction of other masses, while positive electromagnetic pressure causes the repulsion
of like-charges. In addition, it may be possible to understand the radial gravitational
compression (and tangential tension) in terms of some “elastic” analogy for spacetime, as
the Schwarzschild geometry “squeezes in” extra radial distance (between spheres of given
area) in comparison to flat space. However, the theoretical value of such an analogy is
unclear, and we do not intend to develop it any further here.
Although we have focused here on the linearised Schwarzschild spacetime as a particular example of a time-independent field, we note in passing that it is easy to evaluate the
gravitational energy-momentum tensor associated with any static configuration of matter
Tµν = uµ uν ρ(~x): equation (3.35) simplifies to
κτµν = 2∂µ Φ∂ν Φ − ηµν ∂α Φ∂ α Φ,

(3.71)

where the Newtonian potential Φ ≡ −h̄00 /4 is determined by solving Poisson’s equation
∂i2 Φ = κρ/2. Equation (3.71) reveals that the energy-momentum of the Newtonian potential is exactly that of a massless Klein-Gordon scalar field.

3.5.3

Gravitational Field of a Compact Source

We shall now calculate the energy-momentum content of the gravitational field (3.85)
generated by a compact source.23 The first step will be to enter the source-frame: we must
transform the dynamical part of the outgoing field into tt-gauge, with uµ identified as the
four-velocity of the source. We can always make this transformation locally by choosing the
gauge fields ξµ such that h0µ = ḣ0µ = 0 and h = ḣ = 0 at some time t = t0 ; then ∂ 2 ξµ = 0
(which preserves the harmonic condition) and the field equations ∂ 2 hµν = 0 (outside the
source) ensure that h0µ = 0 and h = 0 continues to be true for t ∈ (t0 − r, t0 + r).24 This
method is problematic in that it is based around an arbitrary special time t0 , and that
transverse-tracelessness always breaks down within a time ∆t = 2r; these issues prevent
us from forming a global picture of the energy-momentum outside the source.
As we show in appendix 3.B, these problems can be completely avoided if we weaken
the harmonic condition slightly, so that ∂ µ h̄µν = 0 is only enforced outside the source.
This trick allows us to find a gauge in which the dynamical field is transverse-traceless
everywhere outside the source, for all t, and does not require us to choose a special time t0 .
We can think of this gauge as a way of joining up the many possible local gauges (defined
using the aforementioned method) in a mutually consistent fashion.25 The process of
23

This calculation should not be confused with the analysis performed in section 3.4, where a testsource (essentially a compact source in the limit d, M, Lij , Iij → 0) interacted with an incident field, which
presumably had been generated by another source, very far way. Here the compact source will represent
an astrophysical source (with finite d, M , Lij and Iij ) and by adopting the source-frame we will compute
the energy-momentum of the outgoing field as it would be measured by microaveraged detectors co-moving
with the source.
24
See [79, §4.4] for details.
25
Presumably, there is some topological obstruction which prevents us from joining these local gauges
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transforming the gravitational field of the compact-source (3.85) can be found in appendix
3.B, here we simply display the result:
κ
h̄00 = (2M + hIij i∂i ∂j )
4πr
κ
h̄0i = −Lij ∂j
4πr "
Z ∞

dω iωt  ˜
˜ ik δjl − 4I˜k(i δj)l ∂k ∂l
e
h̄ij =
Ikl δij + Iδ
−∞ 2π

(3.72)

#

 κe−iωr
1 ˜
2 ˜
,
− 2 Ikl ∂k ∂l ∂i ∂j + ω Iδij − 2I˜ij
ω
8πr
where we have introduced the notation
hIij i ≡ lim

∆→∞

∞

2

2

e−t /∆
Iij (t) √
dt,
π∆2
−∞

Z

(3.73)

for the time-average of the quadrupole moment, and
I˜ij (ω) ≡

Z

∞

e−iωt (Iij (t) − hIij i) dt,

(3.74)

−∞

for the Fourier transform of its dynamical part. Notice that the terms proportional to M ,
Lij , and hIij i constitute the time-independent mode of the field, and have therefore not
been transformed. At this point we can confirm the assertion of section 3.4.5, that the
time independent field satisfies h̄00  h̄0i  h̄ij . To do so we note that, firstly, there is no
time-independent term in h̄ij , and secondly, seeing as the radius of the source d & L/M ,
and that we are outside the source (which is to say, r  d, the regime of validity of (3.72))
then we must have L/r  M .
Having rendered the dynamical field transverse-traceless outside the source, all that
remains is to substitute (3.72) into (3.35) to calculate τµν . As was shown in the process
of deriving (3.60), the energy-momentum of the time-independent field adds linearly (i.e.
without cross-terms) to that of the dynamical field. Given that we have already investigated the part due to the time-independent field in section 3.5.2, it is generally more
interesting to discard this term, and focus on the additional energy-momentum due to the
dynamical field. In figure 3.2 we show the results of a computation of this additional gravitational energy-density τ00 outside two monochromatic compact sources: a vibrating rod,
and an equal-mass binary. It goes without saying that the energy-density is everywhere
positive, and that the energy current-density is nowhere spacelike.
without violating the harmonic condition at the source. However, provided we do not intend to calculate
the energy-momentum transferred between matter and gravity at the source, this is not an issue. Even if we
were careful to keep the gravitational field harmonic at the source, more work would be needed to perform
such a calculation, as this self-interaction only becomes well-defined by breaking down the compact source
into component parts.
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Figure 3.2: Plots of the energy-density of the dynamical gravitational
field outside two monochromatic compact sources: a vibrating rod, and an
equal-mass binary. Only half a period is shown, as τµν oscillates with
twice the frequency of the source. Although the rod and the binary are
much smaller than one wavelength, they have been magnified to illustrate
the phase of their motion. The propagation of gravitational energy is
more easily appreciated in the animated versions of these plots, available at
www.mrao.cam.ac.uk/~lmb62/animations.

84

3.6. Conclusion

3.6

Conclusion

It is natural to suspect that wherever matter gains energy under the influence of gravity,
a corresponding loss in the energy of the gravitational field must have occurred. By
constructing a framework to quantify this idea, we have succeeded in localising the energy
and momentum of the linear gravitational field, and have shown this energy to be positive
and to not flow faster than light.
The core result of our investigation is the formula (3.23) for the gravitational energyˇ c hab , which accounts for
momentum tensor, the unique symmetric tensor, quadratic in ∇
the energy-momentum lost or gained by matter through its interaction with gravity (3.10).
Crucially, a tensor satisfying these conditions only exists in the harmonic gauge (3.24)
and thus, as a matter of necessity rather than choice, our framework discards nearly all
its gauge freedom. A small set of viable gauge transformations still remain, however, and
although these do not alter the energy-momentum of gravitational plane-waves (§3.3.1)
this invariance does not extend to arbitrary gravitational fields.
In response to this ambiguity, the monopole-free microaverage was developed (§3.4.2);
this constitutes a local and fully gauge-invariant description of energy-momentum transfer, and agrees with the intuitive notion that the “work done” on a gravitational detector
is the product of the force (proper acceleration) and the proper distance through which
the force is applied. Of the incident field, only the transverse-traceless part contributes to
the microaveraged exchange (3.57), and thus a natural gauge-fixing programme is motivated, based around transverse-traceless gauge (§3.4.4). The effect of this programme is to
prepare the field so that no microaverage is needed, and furthermore, to ensure that energymomentum is only assigned to those components of the field whose energy-momentum can
be measured by a microaveraged detector. Because the positivity property (§3.3.2) holds
true wherever the field is transverse-traceless, the gauge-fixing procedure also ensures that
(for the dynamical field at least) gravitational energy-density is positive, and gravitational
energy flux is timelike or null. No longer burdened by gauge ambiguity, the gravitational
energy-momentum tensor can be evaluated without difficulty: the energy-momentum of
gravitational plane-waves (3.63), the linearised Schwarzschild spacetime (3.68), and the
gravitational radiation outside compact sources (Fig. 3.2) have been provided as specific
examples.
With regards to further investigation, there are two obvious directions in which our
framework might be extended: beyond the linear approximation, and beyond the flat
background.26 However, it is currently unknown whether such extensions are possible, or
even conceptually sound. On a more practical level, one could apply our formalism to
26

To extend τab beyond the linear regime, one would hope to construct a tensor tab , defined on the
physical spacetime M, such that φ∗ tab = τab + O(h3 ). Clearly, it will only be possible to make this
identification if τab is gauge invariant to second order, as δ(φ∗ tab ) ∼ O(h2 )∂ξ under a change of gauge,
whereas δτab ∼ O(h)∂ξ unless it is invariant. Thus, only once τab has been brought into the detector-frame,
or the source-frame, can we proceed. Consequently, we should expect that tab will not only depend on the
physical metric gab , but also on the four-velocity of the relevant detector or source.
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the energetics of actual gravitational detectors, rather than the idealised test-sources that
have so far dominated our discussion. In doing so, the framework developed here may
benefit the design and analysis of future gravitational-wave experiments.

3.A

Appendix: Sources

The aim of this Appendix is to derive the formula for Tµν that defines a gravitational
point-source (essentially an infinitesimal gravitational quadrupole) and the field hµν that
it generates. The derivation comprises two parts: first, a calculation of the field due to
a compact source; second, a calculation of the field due to a candidate Tµν that vanishes
everywhere but at ~x = 0. As the field from the first calculation matches that of the second
(within the region of validity of the compact source approximation) we will be able to
conclude that our candidate Tµν is indeed the energy-momentum tensor we sought, that
of an infinitesimal compact source.

3.A.1

The Compact Source

A compact source is an isolated gravitational body confined to a compact spatial region
D of radius d much smaller than the wavelength λ of the gravitational radiation it emits.
Although calculations of the field hµν (~x, t) outside a compact source are available in many
standard references, we present our own here for two reasons. Firstly, textbook treatments
commonly conflate the slow-motion approximation (d  λ) with the far-field approximation (|~x| ≡ r  λ). Here we shall assume only that the source is very small (d  r, λ) but
not anything about the ratio of λ to r.27 Secondly, the standard approaches frequently
omit a full calculation of h̄00 and h̄0i . Presumably, these components are ignored because
they do not appear to contribute to the gravitational field in transverse-traceless gauge;
however, they must be included if hµν is to satisfy the harmonic condition.
The retarded solution to the linearised field equations (3.37) is given by
κ
h̄µν (~x, t) =
2π

Z
D

Tµν (~x0 , t − |~x − ~x0 |) 3 0
d x.
|~x − ~x0 |

(3.75)

We shall proceed by expanding the right-hand side of this equation to second order in the
small quantities d/λ and d/r, so that we have an integral of energy-momentum tensors
Tµν ≡ Tµν (~x0 , t − r) evaluated at the same time t0 = t − r. Using


~x · ~x0 |~x0 |2 (~x · ~x0 )2
3
|~x − ~x | = r 1 − 2 +
−
+ O((d/r) ) ,
r
2r2
2r4
0

27

(3.76)

As we are working with in the confines of linearised gravity, we should also insist that d  2κM , the
Schwarzschild radius of the source. However, this will have little bearing on our calculation.
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equation (3.75) expands to
h̄µν

κ
=
2πr




~x · ~x0 |~x0 |2 3(~x · ~x0 )2
d x Tµν 1 + 2 −
+
r
2r2
2r4
D


~x · ~x0 |~x0 |2 3(~x · ~x0 )2
+ rṪµν
−
+
r2
2r2
2r4

0
2
(~x · ~x )
3
2
+ O((d/r) ) .
+ r T̈µν
2r4

Z

3 0

(3.77)

Although we have not written their arguments, it should be understood that the Tµν terms
in the integral are evaluated at (~x0 , t − r), while h̄µν is evaluated at (~x, t).
In order to relate this integral to the basic physical properties of the source, we define
its mass, momentum, and moment-of-energy by
Z
Z
Z
T00 x0i d3 x0 ,
(3.78)
T0i d3 x0 ,
Xi ≡
T00 d3 x0 ,
Pi ≡ −
M≡
D

D

D

respectively. Notice that, because the source is entirely contained within D (so Tµν = 0 on
the boundary ∂D) the conservation equation ∂ µ Tµν = 0 (the linearised version of (3.7))
leads to the following relations:
Z
Z
Z
0 3 0
0
0 3 0
Ẋi =
∂0 T00 xi d x =
(∂j Tj0 )xi d x = −
Tj0 (∂j0 x0i )d3 x0 = Pi ,
(3.79)
DZ
D
D
Ṗi = −
∂j0 Tji d3 x0 = 0.
(3.80)
D

Thus Ẍi = 0, and we are free to fix Xi = Pi = 0 by our choice of coordinate system. Note
also that Ṁ = 0 follows by an identical argument. Next we define the quadrupole moment
Z
T00 x0i x0j d3 x0 ,
(3.81)
Iij ≡
D

and then derive
Z
˙
Iij = −2
T0(j x0i) d3 x0 ,
D
Z
¨
Iij = 2
Tij d3 x0 ,

(3.82)
(3.83)

D

in a similar fashion. Finally we define the angular momentum of the source
Z
Lij ≡ −2
T0[j x0i] d3 x0 ,

(3.84)

D

and note that conservation sets L̇ij = 0.
Before substituting these definitions and results into (3.77), note that equations (3.82)
R
R
˙ ∼ M d/λ and Tij d3 x0 ∼ I¨ ∼ M d2 /λ2 ; hence
and (3.83) indicate that T0i d3 x0 ∼ I/d
the integrals of T0j and Tij already have (respectively) one and two extra factors of (d/λ)
than the integrals of T00 . Thus, to second order, h̄ij will include contributions from only
the zeroth order quantities multiplying Tij in (3.77), and h̄0i will include only first and
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zeroth order quantities multiplying T0i . The final result, accurate to second order in the
small quantities (d/λ) and (d/r), is therefore
!
3I˙ij x̂i x̂j − I˙ 3Iij x̂i x̂j − I
κ 2M + I¨ij x̂i x̂j
h̄00 =
+
+
,
4π
r
r2
r3
!
Lij x̂j
I˙ij x̂j
κ I¨ij x̂j
(3.85)
,
h̄0i = −
+ 2 −
4π
r
r
r2
h̄ij =

κI¨ij
,
4πr

where x̂i = xi /r is the radial unit vector, and all the Iij terms are evaluated at the retarded
time t0 = t − r. Note that, while the fields h̄00 and h̄0i are often omitted from standard
calculations, even in the far-field limit (r → ∞), they still contain terms of equal size to
h̄ij ; these are necessary for consistency with the harmonic condition.
We have successfully derived the form of the gravitational field outside a compact
source. However, because (3.85) was constructed under the approximation scheme d  r,
we can only trust these equations at distances much larger than the size of the source.
However, we can still ask the following question: what source would produce a field such
that (3.85) was valid for all r, no matter how small? This is the point-source we have been
interested in: the limit of the compact source as d → 0. In the next section we present a
candidate for the point-source, calculate its gravitational field, and show that this agrees
with (3.85) for all r.

3.A.2

The Point-Source

Consider the following energy-momentum tensor for matter:
T00 = M δ(~x) + 12 Iij ∂i ∂j δ(~x),
T0i = 12 (I˙ij − Lij )∂j δ(~x),

(3.86)

Tij = 12 I¨ij δ(~x),
where M , Lij = L[ij] are constants, Iij = I(ij) (t) is independent of ~x, and overdots indicate
differentiation with respect to t. It is easy to check that this distribution obeys ∂ µ Tµν = 0.
We wish to solve the linearised field equations
∂ 2 h̄µν = −2κTµν ,

(3.87)

looking for the retarded solution. Recalling that
∂ 2 (f (t − r)/r) = −4πδ(~x)f (t),

(3.88)

for any twice differentiable function f (t), we see that we can replace f → κI¨ij /4π to
generate the result
h̄ij =
88

κI¨ij (t − r)
.
4πr

(3.89)
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Also, from equation (3.88), we have
∂ 2 (∂j (f (t − r)/r)) = −4πf (t)∂j δ(~x).

(3.90)

Thus, setting f → κ(I˙ij − Lij )/4π gives
κ
h̄0i =
∂j
4π

I˙ij (t − r) − Lij
r

!

κ
=−
4π

I¨ij x̂j
Lij x̂j
I˙ij x̂j
+ 2 −
r
r
r2

!
.

(3.91)

By the same method,
h̄00



Iij (t − r)
κM
κ
=
+
∂i ∂j
2πr
4π
r
!
3I˙ij x̂i x̂j − I˙ 3Iij x̂i x̂j − I
κ 2M + I¨ij x̂i x̂j
=
+
.
+
4π
r
r2
r3

(3.92)

Therefore the source (3.86) generates a gravitational field identical to that of the compact
source (3.85), except that these equations are now valid for all ~x (except, possibly, ~x = 0)
not just r  d. The energy-momentum tensor (3.86) is the point-source we required and
(3.85) the field it generates; the correspondence with the compact source allows us to
validate the interpretation of M as the mass, Iij the quadrupole moment, and Lij the
angular momentum of the source.

3.B

Appendix: Persistent Transverse-Traceless Gauge

Here we describe a method by which the dynamical part of the gravitational field outside
a compact source (centred at ~x = 0) may be transformed to a gauge which remains
transverse-traceless for all time, everywhere outside the source. This will be achieved by
relaxing the harmonic condition slightly, so that ∂ µ h̄µν = 0 only holds outside the source.
First, a point of notation. The gauge transformation described in this section is only
applicable to the dynamical part of the gravitational field hdyn
µν ≡ hµν − hhµν i, where h. . .i
signifies a time average. Rather than crowd the notation, it will be convenient to assume
that hhµν i = 0, and use hµν to stand for hdyn
µν . For the compact source, this amounts to
setting M = Lij = hIij i = 0 in (3.85). At the end of the calculation we will reinsert these
time-independent terms to the transformed field without alteration.
The general procedure is as follows. To begin, take the Fourier transform of the
dynamical part of the gravitational field:
Z ∞
h̃µν (ω, ~x) ≡
e−iωt hµν (t, ~x)dt.
(3.93)
−∞

The Fourier transform renders the field equations as
(ω 2 + ∂i2 )h̃µν (ω, ~x) = 0,

(3.94)

everywhere outside the source, i.e. for ~x 6= 0. The harmonic condition becomes
˜ + ∂ h̄
˜
−iω h̄
0µ
i iµ = 0,

(3.95)
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and writing ξ˜µ (ω, ~x) for the Fourier transform of ξµ (t, ~x), the general gauge transformation
δhµν = ∂(µ ξν) takes the form
δ h̃00 = iω ξ˜0 ,
δ h̃0i = 21 iω ξ˜i + 12 ∂i ξ˜0 ,

(3.96)

δ h̃ij = ∂(i ξ˜j) .
To achieve transverse-tracelessness we set
ξ˜0 = iω −1 h̃00 ,

ξ˜i = 2iω −1 h̃0i − ω −2 ∂i h̃00 .

(3.97)

From the field equations (3.94) it is clear that this gauge transformation obeys (ω 2 +
∂i2 )ξ˜µ = 0 for ~x 6= 0, and thus the harmonic condition is preserved outside the source. It
is also easy to check that (3.97) fixes δ h̃00 = −h̃00 and δ h̃0i = −h̃0i , and hence ensures
that the transformed field h0µν = hµν + δhµν has h00µ = 0 everywhere. Furthermore,
δ h̃ = −δ h̃00 + δ h̃ii
= h̃00 + ∂i (2iω −1 h̃0i − ω −2 ∂i h̃00 )
= −ω −2 ∂i2 h̃00 − h̃ii ,

(3.98)

where, in the last step, we have used the µ = 0 component of (3.95). Thus, for ~x 6= 0,
where we may use (3.94), we have
δ h̃ = h̃00 − h̃ii = −h̃,
so that h0 = 0 outside of the source. In summary, the transformed field is


Z ∞
dω iωt
2i
1
0
hij =
e
h̃ij + ∂(i h̃j)0 − 2 ∂i ∂j h̃00 ,
ω
ω
−∞ 2π

(3.99)

(3.100)

with all other components zero, and h0 = 0, ∂ µ h̄0µν = 0 everywhere outside the source.28
We are now in a position to apply this procedure to the gravitational field of the
compact source (3.85). Before doing so, however, it is worth mentioning that the technique
just described is not limited to compact sources. In generalising, the only adjustment
needed is that (3.94) will only hold at ~x such that Tµν (t, ~x) = 0 for all t. Figure 3.3
illustrates the difference between this technique and the standard method mentioned in
section 3.5.3.
28

It should now be clear why this method cannot be applied to the time-independent mode of the
field: ill-defined contributions proportional to δ(ω)/ω or δ(ω)/ω 2 would appear in the integral on the
right-hand side of (3.100). Even without a delta-function at ω = 0, this integral is not unambiguous until
we explain how to deform the contour to avoid the poles there. We suggest the contour should dodge
into the lower half of the complex plane, as this ensures that h0ij (t1 ) is dependent only on hµν (t2 ) for
t2 ≤ t1 , which is to say, the transformed field does not depend on future values of the untransformed field.
Using this “causal” contour, we can substitute (3.93) into (3.100) and perform the ω integral, arriving at
Rt
h0ij (t, ~x) = hij (t, ~
x) + −∞ dt0 ((t − t0 )∂i ∂j h00 (t0 , ~
x) − 2∂(i hj)0 (t0 , ~
x)). In general, this formula is less useful
than (3.100), however it does reveal the asymptotic conditions that the dynamical field must obey for this
gauge-transformation to be well-defined: as t → −∞, the non-oscillatory modes of ∂i ∂j h00 and ∂(i hj)0
must vanish faster than t−2 and t−1 respectively.

90

3.B. Appendix: Persistent Transverse-Traceless Gauge

Figure 3.3: Comparison of the standard method for achieving transversetraceless gauge in the vicinity of a source [79, §4.4], and the “persistent” method
described here. In the two diagrams, S represents an arbitrary source (a region
with Tµν 6= 0) moving relative to uµ . The hypersurface t = t0 used to define the
gauge in the standard method is also shown, but plays no role in our method.

Continuing with the compact source, we write the dynamical part of (3.85) as
h̄00 = ∂i ∂j (κIij (t − r)/4πr),
h̄0i = ∂j (κI˙ij (t − r)/4πr),

(3.101)

h̄ij = κI¨ij (t − r)/4πr,
and take the Fourier transform:
˜ = I˜ ∂ ∂ (κe−iωr /4πr),
h̄
00
ij i j
˜ = iω I˜ ∂ (κe−iωr /4πr),
h̄
0i
ij j
˜ = −ω 2 I˜ κe−iωr /4πr,
h̄
ij

(3.102)

ij

where I˜ij is the Fourier transform of the dynamical part of the quadrupole moment.
Substituting this into (3.100) yields
"
Z ∞


dω
˜ ik δjl − 4I˜k(i δj)l ∂k ∂l
h0ij =
eiωt I˜kl δij + Iδ
−∞ 2π
#

 κe−iωr
1 ˜
2 ˜
− 2 Ikl ∂k ∂l ∂i ∂j + ω Iδij − 2I˜ij
.
(3.103)
ω
8πr
Finally we recall that h0µν = h̄0µν (for ~x 6= 0) and reinsert the time-independent mode
κ
hh̄00 i = (2M + hIij i∂i ∂j )
,
4πr
κ
hh̄0i i = −Lij ∂j
,
4πr
hh̄ij i = 0,

(3.104)

to confirm equation (3.72).
91

Chapter 3. Localising the Energy and Momentum of Linear Gravity

92

Chapter

4

Localising the Angular Momentum of
Linear Gravity

4.1

Introduction

In the previous chapter, we developed a local description of energy and momentum in
linear gravity, deriving a gravitational energy-momentum tensor τab that describes positive
energy-density and causal energy-flux. The purpose of this present chapter is to complete
our picture of local linear gravitational energetics, extending our framework to quantify
the angular momentum carried by the field. This approach will localise both the “orbital”
angular momentum and the intrinsic spin of linear gravity, the former in terms of τab ,
and the latter in terms of a gravitational spin tensor sabc . Not only is this spin tensor
vital if one is to account for the angular momentum possessed by gravity and exchanged
locally with matter, the formula we derive for it will display a number physically desirable
algebraic properties, closely analogous to those of τab .
Armed with a local description of the energy, momentum, and angular momentum of
linear gravity, we will be ready to tackle the task of chapter 5: to understand τab and sabc
in terms of the familiar theoretical apparatus that has been used to define gravitational
energy-momentum in the past [7, 35, 52], and energy-momentum in general [15, 44, 61].
These developments will crystallise the tensors’ physical interpretation, deepen our understanding of their theoretical underpinnings, and suggest a route by which our work might
be generalised beyond the linear approximation.
Let us begin by summarising the key points of the programme developed in chapter
We define the gravitational field hab on a flat background spacetime (M̌, ǧab ) by
a diffeomorphism φ : M → M̌ that maps the physical spacetime (M, gab ) onto the
3.1

1

As before, we work in units where c = 1, write κ ≡ 8πG, and use the sign conventions of Wald
[79]: ηµν ≡ diag(−1, 1, 1, 1), [∇c , ∇d ]v a ≡ 2∇[c ∇d] v a ≡ Rabcd v b , and Rab ≡ Rcacb . We use Roman letters
(except i, j, k, l) as abstract tensor indices [79, §2.4] and Greek letters as numerical indices running from 0
to 3. The indices i, j, k, l are reserved for spatial components, and run from 1 to 3.
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background:2
φ∗ gab = ǧab + hab .

(4.1)

The physical spacetime is assumed to be “nearly flat”, and φ chosen such that hab is small
everywhere, so that the linear approximation to the Einstein field equations is valid:
b cd hcd = κŤab + O(h2 ),
G
ab

(4.2)

where Ťab ≡ φ∗ Tab ∼ O(h) is the matter energy-momentum tensor Tab mapped onto the
background, and


ˇ c∇
ˇ (a h c − 1 ∇
ˇ 2h − ∇
ˇ c∇
ˇ d hcd
ˇ b h + 1 ǧab ∇
ˇ 2 hab − 1 ∇
ˇ a∇
b cd hcd ≡ ∇
G
(4.3)
ab
2
2
2
b)
(1)

is the linearised Einstein tensor Gab .
The gravitational energy-momentum tensor τab is defined by seeking a symmetric
ˇ c hab , which solves
tensor, quadratic in ∇
ˇ a j a + φ∗ (∇a J a ) = 0,
∇
µ
µ

(4.4)

neglecting terms O(h3 ). In the above equation, Jµ a ≡ T ab eµb are the (1 energy, 3 momentum) current-densities of matter, associated with the (1 timelike, 3 spacelike) vector
fields eµa ≡ (φ−1 )∗ ěµa , the images of the Lorentzian coordinate basis ěµa ≡ (∂/∂xµ )a that
generate the translational symmetries of the background; the jµ a ≡ τ ab ěµb = τ aµ constitute the energy-momentum current-densities of the gravitational field. Consequently
(4.4) indicates that the extent to which material energy-momentum fails to be conserved
at a point in the physical spacetime is exactly equal and opposite to the extent to which
gravitational energy-momentum fails to be conserved at the corresponding point in the
background. Interactions between matter and gravity can then be understood in terms of
a local exchange of energy and momentum between the two.
It is not possible to construct a τab to solve (4.4) for all gravitational fields, so a
condition must be placed on hab in order to proceed. Of all possible symmetric tensors
ˇ c hab , and all (non-trivial, linear and Lorentz invariant) field conditions,
τab , quadratic in ∇
only one combination solves (4.4):
ˇ a hcd ∇
ˇ b h̄cd ,
κτ̄ab = 14 ∇

(4.5)

ˇ a h̄ab = 0,
∇

(4.6)

where the overbars signify trace-reversal. Because (4.6) is simply the equation of harmonic gauge, which can always be satisfied through a choice of φ, the field condition does
not restrict the physical applicability of our approach in any respect. In fact, the only
2

As usual, fields defined on M have their indices raised and lowered with gab , and those on M̌ with
ǧab . Lorentzian coordinates {xµ } are commonly deployed in M̌, for which ǧµν = ηµν .
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effect of the field condition is to vastly reduce the gauge freedom in our description of
gravitational energy-momentum (4.5). What at first appeared as a weakness, is in fact
a great strength of our approach. Essentially, (4.6) indicates that φ is to be chosen such
that it maps Lorentzian coordinates {xµ } of the background onto harmonic coordinates
y µ (p) ≡ xµ (φ(p)) of the physical spacetime. This ensures that the energy-momentum currents Jµ a are defined by the generators of a harmonic coordinate system; these represent
the approximate translational symmetries of the physical spacetime (present due to its
small curvature) and give a sensible replacement for killing vectors in the absence of an
exact symmetry.
The gravitational energy-momentum tensor τab has two notable mathematical properties, in addition to solving (4.4). Firstly, the energy-momentum tensor for any (harmonic
gauge) gravitational plane-wave
hab = hab (xα kα ),

k a h̄ab = 0,

k a ka = 0,

(4.7)

is completely invariant under the remaining gauge freedom consistent with (4.6) and
(4.7). Secondly, and most remarkably of all, τab displays the following positivity property: all transverse-traceless (tt) gravitational fields have positive energy-density and
causal energy-flux, for all observers. To state this rigorously: if, at some point p ∈ M̌, the
gravitational field hab obeys the transverse-traceless conditions
ˇ a hab = 0,
∇

h = 0,

ua hab = 0,

(4.8)

for some timelike vector ua , then τab satisfies the following inequalities
v a τab v b ≥ 0,
v

a

τac τ cb v b

≤ 0,

(4.9)
(4.10)

at p, for any timelike vector v a .
In order to deal with the last trace of gauge freedom that remains after enforcing
(4.6), we examined the energy-momentum transferred between the gravitational field and
an infinitesimal probe, i.e. a matter “point-source” with energy-momentum tensor
Ť00 = M δ(~x) + 12 Iij ∂i ∂j δ(~x),
Ť0i = 12 (I˙ij − Lij )∂j δ(~x),

(4.11)

Ťij = 12 I¨ij δ(~x),
derived by shrinking a compact source down to a point.3 The exchange is rendered completely gauge invariant by the monopole-free microaverage: the incoming wave is split
into an sum of Heaviside step-functions, and the energy-momentum delivered by each is
3

M , Iij and Lij are the mass, moment of inertia, and angular momentum of the source, respectively.
Overdots indicate differentiation with respect to t ≡ x0 , and the three spatial coordinates are abbreviated
~x = (x1 , x2 , x3 ).
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integrated over a vanishingly small 4-volume centred on the probe.4 The result
tt
¨
R/ = − 1 δ(~
h∂ µ τµν iM
4 x)Iij ∂ν hij

(4.12)

is equal to the bare (i.e. not microaveraged) energy-momentum delivered by the incident
field in tt-gauge. This motivated the programme of fixing the final piece of gauge freedom
by insisting that the incident hab be transverse-traceless; consequently, τab represents the
gauge-invariant gravitational energy-momentum that is accessible to an infinitesimal probe
at rest in the tt frame. Furthermore, due to the positivity property of τab , this programme
ensures that the gravitational field is always described with positive energy-density and
causal energy flux.
The approach we will take for localising gravitational angular momentum will be very
similar to the one we have just described. Section 4.2 of this chapter begins with the
counterpart of (4.4) for the local exchange of angular momentum between matter and
gravity. We will show that the local change in the angular momentum of matter is not
entirely accounted for by the change in orbital angular momentum 2x[µ τν] a carried by the
gravitational field: gravity’s intrinsic spin saµν must be included to balance the exchange.
This argument defines sabc up to the addition of total divergences, so further requirements
must be placed on the tensor before we have a unique formula localising gravitational
intrinsic spin. We achieve this in section 4.3 by demanding that sabc satisfy two simple,
physically motivated, algebraic conditions, analogous to the algebraic properties of τab .
As a result, a formula (4.36) is derived for the spin tensor of the gravitational field. The
gauge freedom of sabc is automatically nullified by the tt programme motivated in chapter
3; however, it is still enlightening to reprise our analysis of the infinitesimal probe and
develop a microaverage procedure that renders the transfer of angular momentum gaugeinvariant without the need of gauge-fixing. This is covered in section 4.4. In section 4.5
we examine the role of the non-spatial components of gravitational angular momentum,
demonstrating that the exchange of non-spatial spin sa0i can displace the centre-of-mass
of a gravitational probe. We conclude our investigation with a calculation and analysis of
the intrinsic spin carried by a gravitational plane-wave.

4.2

Local Angular Momentum Exchange

The purpose of this section, and the one that follows it, is to extend the basic framework
of chapter 3 to include a local description of gravitational angular momentum. Unlike our
work on τab , eliminating gauge freedom will not be a major concern: we already know that
harmonic gauge (4.6) is necessary, and that the last trace of freedom must be removed by
insisting that the incident field be transverse-traceless. We begin by formulating the local
exchange of angular momentum.
As noted in section 4.1, the material energy-momentum current-densities Jµ a are
formed by contracting T ab with the vectors eµb ≡ (φ−1 )∗ ěµb , the push-forward of which
4
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under φ generate the translational symmetries of the background. Therefore, to define
material angular momentum current-densities Jµν a , we must contract T ab with the vector
fields (φ−1 )∗ (2x[µ ěν] b ), the push-forward of which generate the rotational symmetries of
the background:5
Jµν a ≡ T ab (φ−1 )∗ (2x[µ ěν] b ) = 2T ab y[µ eν] b .

(4.13)

As usual, {xµ } comprise a Lorentzian coordinate system on the background, and y µ (p) ≡
xµ (φ(p)) are the image of these coordinates in the physical spacetime. The {y µ } are
harmonic (that is, ∇2 y µ = 0) as a result of the gauge condition (4.6).
We wish to explain the effect of the gravitational field on the angular momentum of
matter in terms of a local exchange of angular momentum between the two. Just as (4.4)
captured this idea for energy-momentum, we will require
ˇ a j a + φ∗ (∇a J a ) = 0
∇
µν
µν

(4.14)

for angular momentum, where jµν a is the angular momentum current-density of the gravitational field. Neglecting terms O(h3 ), equation (4.14) is equivalent to
ˇ a j a = −φ∗ (∇a (J a ))
∇
µν
µν
= −φ∗ (T ab ∇a (2y[µ eν] b ))
h
i
ˇ ch b + ∇
ˇ ah b − ∇
ˇ b hac )x[µ ěν] c + 2∇
ˇ a (x[µ ěν] b )
= −φ∗ (T ab ) (∇
a
c
ˇ c hab )x[µ ěν] c − 2(Ť a − hac Ťcb )∇
ˇ a (x[µ ěν] b ),
= −Ť ab (∇
b

(4.15)

where in the last line we used φ∗ (T ab ) = φ∗ (g ac Tcb ) = Ť ab − hac Ťcb + O(h3 ) and Ťab = Ťba .
As we now have an equation relating tensors defined on the background, we can express
these tensors in terms of their components in the Lorentzian coordinate system:
β
γ
)
∂α jµν α = −Ť αβ (∂γ hαβ )x[µ δν]
− 2(Ť αβ − hαγ Ťγβ )∂α (x[µ δν]

= −x[µ Ť αβ ∂ν] hαβ + 2hβ[µ Ťν] β .

(4.16)

Finally, we recall the field equations (4.2) in harmonic gauge,
∂ 2 h̄ab = −2κŤαβ ,

(4.17)

∂α jµν α = (∂ 2 h̄αβ x[µ ∂ν] hαβ − 2hβ[µ ∂ 2 h̄ν] β )/2κ
h
i
= ∂α 2x[µ τν] α + hβ[ν ∂ α hµ] β /κ .

(4.18)

and eliminate Ťαβ from (4.16):

5

We use the term “rotational symmetry” here as a shorthand for both rotations and Lorentz boosts.
The three independent vector fields 2x[i ěj] a generate rotations (so that 2x[1 ě2] a rotates about the x3 -axis,
for example) and hence define angular momentum current-densities. The 2x[0 ěi] a generate boosts (in
the xi -direction) and define moment-of-energy current-densities, the interpretation of which we explore in
section 4.5.
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This is rather surprising result, and one that reveals the importance of the gravitational
field’s intrinsic spin. The first term in the square brackets clearly represents the orbital
angular momentum of the field: it takes the familiar form x × p and is the result of the
tangential linear momentum about the origin. The second term, in contrast, does not
depend explicitly on xµ ; it measures the extent to which the field itself is spinning at
a particular point, and contributes the same gravitational angular momentum without
regard to where this spin is taking place. We are forced by (4.18) to accept that the
angular momentum of the gravitational field is not simply orbital, but also has an intrinsic
component:
jµν α = 2x[µ τν] α + sαµν ,

(4.19)

where sαµν is the gravitational spin tensor (composed of intrinsic spin current-densities)
without which the local exchange of angular momentum would not balance. Of course,
the division of angular momentum into orbital and intrinsic components is not a new idea,
and the form of equation (4.19) originates from standard flat-space field theory [17, 18]. In
general, the Noether current of a rotational symmetry cannot be constructed entirely from
Noether currents of translational symmetries: the mismatch, born of the field’s tensorial
(or spinorial) structure, is called intrinsic spin.6 More neatly, and of greater relevance
to our later analysis, the energy-momentum tensor and the spin tensor can be derived
separately from a Lagrangian by ‘gauging’ the translational and rotational symmetries
of spacetime and taking the functional derivatives with respect to the two gauge fields.
In chapter 5 we construct τµν and sαµν according to this method, confirming that our
formulae for τµν and sαµν (soon to be derived) are in keeping with the established concepts
of energy-momentum and spin.7

4.3

Gravitational Intrinsic Spin Tensor

Our immediate goal, of course, is to arrive at a formula for sαµν in terms of hαβ . With
this in mind, it is tempting to solve (4.18) simply by setting
?

κsαµν ≡ hβ[ν ∂ α hµ] β ,
6

(4.20)

Essentially, this is because a tensor field undergoes two types of transformation when it is rotated. A
vector field Aµ (x), for example, becomes Λµν Aν (Λ−1 (x)); in the parlance of quantum field theory, this can
be understood as a displacement x → Λ(x) generated by the orbital angular momentum operator x × p,
and a pointwise Lorentz transformation Aµ → Λµν Aν generated by the spin operator.
7
Because spin tensors are usually associated with asymmetric energy-momentum tensors, it is worth
mentioning that the symmetry of τµν does not contradict the existence of sαµν . Typically, one argues that
τ[µν] 6= 0 describes finite torques acting on infinitessimal regions [58, §5.7], and then states that this is only
acceptable if one can interpret these torques as generating intrinsic spin: ∂α sαµν = 2τ[µν] . Clearly, this
argument does not run in reverse: the presence of a spin tensor does not require that the energy-momentum
tensor be asymmetric. A symmetric gravitational energy-momentum tensor simply indicates that there
are no torques on infinitesimal regions due to gravity, and so (in the absence of matter) the spin-tensor is
conserved: ∂α sαµν = 2τ[µν] = 0.
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and declare that we have found our local description of gravitational spin. However, this
is not the only solution: the exchange equation (4.18) only defines sαµν up to terms with
identically vanishing divergence, so further demands must be made of the spin tensor before
it can be determined uniquely. Obviously, sαµν should have the same basic properties as
τµν : it should be a local, quadratic, Lorentz-covariant function of hαβ , and contains no
dimensionful constants other than κ.8 The general solution to (4.18) is then
κsαµν = hβ[ν ∂ α hµ] β + ∂β Σαβ µν ,

(4.21)

where Σαβ µν is any local, quadratic, Lorentz-covariant function of hαβ (but not its derivatives) that obeys
Σαβ µν = −Σβα µν = −Σαβ νµ .
The most general tensor that can be formed from hαβ this way is


[α β]
[β
α β
2
γδ
Σαβ µν ≡ A1 hα[µ hβν] + A2 hh[µ δν] + A3 hγ[µ δν] hα]
A
h
,
+
δ
δ
+
A
h
h
4
5 γδ
γ
[µ ν]

(4.22)

(4.23)

where the {An } are arbitrary dimensionless constants. Equations (4.21) and (4.23) describe the range of possible gravitational spin tensors that account for the angular momentum exchanged with matter; the aim of this current section is to find a distinguished
member of this set, deserving of its physical interpretation.
We encountered a similar “superpotential”9 freedom when deriving τµν in chapter 3,
and extinguished it immediately by insisting that the energy-momentum tensor should be
free of second derivatives. Unfortunately, this tactic is of no use here: all the terms in
sαµν have the same form h∂h, and so cannot be distinguished from one another by their
differential structure. Instead, we must place algebraic requirements on the spin tensor,
and we shall do so by choosing two conditions that are physically well-motivated, and
closely analogous to the algebraic properties of τµν .

4.3.1

The Plane-wave Condition

Condition 1: The spin tensor of any (harmonic gauge) gravitational plane-wave (4.7), with
wave-vector k µ , must obey
sαµν ∝ k α .

(4.24)

8

This last stipulation (which forces the terms in sαµν to contain exactly one derivative, in order that
they have the correct units) is essentially unavoidable within the context of classical general relativity:
κ is the only dimensionful constant available. If we allow ourselves to use Planck’s constant ~ (as we
would for a quantum theory) or introduce a new dimensionful gravitational constant (as would arise in a
higher-derivative theory of gravity) then higher derivative terms would be dimensionally permissible within
the spin tensor; nonetheless, these higher-derivative terms would each be multiplied by small factors (such
as the Planck length) that would ensure the terms were negligible within the low-curvature regime of the
theory that corresponds to classical general relativity.
9
These superpotentials are so called because they are total derivatives. They bear no relation to the
homonymous concept from supersymmetric field theory.
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Clearly, this ensures that spin flows in the direction of propagation of the wave, a physically reasonable request that reciprocates the property τµν ∝ kµ kν of plane-wave energymomentum. Substituting (4.7) into equations (4.21) and (4.23), we find that the condition
(4.24) holds for all harmonic gauge plane-waves if and only if
A2 = −A1 ,

A4 = A1 /4,

A3 = A5 = 0.

This leaves us with a much smaller range of spin tensors


κsαµν = hβ[ν ∂ α hµ] β + A1 ∂β h̄α [µ h̄β ν] ,

(4.25)

(4.26)

parametrised by A1 .
Of course, the influence of this first condition is not limited to gravitational planewaves. In fact, the restriction (4.26) automatically endows the spin tensor with two highly
desirable properties that apply to much more general gravitational fields. Furthermore,
one can check that these two properties occur only if the spin tensor takes the form (4.26);
hence the logic can be reversed, with both properties taken together as conditions on sαµν ,
and (4.24) derived as a consequence.
Property 1a: The spin carried by a transverse-traceless gravitational field (4.8) is purely
spatial :
h0α = 0, h = 0, ∂i hij = 0

⇒

sα0i = 0.

(4.27)

Not only are transverse-traceless fields blessed with positive energy-density and causal
energy-flux, now we see they carry only standard spatial spin! This result is akin to
the Frenkel condition [38] that constrains the spin-tensor of a Weyssenhoff fluid [60, 81]:
S α0i = 0, in the rest-frame of the fluid.10 The only difference here is that the gravitational
field, being massless, has no rest-frame; in its place, the tt-frame defines the space/time
split.
The reader should not be under the impression that the non-spatial spins sα0i are completely unphysical, however; as a matter of fact, they have a simple physical interpretation.
In section 4.5, we explain that the non-spatial angular momentum current-densities j0i α
localise gravity’s Moment-of-Energy, the conserved quantity associated with the symmetry
of the background under Lorentz boosts. Accordingly, the intrinsic current-densities sα0i
signify an “internal displacement of energy” of the field. This alters the gravitational
Moment-of-Energy just as the “internal spinning motion”, signified by sαij , contributes
to the total gravitational angular momentum. Due to (4.27) it is now clear that the
transverse-traceless field does not carry these internal displacements, and hence, that the
location of gravitational energy is determined by τµν alone. The sα0i still play an important role in the local exchange of Moment-of-Energy with matter (see §4.5.2) because
tt-gauge cannot be adopted where Ťµν 6= 0.
10

The Weyssenhoff fluid is simply a perfect fluid with intrinsic spin. Note that the massive spin-1/2
field (described by the classical Dirac Lagrangian) also obeys the Frenkel condition, if one takes the charge
current-density to define the field’s 4-velocity [18].
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Property 1b: All static distributions of matter give rise to spinless gravitational fields:11
Ťµν = ρ(~x)δµ0 δν0

⇒

sαµν = 0.

(4.28)

The meaning of this statement is intuitively obvious: matter must be in motion if it
is to generate gravitational intrinsic spin. It is worth remembering that the linearised
gravitational field due to static matter is just the Newtonian potential Φ, so (4.28) is
equivalent to the statement that Φ has no spin. This is in keeping with our observation
in chapter 3 that the gravitational field corresponding to a static Newtonian potential has
the energy-momentum tensor of a massless scalar field.

4.3.2

The Traceless Condition

So far we have placed one algebraic condition on the gravitational spin tensor and removed
all but one of the superpotential degrees of freedom. Our second condition will fix A1 and
determine sαµν uniquely. Before we take this step, however, it will be valuable to examine
the spin tensor of the transverse-traceless gravitational field in detail. The purpose of this
analysis is to isolate an algebraic property of sαµν that signifies unphysical behaviour; we
will then design our condition so that this possibility cannot arise.12
Because the spin of a transverse-traceless field is spatial (Property 1a) we can write
sαij ≡ sαk kij ,

(4.29)

where sαi is the axial spin tensor, the current-density of intrinsic spin about the xi -axis.
Each component sij represents the flux of xj -axis spin in the xi -direction; in other words,
sij Σ is the torque (along the xj -axis) that acts on a small surface (xi = const.) of area Σ.
Let us consider the l → 0 limit of an l × l × l cube of vacuum (Ťµν = 0, hµν 6= 0)
as depicted in figure 4.1. The torque along the x2 -axis, acting on the x1 = 0 face, is
G1 = s12 l2 . There will also be contributions from the x[i τj]k part of the angular-momentum
current density, but these terms will be of order l3 and so can be safely neglected. It is
convenient to think of G1 as being generated by two equal and opposite forces F1 = 2s12 l
acting on the points (0, l/2, l/4) and (0, l/2, 3l/4) as shown in the diagram. On the opposite
face (x1 = l) there will be a torque along the x2 -axis G01 = −(s12 +l∂1 s12 )l2 , the minus sign
arising as a result of the opposite direction of the outward normal, and the second term
being negligible as long as sij is smooth in the cube. Again, this torque can be thought
of as being generated by equal and opposite forces F1 acting at the points (l, l/2, l/4) and
(l, l/2, 3l/4). Following the same approach, we render the x1 -axis torques on the x2 = 0
and x2 = l faces as forces F2 = 2s21 l acting on the appropriate points on the cube.
11

In order that the distribution does not collapse under its own gravity, the matter will also have stresses
Tij ∼ O(ρh) ∼ O(h2 ), but these can be neglected in the linear approximation.
12
Note that we restrict our attention to the spin of the transverse-traceless gravitational field. The spin
tensor can only be expected to have a sensible physical interpretation under the same conditions that τµν
describes positive energy-density and causal energy-flux, i.e. for all tt-fields, arbitrary (harmonic-gauge)
plane-waves, and static fields. It will be trivial to extend Condition 2 to include the last two cases, and
since their inclusion does not constrain A1 , it is simpler to ignore them in what follows.

101

Chapter 4. Localising the Angular Momentum of Linear Gravity

Figure 4.1: The torques on an infinitesimal cube of vacuum due to the flux
of gravitational intrinsic spin.

We now split the cube along the plane x3 = l/2, and consider the two “half-cubes”
separately. The isotropic pressure acting on each half-cube can be evaluated using the
formula
P =

−1 X f~r · ~nr
,
6 r
Ar

(4.30)

where the index r enumerates the six faces of the half-cube (each with area Ar and outward
unit normal ~nr ) and f~r is the force acting on the rth face.13 For the upper half-cube
(x3 ≥ l/2) both F1 forces are directed inwards, while the two F2 forces are outwardly
directed; thus (4.30) gives
Pupper =

−1 2F2 − 2F1
4(s12 − s21 )
=
,
2
6
l /2
3l

(4.31)

where we have once again ignored the negligible forces, such as τ33 l2 on the x3 = l and
x3 = l/2 faces. The calculation for the lower half-cube (x3 ≤ l/2) is identical except that
the forces F1 point outward and F2 point inward; as a result, Plower = −Pupper . Therefore,
within the cube we find a pressure gradient
Pupper − Plower
∂P
16(s12 − s21 )
=
≈
,
∂x3
l/2
3l2

(4.32)

which grows without bound as the limit l → 0 is taken! The only way to avoid these
infinite pressure gradients is to insist that s[ij] = 0, or equivalently
sααν = 0.
13

(4.33)

To confirm the validity of this formula, describe the forces in terms of a stress tensor σij by writing
P
fri = −σij nrj Ar . The sum in (4.30) then becomes −σij r nri nrj = −σij (2δij ) = −6P .
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This argument inspires the second algebraic condition that we place on the gravitational
spin tensor.
Condition 2: The spin tensor of a transverse-traceless gravitational field (4.8) must be
traceless:
h0α = 0, h = 0, ∂i hij = 0

⇒

sααν = 0.

(4.34)

As we have just seen, this condition rids the transverse-traceless gravitational field of unphysical pressure gradients and is roughly analogous to the symmetry property of energymomentum, τ[µν] = 0.14 Furthermore, this condition strengthens the similarity between
gravitation spin and standard examples of material spin: the spin tensors of the Weyssenhoff fluid [60, 81], and the spin-1/2 field [18], are also traceless.
The spin tensor (4.26) is consistent with Condition 2 if and only if
A1 = −1;

(4.35)

as a result, we arrive at our final formula for the gravitational spin tensor:
κsαµν = 2h̄β[ν ∂ [α h̄µ] β] .

(4.36)

This is the unique local, quadratic, Lorentz-covariant function of hµν that accounts for
the local exchange of angular momentum with matter (4.14), satisfies the two physically
well-motivated algebraic conditions (4.24) and (4.34), and contains no dimensionful constants other than κ. This is an exceptionally compact formula, and one that embodies a
remarkably parsimonious description of gravitational spin: for a transverse-traceless field,
sαµν is specified by no more than 9 independent components (due to (4.27) and (4.34)) as
opposed to the 24 that would be needed in the generic case.
Lastly, we should mention that equation (4.35) has a fundamental significance of its

own: the superpotential term −∂β hα [µ hβ ν] is essential for generalising the gauge invariance of hµν beyond the flat background, and ensures that a local field redefinition
is sufficient to cast τµν and sαµν as the first self-interaction terms in the Einstein (and
Einstein-Cartan) field equations. We give a full explanation of these statements in chapter
5.
This completes the foundational portion of the chapter. Following the structure of
chapter 3, our next task is to apply our newly assembled framework to an investigation
of the angular momentum absorbed by an infinitesimal gravitational detector. Section
4.4 will focus on the exchange of standard (i.e. spatial) angular momentum jij α , and the
microaverage that renders this process gauge-invariant; section 4.5 concerns the interpretation of non-spatial angular momentum ji0 α , and the physical consequences of its exchange.
A reader whose primary interests are the theoretical underpinnings of τµν and sαµν may
wish to skip to chapter 5 at this point: knowledge of sections 4.4, 4.5, and 4.6 will not be
necessary for the discussion therein.
14

Of course, the argument [58, §5.7] that justifies T[µν] = 0 is highly analogous to (and indeed, the main
inspiration of) the argument given in this section.
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4.4

Angular Momentum Microaverage

Having derived the formula (4.36) for gravitational spin, we now possess a complete description of the local energy, momentum, and angular momentum carried by the linear
gravitational field. Our first application of this framework will be an analysis of the
angular momentum exchanged with an infinitesimal probe. This will allow us to revisit the monopole-free microaverage, the procedure which defined the gauge-invariant
energy-momentum transferred onto the probe, and motivated the (equivalent) programme
of preparing the incident field in transverse-traceless gauge. Clearly, this gauge-fixing
programme also provides us with an unambiguous definition of the angular momentum
exchanged with the probe. What is not obvious, though, is whether a microaveraging
procedure can also achieve this effect, allowing us to define a gauge-invariant exchange
of angular momentum that does not rely on gauge-fixing. The aim of this section is to
confirm the truth of this idea.
We shall consider a system that is almost identical to the one described in section
3.4.1 of chapter 3: a point-like detector in the path of a gravitational “pulse” planewave. The gravitational detector will once again consist of an infinitesimal point-source
at ~x = 0,15 the energy-momentum tensor of which is given by (4.11) as M, Iij , Lij → 0.16
The gravitational field
source
hµν = hwave
,
µν + hµν

(4.37)

is the sum of the incoming gravitational wave,
hwave
= Aµν δ(kα xα − t0 ),
µν

Aµν = const.,

kµ = (1, −1, 0, 0),

k µ Āµν = 0,

(4.38)

generated by the detector,
and the field hsource
µν
∂ 2 h̄source
= −2κŤµν .
µν

(4.39)

It is important to recognise that the plane-wave (4.38) is not quite the same as the one we
used when defining the energy-momentum microaverage. There, the gravitational wave
had the profile of a Heaviside step function H, and this brought about an exchange of
energy-momentum ∂ µ τµν ∼ ∂h∂ 2 h ∼ δ(t − t0 )δ(~x) that was confined to an infinitesimal
spacetime region over which we could average. The same is not true of angular momentum,
15

It might appear that we risk a loss of generality in placing the probe at the origin, but this is not
the case. To explain, let us consider a uniform translation of the coordinates xi → xi + ai ; the probe
then lies at ~x = ~a, and according to (4.19) the only effect on the gravitational angular-momentum currentdensity is ∆jij α = 2a[j τi] α . Because ai is constant, the exchange of angular-momentum associated with
this term is simply ∂α (∆jij α ) = 2a[j ∂ α τi]α , and we already know from (4.12) that ∂ α τiα (which quantifies
the local exchange of linear momentum) is rendered gauge-invariant by the monopole-free microaverage:
/
/
h∂α (∆jij α )iRM
= 2a[j h∂ α τi]α iRM
. Clearly, this term accounts for the angular momentum that results from the
transfer of linear momentum onto the detector; by assuming that the probe is at ~
x = 0 in what follows, we
are simply ignoring the trivial exchange of angular momentum associated with the detector’s bulk motion.
16
We take this limit as the size of the source shrinks to zero. The detector is then a form of generalised
“test-particle” with negligible self-interaction in comparison to the effect of the external field.
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however: a step function wave will give rise to a local exchange ∂α jµν α including a term
∂α sαµν ∼ h∂ 2 h ∼ H(t − t0 )δ(~x) that is not localised at t = t0 and is therefore unsuitable
for microaveraging. We have no choice but to use a delta-function wave to generate a
point-like angular momentum exchange.17 This will be the only modification needed to
adapt the microaverage for angular momentum.18
Following the same reasoning that took us to equation (3.42) of chapter 3, we find that
the exchange of spatial angular momentum for this system is given by
∂α jij α = 2x[i ∂ α τj]α + hβ [j ∂ 2 h̄i]β /κ
h

= − 21 k[j xi] δ̇(kα xα − t0 ) I¨kl Akl δ(~x) − 2 I˙kl − Lkl Ak0 ∂l δ(~x)
i

+ 2M δ(~x) + Ikl ∂k ∂l δ(~x) A00
i
h

− δ(kα xα − t0 ) A0[i I˙j]k − Lj]k ∂k δ(~x) − Ak[i I¨j]k δ(~x) .

(4.40)

As was the case with energy-momentum, the local exchange of angular momentum (4.40)
is clearly not invariant under the gauge transformations
δAµν = E(µ kν) ,

Eµ = const.,

(4.41)

which neither break the harmonic condition (4.6) nor alter the form (4.38) of the wave.
This gauge dependence can be dealt with in one of two ways. The simplest approach is to
invoke the familiar tt programme, insisting that the incident field be transverse-traceless:
Aµν = Att
µν . The alternative, which will now examine, is to integrate over the infinitesimal
interaction region and render the exchange gauge invariant without gauge-fixing. The two
methods give identical results, as we shall soon show.
The microaverage h. . .it0 is defined, just as it was in chapter 3, by
Z
hf it0 ≡ δ(~x)δ(t − t0 ) lim
f d4 x,
→0 B (t )
0

where

B (t0 ) ≡ {(t, ~x) : |t − t0 | ≤ , |~x| ≤ }.

Applying this definition to (4.40) and integrating by parts,19 we arrive at
h
i

h∂α jij α it0 = δ(~x)δ(t − t0 ) k[j I¨i]k Ak0 + I¨i]1 A00 + A0[i I¨j]1 + Ak[i I¨j]k .

(4.42)

(4.43)

17

One might try to use a pulse based on derivatives of the delta-function, but the process of splitting a
general wave into such pulses is non-local and introduces an arbitrary constant of integration.
18
The lesson here is that the microaverage is not a process in which we split the incident wave into
a particular sort of pulse: as we have seen, the profile of the pulse depends on what exchange we are
microaveraging. Rather, it is a process in which we split the wave such that the local exchange (of energymomentum ∂α τ αµ , or angular momentum ∂α jij α ) takes a particular form: a series of delta-function pulses
(and possibly derivatives of delta-functions) each of which can then be averaged over a vanishingly small
4-volume.
19
For each term, integrate by parts to move derivatives from δ(~
x) onto the xi δ̇(kα xα −t0 ) or δ(kα xα −t0 )
α
α
part of the term, convert ∂i δ(kα x − t0 ) = −δ1i δ̇(kα x − t0 ), and integrate by parts once again to send
the time-derivatives to the M, Jij , Iij part of the term, recalling that Ṁ = J˙ij = 0. Note that at least
one of the spatial derivative must act on the xi in front of the orbital terms: those terms where xi is left
untouched will vanish because δ(~
x) will set xi = 0 when the integral is finally evaluated.
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Although it is far from obvious in its current form, this equation is in fact invariant under
the gauge transformations given in equation (4.41). The easiest way to demonstrate this
is to examine each component in turn and to use k µ Āµν = 0 in the following form:
A00 + A11 + 2A01 = 0,

A22 + A33 = 0,

A02 + A12 = 0,

A03 + A13 = 0.

After a great deal of cancelling, one finds that


h∂α j23 α it0 = δ(~x)δ(t − t0 ) A+ I¨23 − A× (I¨22 − I¨33 )/2 ,


h∂α j12 α it0 = −δ(~x)δ(t − t0 ) A+ I¨12 + A× I¨13 /2,


h∂α j13 α it0 = −δ(~x)δ(t − t0 ) A× I¨12 − A+ I¨13 /2,

(4.44)

(4.45)

all of which depend only on the transverse components of the wave A× = A23 , A+ = (A22 −
A33 )/2 which are invariant under (4.41). Considering that the microaverage was developed
purely for the purposes of energy-momentum exchange, it is gratifying to discover that it
renders the exchange of angular momentum gauge invariant as well.
It is possible to write the above relations (4.45) in a more compact form:
¨
h∂α jij α it0 = δ(~x)δ(t − t0 )Att
k[i Ij]k ,

(4.46)

where Att
µν is the transverse-traceless part of Aµν , the only non-zero components of which
tt
tt
tt
are A22 = −Att
33 = A+ and A23 = A32 = A× . As previously advertised, this is exactly the
same result as would be obtained from applying the tt programme to the bare angular
momentum exchange (4.40):
tt α
α
∂α jij
≡ ∂α jij α [hsource
+ Att
µν
µν δ(kα x − t0 )]

¨
= δ(~x)δ(t − t0 )Att
k[i Ij]k .

(4.47)

The only subtlety with this calculation is that one must set xi δ̇(kα xα − t0 )δ(~x) = 0, which
is valid as an identity between distributions on test functions that are differentiable with
respect to t at (t0 , ~0).
The angular momentum microaverage need not be restricted to plane-wave pulses: we
can generalise equation (4.46) following the same procedure as the energy-momentum case.
First we note that an arbitrary (harmonic-gauge) plane-wave
hwave
= Bµν (kα xα ),
µν

k µ B̄µν = 0,

(4.48)

can be split into a sum of individual pulses
Z ∞
wave
hµν =
Bµν (t0 )δ(kα xα − t0 )dt0 ,

(4.49)

and the angular momentum exchange of each pulse microaveraged separately:20
Z ∞
E
D
α source
wave
∂α jij [hµν
+ hµν ] R ≡
h∂α jij α [hsource
+ Bµν (t0 )δ(kα xα − t0 )]it0 dt0 .
µν

(4.50)

−∞

δ

20

−∞

This microaverage carries the subscript
pulses, rather than Heaviside steps.
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δ to remind us that the wave has been split into δ-function
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Second we recall that any incident field hin
µν can be expressed as a sum of plane-waves, at
least locally. Because (4.46) is linear in the incident field, we can split any incident field
into a sum of plane-waves, each of which can be split into a sum of pulses, then perform the
microaverage on each element and reassemble the result. The general formula is therefore
¨
h∂α jij α iR δ = δ(~x)htt
k[i Ij]k ,

(4.51)

in
where htt
µν is the transverse-traceless part of hµν .

This concludes our analysis of the spatial angular momentum transferred onto the
probe. The non-spatial currents j0i α can also be absorbed by the detector; the exchange
equation (4.14) then ensures that the shift in gravity’s moment-of-energy is accompanied
by a displacement in the detector’s centre-of-mass. This is a rather surprising phenomenon,
and one that, to our knowledge, has not been discussed in the literature. Under resonant conditions, this effect can cause the detector to “walk” in a direction transverse to
the gravitational wave.21 The next section is devoted to a detailed examination of this
phenomenon.

4.5

Moment of Energy

Through its unification of space and time, and energy and momentum, special relativity
fused together the once disparate notions of angular momentum and centre-of-mass. In
this section we review this idea in terms of local currents, and offer an interpretation for the
non-spatial intrinsic spin currents sα0i . We also examine the local exchange of momentof-energy between the gravitational field and an infinitesimal detector. In appendix 4.A
we confirm that this phenomenon is also predicted by a “first principles” description of
the system.

4.5.1

Definitions and Interpretation

It goes without saying that the non-spatial components j0i α and J0i α are needed to form
the Lorentz-covariant currents jµν α and Jµν α ; thus, at the most basic level, these nonspatial components carry the interpretation of standard “spatial” angular-momentum as
seen by a moving observer. Beyond this, the non-spatial components carry an additional
interpretation that is quite distinct from spatial angular momentum. They are the current
densities of a conserved 3-vector quantity: the Moment-of-Energy at t = 0.
To explain, let us first define the moment-of-energy Xi , total linear momentum Pi , and
total mass/energy M for matter:
Z
Z
Z
√
√
√
Xi ≡ −
−gT 00 yi d3 y,
Pi ≡
−gT 0i d3 y,
M ≡−
−gT 00 d3 y,
(4.52)
21

This should not be confused with the motion associated with the linear momentum that the probe
gains according to (4.12). There, a resonance between the detector and the incident wave gives rise to a
longitudinal acceleration, and the velocity gained in this process remains after the wave passed.
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(0)

noting that the centre-of-mass xi
mass/energy:

is simply the moment-of-energy normalised by the total

(0)

xi

≡ Xi /M.

The total non-spatial angular momentum of matter is then
Z
Z
√
√
−gJ0i 0 d3 y ≡
−g(T 0i y0 − T 00 yi )d3 y ≡ −tPi + Xi ,

(4.53)

(4.54)

where we have written y 0 = t.22 In the absence of the gravitational field (hµν = 0) the
angular momentum currents are conserved,
√
√
∂α ( −gJµν α ) = −g∇a Jµν a = 0,

(4.55)

∂t (Xi − tPi ) = 0.

(4.56)

and as a result,

√
√
Furthermore, the conservation of energy-momentum (∂α ( −gT αµ ) = −g∇a Jµ a = 0)
ensures that Ṗi = 0, and leads to the following global conservation law:
Ẋi − Pi = 0.

(4.57)

This equation integrates to Xi = tPi + Xi |t=0 , which on substitution into (4.54) gives
Z
√
−gJ0i 0 d3 y = Xi |t=0 ,
(4.58)
which is constant by definition. In other words, the total non-spatial angular momentum
is equal to the moment-of-energy at t = 0, a conserved quantity which we will refer to by
the acronym MoE, where the stipulation “at t = 0” should be taken as given.
The same analysis can be performed for the gravitational field in the absence of matter.
Working in the background, we define
Z
Z
Z
τ
3
0 3
s
Xi ≡ τ00 xi d x,
Pi ≡ τ i d x,
Xi ≡ s00i d3 x,
Xi ≡ Xiτ + Xis .
(4.59)
Then the total non-spatial gravitational angular momentum is given by
Z
j0i 0 d3 x ≡ Xi − tPi ,

(4.60)

which, due to ∂α j0i α = 0 and ∂α τ αi = 0, is conserved:
Z
Ẋi − Pi = 0,
j0i 0 d3 x = Xi |t=0 .

(4.61)

22

Note that we use the same symbol t to represent the value of the time coordinate y 0 in physical
spacetime and the time coordinate x0 of the background. This has the advantage of allowing us to drop
(0)
the distinction between the physical quantities Xi , Pi , M , xi , and their background representations
(0)
φ∗ (Xi ), φ∗ (Pi ), φ∗ (M ), φ∗ (xi ): the first set are functions of y 0 only, the second set of x0 only, and the
two sets are numerically equal when x0 = y 0 .

108

4.5. Moment of Energy

We conclude from this that the j0i α are the current-densities of the conserved quantities
Xi |t=0 that constitute the gravitational MoE.
As (4.59) makes clear, the non-spatial spin densities s00i shift the gravitational MoE by
Xis , displacing it from the value Xiτ that would have been expected from τ00 alone. This
suggest that the s00i represent an “internal displacement of energy” at a point (analogous
to the notion of s0ij as “internal spinning motion” at a point) so that the field’s energy lies
locally off-centre. The value of τ00 (p) still represents the density of gravitational energy
at the point p, but an asymmetry in the distribution of the energy “within the point”,
quantified by s00i , shifts the MoE by a small amount.23 Because s00i = 0 for any transversetraceless gravitational field, these internal displacements rarely arise when describing the
energetics of the gravitational field in vacuum. However, as tt-gauge cannot be adopted
where Ťµν 6= 0, the s0 0i inevitably play an active role in the exchange of MoE between
matter and gravity.

4.5.2

Moment of Energy Exchange

When matter and gravity interact, neither j0i α nor J0i α are independently conserved, and
MoE is exchanged between them according to (4.14). Consequently, the conservation laws
(4.57) and (4.61) are broken,
Ẋi − Pi ≡ ∆Ẋi 6= 0,

(4.62)

Ẋi − Pi ≡ ∆Ẋi 6= 0,

(4.63)

but the extent to which they are broken is exactly equal and opposite:24
∆Ẋi + ∆Ẋi = 0.

(4.64)

To understand this process in general, we turn once again to our preferred testing
ground: an infinitesimal detector in the path of a gravitational plane-wave. Unlike our
analysis of angular momentum for this system (§4.4) we will not employ the microaverage here. The reason for this is simple: the microaverage does not produce a gaugeinvariant description of the exchange of MoE. In contrast to angular momentum and
energy-momentum, the gauge invariant modes of the gravitational field do not deliver
MoE evenly across the whole detector, they are biased by a dipole term proportional to
∂i δ(~x).25 The microaverage is therefore unable to capture the exchange properly, as it
can only produce quantities proportional to δ(~x). This is an notable qualitative difference
between the exchange of angular momentum and MoE, but in reality it poses no practical
23

This pointwise internal structure (spinning motion and displacements) presumably takes place in the
tangent space of the manifold, where the gravitational field is defined.
24
This global exchange equation follows directly from the local exchange equations: multiply equation
√
√
(4.14) by φ∗ ( −g) = −ǧ + O(h), discard terms O(h3 ), and integrate over the spatial coordinates. This
gives ∆Ẋi + ∆Ẋi − t(Ṗi + Ṗi ) = 0, and Ṗi + Ṗi = 0 follows from the local exchange of linear-momentum
(4.4) by exactly the same method.
25
This can be seen in equation (4.67) below.
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difficulty: we can still remove the gauge dependence by insisting that the incident field is
transverse traceless.
With this in mind, we consider the same system as described in section 4.4 with one
exception: the incident field is an arbitrary transverse-traceless plane-wave,
tt
hwave
= Bµν
(t − x1 ),
µν

tt
tt
B0ν
= B1ν
= B tt = 0,

(4.65)

rather than a pulse. Taking the same steps that were used to derive (3.42) of chapter 3,
and deploying the distributional identity xi δ(~x) = 0, we find that the local exchange of
non-spatial angular momentum is

i = 2, 3 :

∂α j10 α = t∂ α τα1,


tt ˙
∂α ji0 α = Bik
Ikj − Lkj ∂j δ(~x)/2.

(4.66)
(4.67)

As the longitudinal (4.66) and transverse (4.67) equations represent two very different
phenomena, we shall examine them separately.
Equation (4.66) is essentially trivial: it accounts for the extra MoE that arises from
the exchange of linear momentum in the x1 direction. To demonstrate this, let us take
the time derivative of (4.60):
Z
Z
Ẋi − Pi − tṖi = ∂0 j0i 0 d3 x = ∂α j0i α d3 x.
(4.68)
Unlike the non-interacting case, we now have
Z
Z
Ṗi = ∂0 τ 0i d3 x = ∂α τ αi d3 x,

(4.69)

which is nonzero in general. Consequently,
Z
∆Ẋi ≡ Ẋi − Pi = t∂α τ αi + ∂α j0i α d3 x.

(4.70)

Thus, the quantity that describes the local exchange of MoE is in fact the sum
t∂α τ αi + ∂α j0i α ,

(4.71)

as it is this combination which contributes the extra increase in Xi beyond what would
be expected from simply integrating Pi (t) with respect to time. Because the gravitational
wave only deposits momentum in the longitudinal direction (see equation (4.12)) this
argument has no effect on the interpretation of (4.67); however, equation (4.66) reveals
that
t∂α τ α1 + ∂α j01 α = t∂α τ α1 + (−t∂α τ α1 ) = 0,

(4.72)

confirming that there is no exchange of MoE in the x1 -direction, only the exchange of
linear momentum. The centre-of-mass of the detector will accelerate in the x1 -direction,
but this acceleration will be exactly what one would expect from the linear momentum
transfer discussed in chapter 3.
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In comparison, the exchange of transverse MoE (4.67) is considerably less trivial. The
first complication is that ∂α ji0 α ∝ ∂j δ(~x), indicating that the transfer of MoE occurs
within a dipole-like distribution, taking opposite signs at opposite ends of the detector.
In general, these effects will partially cancel each other, so a more pertinent quantity
to calculate (rather than the local exchange) is the total MoE exchange over the whole
detector:
Z
∆Ẋi = −∆Ẋi = − t∂α τ αi + ∂α j0i α d3 x


tt
= Ḃik
(t) I˙k1 − Lk1 /2,
(4.73)
for i = 2, 3. This equation describes the transverse drift in gravitational MoE, and via
(4.64), the opposite drift in the matter MoE.
In general, the centre-of-mass of the detector (4.53) will move according to
(0)

ẋi

= (∆Ẋi + Pi )/M − Xi Ṁ /M 2 ,

(4.74)

under the influence of the gravitational wave. Focusing our interest on the transverse
directions (for which Pi = 0 for all time) we note that the last term in (4.74) is the product
of two small quantities (Xi and Ṁ ) and can therefore be neglected in comparison to the
first term, which only contains one small quantity (∆Ẋ).26 Making these simplifications,
and substituting (4.73) into (4.74), we finally arrive at a formula for the transverse motion
of the detector’s centre-of-mass:


(0)
tt ˙
Ik1 − Lk1 /2M.
(4.75)
i = 2, 3 : ẋi = Ḃik
It is important to realise that this motion is not simply a “coordinate effect”. If we
were to place a free particle at rest at the origin, then because the plane-wave is tt, this
reference point will remain at ~x = 0 indefinitely. Equation (4.75) therefore predicts the
displacement of the centre-of-mass relative to this reference point, and the proper distance
between the two points will be, to lowest order, equal to the Euclidean distance in the
background.
In passing we also note that, when Iij = 0, the acceleration of the centre-of-mass is
exactly that of a spinning test-particle (of mass M and spin Lij ) as predicted by the
linearised Papapetrou-Dixon equations [30, 65] in transverse-traceless gauge:
(0)

M ẍi

= −Ljk Ri0jk /2 + O(h2 )
tt
= −Lk1 B̈ik
/2 + O(h2 ),

(4.76)

26

To argue this more rigorously, suppose that the incident wave has amplitude B and frequency Ω, and
that the internal motions of the probe have frequency ω and amplitude l. We require B  1 in the linear
approximation, Ωl  1 to ensure that the probe is much smaller than the gravitational wavelength, and
ωl < 1 so that the internal motions are not superluminal. It follows from (4.73) that the first term ∆Ẋ/M ∼
R
Bl2 Ωω, and from (4.12) that the second term X Ṁ /M 2 = (X/M )( ∂ α τα0 d3 x/M ) ∼ (X/M )Bl2 Ωω 2 . The
R
factor X/M = ∆Ẋdt/M can be no larger than (∆Ẋ)max ∆t/M ∼ Bl2 Ωω∆t, where ∆t is the duration
of the interaction. From this we conclude that the second term X Ṁ /M 2 . B 2 l4 Ω2 ω 3 ∆t is negligible in
comparison with the first unless the wave and the probe interact for a very long time ∆t ∼ (Bl2 Ωω 2 )−1 .
This becomes completely impossible as the length-scale of the probe l → 0.
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Figure 4.2: A toy model detector: two masses, connected by a light rod,
rotate in the x3 = 0 plane; a gravitational plane-wave, propagating in the
x1 -direction, disturbs its centre-of-mass.
(0)

where, because the probe begins at rest, we have taken ẋi = O(h). Thus (4.75) generalises
this equation to include the effect of the quadrupole moment Iij of the particle. Because
this quantity is time dependent, this allows for the possibility of resonance between the
probe and the wave, the consequence of which we shall explore in the following example.
Example: Rotating Rod
Let us consider the probe depicted in figure 4.2, a light rod (length 2l) with bobs of
mass m/2 at each end, spinning with angular frequency ω about the x3 -axis. A valuable
feature of equation (4.75) is that one only needs the unperturbed motion of the detector
(as captured by Iij and Lij ) to calculate the motion of the centre-of-mass to lowest order
in hµν ; this is not true of a “first principles” approach to the problem (see appendix 4.A)
which complicates that calculation considerably. The unperturbed locations of the two
masses are, in the background,
~x(1) = l(cos ωt, sin ωt, 0) = −~x(2) ,

(4.77)

and assuming that the speeds are not relativistic (for the sake of simplicity) it is easy to
confirm that


− sin(2ωt) cos(2ωt) − 1 0


I˙ij − Lij = mωl2 cos(2ωt) + 1
sin(2ωt)
0 .
0
0
0 ij
Inserting this into (4.75) and setting the total mass/energy M = m under the nonrelativistic assumption, we conclude that centre-of-mass of the spinning rod moves according
to
(0)

ẋi

=

ωl2 tt
Ḃ (t)(cos(2ωt) + 1),
2 i2

(4.78)

in the transverse directions i = 2, 3. For a generic gravitational wave, this equation predicts
an oscillation in the centre-of-mass that averages to zero over many wavelengths. If the
wave is of frequency 2ω, however, a resonance occurs in which the detector can steadily
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“walk” in the transverse-direction. A gravitational wave of the form
!
!
β+
B22
sin(2ω(t − x1 )),
=
β×
B23
gives rise to an average transverse velocity
!
(0)
hẋ2 i
ω 2 l2
=
(0)
2
hẋ3 i

β+
β×

(4.79)

!
.

(4.80)

One of the most surprising aspects of this phenomenon is that the walking motion (4.80) is
not associated with any transverse momentum: P2 = P3 = 0. The detector moves without
being pushed, as it were: due to a careful conspiracy between the probe’s internal motion,
and the stretching and squeezing of space, the centre of the probe is displaced with each
period.
To understand this on an intuitive level, let us imagine for a moment that the rod
joining the masses does not exist, but that at t = 0 the masses have the same positions
and velocities as before. Because the gravitational wave is invariant under translations
in the transverse directions, the transverse momentum (i.e. the transverse components
of the momentum covectors) of the two particles will be conserved, and hence the total
transverse momentum remains zero. However, the velocity vectors of the masses are
related to their conserved momentum covectors by the physical metric gab , which varies
in the x1 -direction. Thus, because the physical metric differs between the positions of the
two masses, while their momenta are equal and opposite, their velocities will not be. In
this fashion, a gradient in the gravitational field across the detector can cause a drift in
the centre-of-mass of the system. The role of the rod in our detector is simply to apply
equal and opposite forces to the masses (again, having no effect on the total transverse
momentum) so that once t = π/2ω and the gradient of the gravitational wave across the
detector has reversed, the masses are now at the same value of x1 , and the drift that has
occurred in the first quarter-wavelength will not be undone.
In appendix 4.A we substantiate this intuitive picture with a detailed rederivation of
equation (4.73) from first principles. Not only does this further aid our understanding of
the phenomenon, it should assuage any concerns that this unfamiliar effect might simply
be an unphysical artifact of our formalism. In fact, the subtlety and complexity of this
calculation emphasises the computational advantage of our approach, not only for MoE,
but for angular momentum and energy-momentum also.

4.6

Gravitational Plane-Waves

As a final exploration of our formula (4.36) for gravitational intrinsic spin, we shall evaluate
sαµν for a plane-wave. The motivation for this endeavour is to point out a number of
interesting features, and to allow for a comparison with other descriptions of gravitational
angular momentum.
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A transverse-traceless gravitational plane-wave
hµν = hµν (kα xα ),

kµ = (1, −1, 0, 0),

hµ0 = hµ1 = h = 0,

(4.81)

has an extremely simple spin tensor:
sαµ0 = sαµ1 = 0,

κsα23 = k α (h× ḣ+ − h+ ḣ× ),

(4.82)

where h× = h23 and h+ = h22 = −h33 are the transverse components of the wave. As one
would expect, sαµν describes transverse spatial spin flowing in the direction of propagation
of the wave. Furthermore, the amplitude of sα23 quantifies the internal spinning motion
of the field, as can be seen when we consider a monochromatic wave where the “plus” and
“cross” polarisations differ by a phase θ:


h+ = A+ cos ω(t − x1 ) ,
h× = A× cos ω(t − x1 ) − θ .
(4.83)
In this case, the spin-density is constant over spacetime,
κs023 = ωA× A+ sin θ,

(4.84)

and is greatest in magnitude when the wave is circularly polarised, that is, when θ = ±π/2.
Note that a wave with a purely linear polarisation will carry no spin at all.
In chapter 3 we saw that the energy-momentum tensor of a tt gravitational planewave was independent of the timelike vector uµ that defines the wave’s tt-frame (4.8). A
similar property holds for the spin tensor, but it is complicated by the fact that spin is
constrained to be spatial with respect to the tt-frame, that is, uν sαµν = 0. As we shall
see, the longitudinal and non-spatial spins do transform as the tt-frame is changed, and in
doing so they adapt the spin tensor to obey the spatial constraint for the new uµ ; however,
the transverse spatial spin current sα23 is left invariant. To demonstrate this invariance,
we perform a gauge transformation on the field (4.81) that maintains its plane-wave form,

δhµν = ∂(µ ξν) (kα xα ) = 2k(µ ξ˙ν) ,
(4.85)
and note that the spin tensor changes by



κδsαµν = k α k[µ hν]β ξ¨β − ḣν]β ξ˙β + k β ξ˙ν] ξ¨β − ξ¨ν] ξ˙β ,

(4.86)

confirming that δsα23 = 0.
Now suppose that the gravitational field (4.81) has been transformed to a new tt0
frame, so that in some other Lorentz coordinate system {xµ } we have hµ0 00 = hµ0 10 = 0.
Then by the same calculation that led us to (4.82) the transformed spin tensor s0abc will
0
0
obey s0α µ0 00 = s0α µ0 10 = 0 exactly as the original tensor did in the original coordinate
system. The only non-zero component of the transformed tensor (in the primed basis) will
0
be s0α 20 30 , and this quantity will also be gauge invariant by the same argument we used
0
0
for sα23 . These two gauge-invariant currents are related by the constant factor 2Λ[2 2 Λ3 ]3 ,
0
where Λµ ν is the Lorentz transformation between the two coordinate bases:


0
0
0
0
sα23 = s0α23 = Λµ 2 Λν 3 s0αµ0 ν 0 = 2Λ[2 2 Λ3 ]3 s0α20 30 .
114

4.6. Gravitational Plane-Waves

This constant of proportionality ensures that sabc and s0abc describe exactly the same
0
0
spatial transverse spin current in either basis: sα23 = s0α23 and sα 20 30 = s0α 20 30 . Thus,
the only effect of a change in tt-frame is to re-express the same physical information (the
transverse spin current of the wave) in terms of spin that is spatial with respect to a new
rest-frame. In the absence of some material body (a detector or a source, for example) the
massless gravitational plane-wave cannot define a preferred rest-frame, and so the spatial
nature of its intrinsic spin will always have this ambiguity.
As a consequence of this, while a plane-wave region can “sew together” two different
tt-frames to form a seamless picture of the propagation of gravitational energy-momentum
(as described in section 3.4.4 of chapter 3) the same cannot be done for angular momentum:
there will always be a discontinuity where the spatial spin of one frame is converted into
the spatial spin of the other. Even so, one can construct a gravitational spin pseudovector
sα ≡ αλµν sλµν /2,

(4.87)

which is truly independent of tt-frame, and will therefore give a continuous description
of gravitational spin within the sewing region. The invariance of sα follows directly from
the totally antisymmetric part of (4.86): δs[αµν] = 0. The physical interpretation of
this pseudovector is not immediately clear, but suffice it to say that for a plane-wave,
sα captures only the spin that is linearly independent of the wave-vector k µ .27 For the
plane-wave (4.81) we have been studying, the spin pseudovector is
κsα = k α (h× ḣ+ − h+ ḣ× ),

(4.88)

capturing all the physically pertinent information of (4.82) in a completely frame-independent fashion.
Finally, we should highlight the major difference that exists between the gravitational spin currents in (4.82) and the corresponding quantities given by the traditional
approaches, including the Landau-Lifshitz tensor [52] and the integrand of the ADM
energy-momentum [7]. In these descriptions, the local energy-momentum and spin of the
gravitational field are packaged together in a single object, a Belinfante energy-momentum
tensor tµν ∼ ∂h∂h + h∂ 2 h + O(h3 ).28 The local angular-momentum currents are then
x[µ tν] α alone, with no extra “intrinsic” component. According to this viewpoint, there
is no transverse angular momentum within a harmonic-gauge plane-wave: x[2 t3] α = 0.29
This differs dramatically from our description (4.82) and stands opposed to the intuitive
27

We also note that sα bears a resemblance to the Pauli-Lubanski pseudovector S α ≡ αλµν Pλ Lµν /2,
which characterises the total spin of a particle or matter field, and reduces in the particle’s rest-frame to
(mass times) the familiar axial angular-momentum vector of non-relativistic mechanics [71].
28
A Belinfante energy-momentum tensor can be constructed from any energy-momentum tensor and
spin tensor, including our own: tµν [τ, s] ≡ τµν + ∂α (sµν α + sνµα − sαµν )/2. We perform this calculation in
chapter 5 and compare the result with the Landau-Lifshitz and ADM Belinfante tensors discussed here.
29
This follows from simple index combinatorics. Within the plan- wave tµν ∼ kkḣḣ + kkhḧ + O(h3 ), and
because kµ kµ = 0 and kµ h̄µν = 0, both the free indices must occur on the wave-vectors, i.e. tµν ∝ kµ kν .
This continues to be true at higher order, where the terms in tµν are of the form kkḣḣhn−2 + kkḧhn−1 .
Consequently, the transverse angular momentum vanishes exactly: x[2 t3] α ∝ x[2 k3] kα = 0.
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notion of intrinsic spin as quantifying the internal spinning motion of the field. Without
separating gravitational energy-momentum and spin into two separate tensors, τµν and
sαµν , the intrinsic spin carried by a (harmonic-gauge) plane-wave can never be manifestly
present within the wave.
To be clear: the Belinfante-style descriptions still correctly quantify the total angular
momentum of the wave, but they assign this angular momentum to the wave’s boundary,
not its interior.30 Considering that the angular momentum currents along this boundary
are given by x[2 t3] α as always, and are thus explicitly dependent on xµ , even these currents
cannot be thought of as a local and intrinsic property of the field. This perverse picture,
in which all the spin of a gravitational wave resides on the edge of the wave, and this
supposedly intrinsic quantity depends on the coordinate distance from the origin, only
emphasises what was already well-known: the Landau-Lifshitz tensor and the integrand
of the AMD energy-momentum should not be taken seriously as local descriptions of
gravitational energy-momentum or spin. While they certainly define meaningful global
quantities [10], the gauge-freedom of these Belinfante tensors cannot be fixed in a natural
manner, and they commonly display negative energy-density and spacelike energy-flux.

4.7

Conclusion

Together, the energy-momentum tensor τµν and the spin tensor sαµν completely characterise the energy, momentum, and angular momentum carried locally by the linearised
gravitational field:
κτ̄µν = 41 ∂µ hαβ ∂ν h̄αβ ,

(4.89)

κsαµν = 2h̄β[ν ∂ [α h̄µ] β] .

(4.90)

The gauge freedom of this description is highly constrained by the harmonic gauge condition,
∂ µ h̄µν = 0,

(4.91)

which arose as a consequence of the derivation of τµν ; the last remnant of this freedom is
then eliminated by insisting that the incident gravitational field be transverse-traceless,
a programme motivated in part by appealing to the gauge-invariant exchange of energymomentum between gravity and an infinitesimal probe, and also distinguished by the
numerous desirable properties that the tensors display in transverse-traceless gauge: positive energy-density, causal energy-flux, and traceless spatial spin.
We developed this framework around a simple principle: wherever the energy, momentum, or angular momentum of matter is changed under the influence of gravity, there
30

To avoid a discussion of the boundary at infinity, suppose the plane-wave is in fact restricted to a
spatially compact region; in this case, one will find that x[2 t3] α 6= 0 at the boundary of the region, and
the spatial integral of x[2 t3] 0 will amount to the same total angular momentum described by s023 . In fact,
it is generally true that (under suitable boundary conditions) tµν [τ, s] gives the same global measure of
energy-momentum and angular momentum as τµν and sαµν ; see chapter 5 for details.
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must be an equal and opposite change in the energy, momentum, or angular momentum of
the gravitational field. This idea, and the requirement that τµν be symmetric and free of
second derivatives, was enough to determine the energy-momentum tensor (4.89) and the
field condition (4.91). To determine the spin tensor uniquely, we demanded that it satisfy
two physically-motivated conditions: first, the spin of a gravitational plane-wave must
flow in the direction of propagation of the wave (4.24); second, a transverse-traceless field
must possess a traceless spin tensor (4.34) and hence be free of infinite pressure gradients.
In addition, the resulting spin tensor (4.91) displays a number of notable properties that
were not required of it: the Newtonian potential has vanishing spin-tensor (4.28) and any
transverse-traceless field carries purely spatial spin (4.27).
The microaverage, which defines the gauge invariant exchange of energy-momentum
between gravity and an infinitesimal probe, also renders the exchange of spatial angular
momentum gauge-invariant (4.51) without the need for gauge-fixing. In the same system,
the exchange of non-spatial angular momentum can displace the centre-of-mass of the
detector, beyond that which would be expected due to the exchange of linear momentum
alone (4.75). Indeed, if the internal motions of the probe resonate with the incident
wave, the detector may “walk” in a transverse direction, and acquire a net displacement
over many wavelengths. We have explored this phenomenon for the specific example of a
rotating rod (4.78) and rederived our predictions from first principles (see appendix 4.A).
Unlike τµν , the spin tensor of a gravitational plane-wave is not completely independent
of the tt-frame in which the wave is prepared. While the current-density of transverse
spatial spin (in any frame) is invariant, the full tensor adapts so as to remain spatial
with respect to whichever tt-frame is used. Thus, if a plane-wave region is used to sew
together two tt-frames and produce a seamless picture of energy-momentum propagation,
there will inevitably be a discontinuity in sαµν where the spin is projected from one
spatial hypersurface to another; however, a spin psuedovector can be defined (4.87) that
is conserved across this interface.
The spin carried by a plane-wave (4.82) is also an excellent example with which to
compare our framework to the familiar “Belinfante” energy-momentum tensors of Landau
and Lifshitz, and Arnowitt, Deser and Misner. Whereas sαµν describes spin that is manifestly present within the wave, the density of which depends on the rotational motion of
hµν at each point, the Belinfante tensors assign all angular-momentum to the boundary
of the wave, and its density there is not simply a function of hµν (as a truly local intrinsic
property of the field would be) but is also dependent on the distance of the point from the
origin.
Returning to chapter 3, it becomes clear that many of the remarkable properties
of our gravitational energy-momentum tensor (including its positive energy-density and
causal energy-flux) owe their existence to the careful separation of gravitational energymomentum and gravitational spin. Now that we have made this separation explicit, and
derived a formula for sαµν , we have all the ingredients necessary to understand the broader
theoretical picture in which our description resides. This is the task of chapter 5, the res117
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ults of which, in many respects, are the main reward for our work here.

4.A

Appendix: Moment of Energy Exchange from First
Principles

In order to rederive equation (4.73) from first principles, we shall consider a detector,
centred at the origin, composed of a set of N test-particles connected by some form of
“light” mechanical apparatus.31 The nth particle has mass mn , proper time τn , and
follows a worldline ynµ (τn ) in the physical spacetime; its 4-velocity uµn ≡ dynµ /dτn has
unit norm: uan ubn gab = −1. In this approach, the detector is not truly infinitesimal, but
we stipulate that the length-scale of the detector l ∼ yni be sufficiently small that we
may ignore terms O(l3 ) in our calculation, leaving us with a quadrupole approximation
of the probe. As usual, a weak gravitational plane-wave is incident upon the detector,
represented in transverse-traceless gauge in the background: hµν = hwave
as given in
µν
(4.65). As ∂2 hµν = ∂3 hµν = 0, the physical spacetime is isometric under translations in
the y 2 and y 3 directions of the {y µ } coordinate system; for this section, we will reserve
the index k = 2, 3 for these transverse directions.
In the physical spacetime, the energy-momentum tensor of the particles is
(Tparticles )ab

=

N
X
n=1

1
√
−g

Z

dτn δ(y µ − ynµ (τn ))uan pnb ,

(4.92)

where pna ≡ mn gab ubn is the 4-momentum of the nth particle. For the purposes of defining
the moment-of-energy of the detector, we assume that the energy-momentum of the light
apparatus is negligible:
Z
Xi = −

√

0

3

−g(Tparticles ) 0 yi d y = −

N
X

pn0 yni .

n=1

In terms of background quantities, this is
Xi = −

N
X

mn (η0α + hn0α )x0α
n xni =

n=1

N
X

mn x00
n xni ,

(4.93)

n=1

where xµn (τn ) are the coordinates of the particles in the background spacetime, primes
indicate differentiation with respect to τn , and hnµν ≡ hµν (xαn (τn )) is the gravitational
field evaluated at the nth particle. The rate of change of the moment-of-energy is therefore
Ẋi =

N
X
n=1


mn


x000
n xni
0
+
x
ni .
x00
n

(4.94)

The normalisation of the 4-velocity,
2
0i 0j
−1 = −(x00
n ) + (hnij + δij )xn xn ,
31

(4.95)

The adjective “light” is used to indicate that the total energy-momentum of the apparatus is negligible
compared to that of the particles.
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000
2
3
ensures that x00
n ∼ O(1) and xn ∼ O(l ), so the first term (4.94) is O(l ) and can therefore
be neglected. Consequently,

Ẍi =

N
X
mn x00

ni

x00
n

n=1

+ O(l3 ).

(4.96)

x00ni

The accelerations
in (4.96) are be caused by both the gravitational field and the
mechanical forces exerted on the particles by the apparatus. Our aim is to infer Ẍi
without assuming any detailed model of the latter. This might seem an impossible task,
as it appears that we will need to know the motions of the particles (or the forces from the
apparatus) to first order in hµν if we wish to calculate the first order contribution to Ẍk .
Fortunately, because the apparatus is light, and the transverse momentum is conserved,
only the unperturbed motions of the particles will be required. To see this, we start by
calculating the linear momentum of the probe:
Z
N
X
√
−g(Tparticles )0i d3 y =
Pi =
pni ,
(4.97)
n=1

where once again we assume that the momentum of the apparatus can be neglected.
Because the physical spacetime is isometric under translations in the y 2 and y 3 directions,
the transverse momentum Pk will be conserved:32
!
N
N
X
X

mn 00
0i
xnk + ∂τn (hnki x0in ) ,
(4.98)
0 = Ṗk = ∂t
mn (δki + hnki )xn =
00
xn
n=1

n=1

which is equivalent to the statement that the mechanical forces on the particles (due to
the apparatus) balance each another.33 Substituting this constraint into equation (4.96)
we find that
Ẍk = −

N
X
mn
n=1

= ∂t

−

x00
n

∂τn (hnki x0in ) + O(l3 )

N
X

!
mn hnki x0in

+ O(l3 ),

(4.99)

n=1

which is easy to integrate:34
Ẋk = −

N
X

mn hnki x0in + O(l3 ).

(4.100)

n=1
32

This follows from the standard argument: ∂k gαβ = 0 guarantees that (∂k )a is a Killing vector,
√
√
∇ (∂k )b) = 0, and thus 0 = −g∇a (T ab (∂k )b ) = ∂α ( −gT αk ), the spatial integral of which is Ṗk = 0.
33
Although the total momentum of the apparatus is assumed to be negligible, we have not made any
assumptions about the local flux of momentum between the apparatus and the particles, and so the
individual mechanical forces on each particle cannot be neglected. The constraint (4.98) arises because
the apparatus has much less mass than the particles, and so any momentum it were to gain would send it
off with a very large velocity that would be impossible to maintain while in contact with the particles; in
order to stay connected to the particles, the momentum of the apparatus must remain very small, and the
forces acting on the apparatus must (approximately) sum to zero.
34
The constant of integration is set to zero by the initial conditions: the probe is at rest (Ẋi = 0) before
the wave arrives (hµν = 0).
(a
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This is the equation we sought: every instance of x0in is multiplied by hµν , so only the
unperturbed motions are needed to determine Ẋk to linear order in the gravitational field.
The last step is to relate the hnki to the gravitational field at the origin:
hnµν = hµν (t, ~0) + xin ∂i hµν (t, ~0) + O(l2 )
tt
tt
= Bµν
(t) − x1n Ḃµν
(t) + O(l2 );

(4.101)

as a result, equation (4.100) becomes
N
X

tt
Ẋk = −Bki

!
mn x0in

tt
+ Ḃki

!
mn x1n x0in

+ O(l3 )

n=1

n=1



N
X



tt
tt
Ẋk + Ḃki
= −Bki

N
X

!
mn x1n x0in

+ O(l3 )

n=1
tt
= Ḃki

N
X

!
mn x1n x0in

+ O(h2 ) + O(l3 ).

(4.102)

n=1

This simplifies even further when we notice that
 Z

Z
√
√
0
3
˙
Iij − Lij = ∂t −
−g(Tparticles ) 0 yi yj d y − 2
−g(Tparticles )0 [j yi] d3 y
!
N
N
X
X
00 i j
i]
= ∂t
m n xn xn xn − 2
mn x0[j
n xn + O(h)
=2

=2

n=1
N
X

j)
mn x0(i
n xn − 2

n=1
N
X

n=1
N
X

i]
4
mn x0[j
n xn + O(h) + O(l )

n=1

mn xjn x0in + O(h) + O(l4 ),

(4.103)

n=1

which gives us our final result:


tt ˙
Ii1 − Li1 /2 + O(h2 ) + O(l3 ),
Ẋk = Ḃki

(4.104)

exactly as predicted by equation (4.73).
It should be clear that our formalism provides a much more direct route to this result:
one needs only to produce (4.67) and integrate, a straight-forward operation that lacks
the “insightful” steps of the first principles calculation, such as invoking conservation of
transverse momentum (4.98) to remove degrees of freedom from (4.96). However, the
moral of this appendix is not simply that our method is more computationally efficient;
equally important is the intuitive power that our framework confers. Working from first
principles, it is hard to imagine that one would have thought to derive (4.104) in the first
place, as there is no obvious reason to expect that a gravitational wave would produce a
transverse motion in the detector’s centre-of-mass. In comparison, our unified picture of
local gravitational energetics brought this phenomenon to mind as readily as the exchange
of energy, momentum, or angular momentum.
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Chapter

5

Localised Energetics of Linear Gravity:
Theoretical Development

5.1

Introduction

There are at least three ways to quantify the energy of a physical system. One approach is
to consider interactions with a second system (the energy of which is known) and to seek
a function-of-state of the first system which, by undergoing equal and opposite changes,
accounts for the energy lost or gained by the second system. Alternatively, a Lagrangian
for the physical system might be constructed, and the energy identified as the Noether
charge associated with the Lagrangian’s symmetry under translation in time. Thirdly,
and most simply of all, one can “weigh” the system; the energy is then determined by the
gravity it generates.
In chapters 3 and 4, we arrived at a local description of the energy, momentum, and
angular momentum of the linearised gravitational field. The resulting gravitational energymomentum tensor τab and spin tensor sabc are particularly notable in that, whenever the
field is transverse-traceless, they describe non-negative energy-density, causal energy flow,
and traceless spatial spin; moreover, these properties, and the gauge invariant energetics
of an infinitesimal probe, motivate a natural gauge-fixing procedure. These two tensors
were derived by what is essentially the first method described above: we sought functions
of the gravitational field which could account for the energy, momentum, and angular
momentum exchanged locally with matter. The purpose of this present investigation
is to explore the other two roles played by τab and sabc : as the Noether currents of local
translations and rotations, and as self-interaction terms in the field equations that generate
gravity alongside the energy-momentum of matter.
The chapter is organised as follows. In section 5.2, we construct a Lagrangian for
linear gravity (a covariantisation of the Fierz-Pauli Lagrangian for a massless spin-2 field)
and show that it generates τab and sabc according to standard variational definitions of
energy-momentum and spin. This process of “gauging” the translational and rotational
symmetries of the background, and deriving τab and sabc as functional derivatives of the
Lagrangian with respect to the gauge fields, confirms their status as Noether currents of
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translational and rotational symmetry.1 In section 5.3 we then demonstrate that, under
a local redefinition of the gravitational field, τab and sabc appear (combined into a single
Belinfante energy-momentum tensor) as the quadratic part of the vacuum Einstein field
equations. The same techniques are then applied to Einstein-Cartan gravity, with τab and
sabc appearing as the quadratic parts of two separate field equations. In both cases, τab
and sabc quantify the self-interaction of the gravitational field, and generate gravity in
an identical fashion to material energy-momentum and spin. Finally, in section 5.4 we
examine the significance of the field redefinitions used in section 5.3; in contrast to our
tensors, we show that a non-local redefinition is required in order to cast the LandauLifshitz tensor [52] as a source of the gravitational field.
From all of this we learn that τab and sabc stand on an equal footing with the energymomentum and intrinsic spin of matter: they can be derived from the symmetries of a
suitable Lagrangian, and behave as sources for the gravitational field. These developments
solidify the tensors’ physical interpretation, and embed them within the same theoretical
apparatus that has been used to define gravitational energy-momentum in the past [7, 29,
35, 52]. Furthermore, through their role in the non-linear field equations, we gain insight
into how τab and sabc may be extended beyond the linear regime, and also uncover a new
and possibly valuable set of gravitational field-variables.
Our notation and conventions are the same as those of chapters 3 and 4.2 We will,
however, introduce a new variety of index: Greek letters with overbars,3 which we will use
to enumerate the components of tensors in the non-holonomic basis defined by the tetrad
eaµ̄ ; see appendix 5.A for details. As before, when working in the flat background spacetime
(M̌, ǧab ) it will often be convenient to express our tensors in a coordinate system {xµ }
that is Lorentzian with respect to the background metric: ǧµν = ηµν .4

5.2

Lagrangian Formulation

The primary aim of this section is to reproduce the formulae obtained in chapters 3 and
4,

1

κτ̄µν = 14 ∂µ hαβ ∂ν h̄αβ ,

(5.1a)

κsαµν = 2h̄β[ν ∂ [α h̄µ] β] ,

(5.1b)

More precisely, the vectors τ aµ are the Noether currents of translations in the xµ direction, and
jµν ≡ 2x[µ τν] a + saµν are the Noether currents of rotations in the xµ xν -plane.
2
We work in units where c = 1, write κ ≡ 8πG, and use the sign conventions of Wald [79]: ηµν ≡
diag(−1, 1, 1, 1), [∇c , ∇d ]v a ≡ 2∇[c ∇d] v a ≡ Rabcd v b , and Rab ≡ Rcacb . We use Roman letters as abstract
tensor indices [79, §2.4] and Greek letters as numerical indices running from 0 to 3.
3
These bars should not to be confused with those placed over 2-index tensors, which indicate tracereversal: h̄ab ≡ hab − ǧab h/2 and τ̄ab ≡ τab − ǧab τ /2.
4
In the next section we will need to implicitly vary ǧab in order to take functional derivatives with
respect to the background tetrad ěaµ̄ ; when the background metric is curved, the coordinate system {xµ }
has no special properties.
a
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from a Lagrangian L that also generates the field equations of linear gravity. Before we
do this, however, we will have to make some accommodation for the harmonic gauge
condition,
∂ µ h̄µν = 0,

(5.2)

which we have been diligently enforcing since its appearance as an unexpected consequence
of the derivation of τµν in chapter 3. While this condition has been immensely valuable,
naturally reducing the gauge ambiguity of our framework, it now has the potential to
interfere with the arbitrary field variations that occur when taking functional derivatives
of a Lagrangian. To avoid this problem, we shall temporarily relax the gauge condition
(5.2) and aim to derive from L an energy-momentum tensor and spin tensor that generalise τµν and sαµν beyond the harmonic gauge, reducing to the familiar formulae (5.1)
only once the harmonic condition is reintroduced. It is worth noting, however, that although the generalised forms of the tensors will be useful for technical reasons in later
sections, they will not give us any further physical information than their restriction to
harmonic gauge (5.1). This is because in order to interpret τµν and sαµν physically, we
must first extinguish their gauge freedom; the only way to do this that produces sensible
local properties (positive energy-density, causal energy-flow, and traceless spatial spin)
is by insisting on transverse-traceless gauge, which obviously ensures that the harmonic
condition is satisfied.
In addition to relaxing the harmonic condition, it will also be convenient to ignore
matter (Tµν = 0) and work with gravity in vacuo for the entirety of this section. Even
though the framework of our previous chapters was developed around the exchange of
energy-momentum and angular momentum between matter and gravity, here we will be
able to construct τµν and sαµν from the dynamics of the gravitational field alone.

5.2.1

The Fierz-Pauli Lagrangian

We begin in a flat background spacetime (M̌, ǧab ) with the Fierz-Pauli Lagrangian for a
massless spin-2 field [37]:

1 
∂µ hαβ ∂ µ h̄αβ − 2∂µ h̄µα ∂ν h̄ν α .
(5.3)
LFP ≡
4κ
From a non-gravitational standpoint, this Lagrangian can be derived by demanding invariance under the massless spin-2 gauge transformation:5
δhµν = ∂(µ ξν)

⇒

δLFP = surface terms.

(5.4)

For our purposes, however, it suffices to observe that LFP correctly reproduces the linearised vacuum Einstein field equations:
0=

1 b µναβ
δLFP
= G
hαβ ,
δhµν
κ

(5.5)

5

Ignoring surface terms and an overall rescaling, LFP is the unique scalar, quadratic in ∂µ hαβ , which
is invariant (up to surface terms) under δhµν = ∂(µ ξν) ; see [64] for a proof.

123

Chapter 5. Localised Energetics of Linear Gravity: Theoretical Development

where
b αβ hαβ ≡ G(1) ≡ ∂α ∂(µ hν) α − ∂ 2 hµν /2 − ∂µ ∂ν h/2 + ηµν (∂ 2 h − ∂α ∂β hαβ )/2
G
µν
µν

(5.6)

is the linear part of the Einstein tensor when the physical metric gab is perturbed according
to
φ∗ gab = ǧab + hab .

(5.7)

As before, φ : M → M̌ maps the physical spacetime (M, gab ) to the background.
To obtain an energy-momentum tensor and a spin tensor from LFP , we will follow
the standard definitions (5.121) from Einstein-Cartan gravity, a brief review of which can
found in appendix 5.A.6 We first need to covariantise LFP . Invoking a tetrad ěaµ̄ and spin
connection ω̌a µ̄ν̄ to “gauge” the translational and rotational symmetries of the background,
we write the Fierz-Pauli Lagrangian in terms of quantities which are covariant under local
translations and rotations:

ě 
Ďµ̄ hᾱβ̄ Ďµ̄ h̄ᾱβ̄ − 2Ďµ̄ h̄µ̄ᾱ Ďν̄ h̄ν̄ ᾱ ,
(5.8)
L0FP ≡
4κ
where Ďa is a covariant derivatives with connection ω̌a µ̄ν̄ , the volume element ě ≡ 1/ det(ěaµ̄ ),
and Greek indices with overbars enumerate the components of tensors in the non-holonomic
basis {ěaµ̄ }.
So far, the background (M̌, ǧab ) is still flat and torsion-free: we have only rewritten the
Fierz-Pauli Lagrangian in a more general language. We will soon need to perform arbitrary
infinitesimal variations in ěaµ̄ and ω̌a µ̄ν̄ , however, and in doing so we will inevitably explore
backgrounds with curvature Řabµ̄ν̄ and torsion Ť a µ̄ν̄ . For this reason, we must also decide
how our Lagrangian should change when the background is no longer flat and torsion-free.
The obvious response to this uncertainty is to follow the “minimal coupling” maxim, and
insist that the Lagrangian remain as it is in equation (5.8) even when the background
6

In standard general relativity, the rotational and translational symmetries of Minkowski spacetime are “gauged” into a single local symmetry: diffeomorphism gauge invariance. As a result, the
energy-momentum and angular momentum of matter are all contained within a single Belinfante energyBel
momentum tensor Tab
(written simply as Tab in chapters 3 and 4) which we derive according to Hilbert’s
√
Bel
definition: Tab ≡ (1/ −g)(δLmatter /δg ab ). The Belinfante tensor includes intrinsic spin in so far as it
integrates to give the correct global measure of angular momentum (see section 5.2.4) but as we saw in section 4.6 of the previous chapter, it cannot provide a physically sensible local description of the spin carried
by a field. In order to derive two separate tensors, τµν and sαµν , following a Hilbert-like approach, one
must gauge the rotational and translational symmetries separately, and take derivatives of a Lagrangian
with respect to the two gauge fields (5.121). These are the techniques of the Kibble/Sciama formulation
of Einstein-Cartan gravity [17, 32, 43, 48, 53, 74], of which we give a brief summary in appendix 5.A.
Einstein-Cartan gravity is a reformulation, and slight extension, of general relativity, in which spacetime
torsion is generated by material intrinsic spin. As we will not require the spacetime to actually possess
torsion, or matter to carry intrinsic spin, the results of this chapter do not depend on extending general
relativity in this way. As we will see, however, torsion or no torsion, the tetrad formalism (that is, general
relativity expressed in terms of a tetrad and a connection, rather than a metric) is often a more natural
environment in which to understand τµν and sαµν .
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is curved and contorted. Despite the simplicity of this approach, the Lagrangian L0FP
is actually a highly unnatural choice, as it deprives the field theory of its spin-2 gaugeinvariance when the background is no longer flat. To see this, consider a curved vacuum
background (Řaµ̄ = 0, Ť a µ̄ν̄ = 0, Řabµ̄ν̄ 6= 0) and perform a covariantised spin-2 gauge
transformation:
δhµ̄ν̄ = Ď(µ̄ ξν̄)

⇒

ě
δL0FP = − Ďµ̄ ξ ν̄ Řᾱµ̄ν̄ β̄ h̄ᾱβ̄ + surface terms.
κ

(5.9)

Thus, L0FP loses its spin-2 gauge invariance when one tries to extend the theory “minimally” beyond the flat background.
The gauge invariance of the field theory can be preserved, for vacuum backgrounds at
least, if we allow hµν to couple directly the curvature of the background.7 The Lagrangian
(5.10) we will use to generate τµν and sαµν will do exactly this, although we should
explain that it is not unique in this regard. If we had wanted to present the subsequent
calculation as a genuine ab initio derivation of τµν and sαµν , then we would need to justify
our specialisation to (5.10) over the other possibilities. However, we have already derived
τµν and sαµν from more concrete considerations (in chapters 3 and 4), and our aim here
is only to show that a Lagrangian exists from which the tensors can be obtained. We
will explore this curvature-coupling freedom in section 5.2.3, and by the end of section
5.4.2 we will be in a position to look back at L and better understand the significance of
our “choice”. For now, we shall simply write down our Lagrangian as an ansatz, justified
by its being a covariantisation of LFP which preserves the field theory’s gauge-invariance
beyond the flat background, and proceed to calculate its energy-momentum tensor and
spin tensor.

5.2.2

Energy-Momentum Tensor and Spin Tensor

Let us consider the following the Lagrangian for the linearised gravitational field:

ě 
(5.10)
Ďµ̄ hᾱβ̄ Ďµ̄ h̄ᾱβ̄ − 2Ďµ̄ h̄µ̄ᾱ Ďν̄ h̄ν̄ ᾱ + 2h̄µ̄ν̄ Řᾱµ̄ν̄ β̄ h̄ᾱβ̄ .
L≡
4κ
This clearly reduces to the Fierz-Pauli Lagrangian (5.3) when the background is flat and
torsion-free, and furthermore, successfully extends the spin-2 gauge-invariance of the theory to curved (vacuum) backgrounds:
δhµ̄ν̄ = Ď(µ̄ ξν̄)

⇒

δL = surface terms.

(5.11)

Treating the fields {hµ̄ν̄ , ěaµ̄ , ω̌a µ̄ν̄ } as independent variables,8 we shall evaluate the
7

No set of curvature-coupling terms (nor torsion-coupling terms) can extend the theory’s gauge invariance to include non-vacuum backgrounds. This comes as no surprise, considering that we are studying a
Lagrangian LFP that does not include matter. Evidently, the linearised vacuum field equations (5.5) can
only be expected to be consistent when they describe perturbations from a vacuum background.
8
It is slightly unusual to consider hµ̄ν̄ as the independent field variable, rather than hab ; however,
the only difference between the two approaches are terms proportional to δL/δhab that appear in the
energy-momentum tensor, and these vanish on the field equations (5.5) anyway.
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energy-momentum tensor and spin tensor of L according to their definitions from EinsteinCartan gravity:




1 δL
1 δL
µ
a
,
(5.12)
τa ≡
,
s µν ≡
2ě δěaµ̄ ě=δ
ě δ ω̌a µ̄ν̄ ě=δ
ω̌=0

ω̌=0

where the subscripts ě = δ and ω̌ = 0 signify that, once the functional derivatives have
been taken, the background returns to its former state (flat and torsion-free) and the
tetrad and spin connection become trivial (5.123) to reflect this. Substituting (5.10) into
(5.12) we arrive at the following formulae for the energy-momentum tensor and spin tensor
of the linearised gravitational field:
κτ̄µν = 14 ∂µ hαβ ∂ν h̄αβ − 12 ∂µ h̄να ∂β h̄αβ ,
κsαµν

[α

= 2h̄β[ν ∂ h̄µ]

β]

+

δ[να h̄µ] β ∂γ h̄γ β .

(5.13a)
(5.13b)

This is precisely the result we needed: L has generated an energy-momentum tensor
τµν and spin tensor sαµν which reduce to the familiar formulae (5.1) when the harmonic
condition (5.2) is reintroduced.
We have achieved the main aim of this section, demonstrating that our energy-momentum tensor and spin tensor can be identified as translational and rotational Noether
currents of a Lagrangian for linear gravity. In addition, the equations (5.13) reveal how
our tensors (5.1) generalise beyond harmonic gauge. Before we study these generalised
tensors in detail, we shall first examine the freedom that was available in our choice of
covariantisation of LFP , and demonstrate that the formulae (5.13) constitute a suitably
unique extension of (5.1).

5.2.3

Background Coupling and Superpotentials

We begin by considering the most general Lagrangian, quadratic in hµν and second-order
in derivatives, which differs from the minimally coupled Lagrangian (5.8) only by terms
which couple hµν to background curvature; ignoring surface terms, this is
LŘ ≡ L0FP +

ě
Ř µ̄ν̄ Σᾱβ̄ µ̄ν̄ ,
2κ ᾱβ̄

(5.14)

where Σαβ µν = −Σβα µν = −Σαβ νµ = Σµν βα is a local quadratic Lorentz-covariant function
of hµν , the general form of which can be parametrised by five dimensionless constants {An }:


[α β]
[β
α β
2
γδ
Σαβ µν ≡ A1 hα[µ hβν] + A2 hh[µ δν] + A3 hγ[µ δν] hα]
+
δ
δ
A
h
+
A
h
h
.
(5.15)
4
5
γδ
γ
[µ ν]
If we recall the behaviour of L0FP under a spin-2 gauge transformation (5.9), it is immediately clear that the field theory will retain its gauge invariance for curved vacuum
backgrounds (5.11) if and only if A1 = −1.
Inserting LŘ into (5.12), we find that the energy-momentum tensor of this Lagrangian
is identical to the tensor (5.13a) derived from L, but that the spin tensor is given by
κsαµν = hβ[ν ∂ α hµ] β + δ[να h̄µ] β ∂γ h̄γ β + h̄α [µ ∂ β h̄ν]β + ∂β Σαβ µν .
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In harmonic gauge this becomes
κsαµν = hβ[ν ∂ α hµ] β + ∂β Σαβ µν ,

(5.17)

revealing that {An } are the very same constants that parameterised the superpotential
freedom of sαµν in section 4.3 of the previous chapter. There, the value A1 = −1 was
derived by demanding that sααν = 0 for all transverse-traceless hµν , thereby ridding the
gravitational field of infinite pressure gradients. Now we see that this special value of
A1 has a second significance: it ensures that the spin-2 gauge-invariance of the linearised
theory extends beyond the flat background.9
Equation (5.17) also demonstrates that the parameters {An } must take the values
A1 = −1,

A2 = 1,

A4 = −1/4,

A3 = A5 = 0,

(5.18)

(as they do in chapter 4) if the spin tensor (5.16) is to reduce to its original form (5.1b) in
harmonic gauge; thus the freedom to add curvature terms (5.14) cannot, by itself, produce
any other generalisation of τµν and sαµν than (5.13).
Now that we understand the role played by curvature terms in the Lagrangian, we
must also explore the possibility of coupling hµν to background torsion. If the Lagrangian
is to remain quadratic in hµν and second-order in derivatives, the only contribution we
need to consider is
ě
∆L ≡ − Ť aµ̄ν̄ Σaµ̄ν̄ ,
κ

(5.19)

where Σaµν = −Σaνµ is composed of terms of the form hDh.10 The torsion terms generate
the superpotential freedom of the energy-momentum tensor:


κ δ∆L
µ
κ∆τa =
= ∂ν Σa µν ,
(5.20)
2ě δěaµ̄ ě=δ
ω̌=0

which is also accompanied by a change in the spin tensor,


κ δ∆L
a
κ∆s µν =
= 2Σ[µν] a .
ě δ ω̌a µ̄ν̄ ě=δ

(5.21)

ω̌=0

Because the energy-momentum superpotentials are of the form ∂(h∂h), containing tensors
of the form h∂ 2 h, their addition has the potential to spoil the homogeneous differential
structure of (5.13a): τµν ∼ ∂h∂h. In fact, there is no superpotential ∂ν Σa µν , entirely
composed of terms ∂h∂h, which vanishes in harmonic gauge.11 Thus, the freedom to add
9

In section 5.4 of this chapter, we will also see that A1 = −1 allows τµν and sαµν to be cast as the
source terms of the quadratic field equations using a local redefinition of the gravitational field.
10
Terms of the form eŤ 2 h2 are also allowable, but any contribution they make to τµν and sαµν will be
O(Ť ), vanishing when the background returns to being Minkowski spacetime. Also, note that no term can
couple hµν to both torsion and curvature, as this would be at least third-order in derivatives.
11
To prove this, construct the most general 2-index Lorentz-covariant tensor, composed entirely of
terms of the form ∂h∂h, which is at least linear in ∂µ h̄µν , and suppose that it is also a superpotential:
κ∆τµν = ∂α h̄αβ (C1 ∂µ h̄νβ + C2 ∂ν h̄µβ + C3 ∂β h̄µν + ηµν (C4 ∂β h + C5 ∂γ h̄γ β )) + C6 ∂α h̄αµ ∂ν h + C7 ∂α h̄αν ∂µ h +
C8 ∂α h̄αµ ∂β h̄β ν , where {Cn } are arbitrary dimensionless constants. Equation (5.20) informs us that
∂ν ∆τµ ν = 0 for all hµν ; the only values of {Cn } consistent with this are Cn = 0.
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torsion terms to the Lagrangian is nullified by our insistence that the generalised τµν be
free of second derivatives, and reduce to our original formula when the harmonic condition
is enforced.
We therefore conclude that our Lagrangian (5.10) is the unique covariantisation of
LFP , quadratic in hµν and second-order in derivatives, which according to the definitions
(5.12) generates an energy-momentum tensor that is free from second derivatives, and an
energy-momentum tensor and spin tensor which agree with our original formulae (5.1) in
harmonic gauge. Consequently, the resulting energy-momentum tensor and spin tensor
(5.13) are the unique extensions of τµν and sαµν beyond harmonic gauge, which can be
derived from a covariantised Fierz-Pauli Lagrangian according (5.12), and which do not
introduce terms of the form h∂ 2 h into τµν .
Having demonstrated that (5.13) are indeed the unique extension of (5.1) beyond the
harmonic gauge, it will be useful to review the basic properties of these generalised tensors,
and construct their Belinfante tensor.

5.2.4

Basic Properties and Belinfante Tensor

Although the generalised energy-momentum tensor and spin tensor (5.13) can only be
interpreted physically once the harmonic condition (and then transverse-traceless gauge)
has been enforced, it will still be valuable to study their mathematical properties in this
broader context, and compute the Belinfante tensor they define.
As our first observation, it is interesting to note that the gravitational energy-momentum tensor is asymmetric outside harmonic gauge: τ[µν] 6= 0. This is the usual
context in which one encounters a spin tensor: the asymmetry of an energy-momentum
tensor necessitates the existence of a spin tensor, as otherwise finite torques would act
on infinitesimal regions of space [58, §5.7]. The framework we have developed is slightly
unconventional in this regard, as originally the existence of sαµν was inferred by the exchange of angular momentum with matter, rather than any asymmetry in τµν . Even
though a symmetric energy-momentum tensor can be paired with a non-zero spin tensor
(5.1) without contadiction,12 it is perhaps reassuring to know that the moment we venture
beyond harmonic gauge, the conventional inference returns: τ[µν] 6= 0 ⇒ sαµν 6≡ 0.
We should also review a few basic properties that the generalised τµν and sαµν possess
by virtue of their definitions (5.12). We begin by observing that the energy-momentum
of the linearised gravitational field is conserved when the vacuum field equations (5.5) are
obeyed:
∂ ν τµν = −

1
b γδ hγδ = 0.
(∂µ hαβ )G
αβ
2κ

(5.22)

Next we find that the divergence of the spin tensor is given by
∂α sαµν = 2τ[µν] +
12
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2
b αβγ hβγ ,
h G
κ α[µ ν]

(5.23)

The contradiction lies in having an asymmetric energy-momentum tensor and not having a spin tensor.

5.2. Lagrangian Formulation

and hence, once the field equations have been applied,
∂α (2x[µ τν] α + sαµν ) = 0.

(5.24)

This confirms that the angular momentum current densities, defined in section 4.2 of
chapter 4,
jµν α ≡ 2x[µ τν] α + sαµν ,

(5.25)

are also conserved as a consequence the field equations:
∂α jµν α = 0.

(5.26)

Of course, τµν and jµν α are only conserved because we are working with the vacuum field
equations (5.5): there is no matter with which to exchange energy-momentum and angular
momentum.
Because τµν and sαµν obey the properties displayed above, it is possible to construct
a Belinfante energy-momentum tensor [15],
tµν ≡ τµν + ∂α (sµν α + sνµα − sαµν )/2,

(5.27)

which is symmetric by virtue of the field equations,
t[µν] = τ[µν] − ∂α sαµν /2 =

1
b αβγ hβγ = 0,
h G
κ α[ν µ]

and also conserved:
∂ ν tµν = ∂ ν τµν = −

1
b γδ hγδ = 0.
(∂µ hαβ )G
αβ
2κ

(5.28)

Furthermore, provided surface terms are negligible, the Belinfante tensor defines precisely
the same global measure of energy, momentum, and angular momentum as τµν and sαµν :
Z
Z

tµ0 d3 x

Z
=

2x[µ tν] 0 d3 x =

Z

τµ 0 d3 x,

(5.29a)

(2x[µ τν] 0 + s0µν )d3 x.

(5.29b)

The advantage of this Belinfante description is obvious: it combines energy-momentum
and spin into a single symmetric tensor.13 This apparent simplicity comes at a high price,
however, because although the global picture remains intact (5.29) the Belinfante tensor
is unable to reproduce the physically sensible local description that τµν and sαµν provide.
In general, the intermixture of spin and energy-momentum in (5.27) prevents us from
localising the two quantities separately, and we are left with angular momentum currents
13

That said, as far as our framework is concerned, the symmetry of the Belinfante tensor is not particularly impressive: our energy-momentum tensor τµν is already symmetric, by virtue of the harmonic
condition (5.2) rather than the field equations.
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x[µ tν] α which “contain” spin but do not assign it a local current,14 and energy-momentum
currents tµα which display negative energy-densities and non-causal energy-flux. Furthermore, because the gravitational Belinfante tensor has no special geometric or algebraic
properties in either harmonic or transverse traceless gauge, it becomes impossible to justify a natural gauge-fixing programme. The tensor tµν can then be evaluated over the
entire gauge space of hµν , and will depend on the arbitrary mapping φ : M → M̌ as much
as it depends on the physical properties of the gravitational field.
For these reasons, we cannot advocate interpreting tµν as the “true” energy-momentum
of the gravitational field. The tensors τµν and sαµν are the local measures of gravitational
energy-momentum and spin, describing positive energy-density, causal energy-flux, and
traceless spatial spin; tµν is a derived quantity which packages spin and energy-momentum
into a single object, losing some local information in the process.15 The main application
of the gravitational Belinfante tensor will arise in the next section, where we will also
gain some insight into its physical interpretation. In brief, we will see that tµν appears
as the quadratic contribution to the Einstein field equations, generating perturbations in
the metric alongside the (Belinfante) energy-momentum of matter. In other words, it is
the particular combination of energy-momentum and spin, τµν + ∂α (sµν α + sνµα − sαµν )/2,
that curves physical spacetime in a quadratic approximation to general relativity. It would
be implausible to expect τµν alone to fulfill this role, as there is no other field equation
in which sαµν could act as the source; only by considering perturbations in the EinsteinCartan equations, as we do in section 5.3.2, will we find a setting in which τµν and sαµν
arise as the self-interaction source-terms in two separate field equations.
In addition to its place in the Einstein field equations, tµν will also prove useful when
we wish to compare our approach with the traditional treatments of gravitational energymomentum, such as the Landau-Lifshitz tensor (see section 5.4.3) or the ADM energy14

Even when the orbital angular momentum currents vanish (x[i τj] α = 0) the Belinfante “spin” currents
x[i tj] α ∼ x∂s still depend explicitly on the coordinates {xµ }; hence they cannot be interpreted as an
intrinsic property of the gravitational field. As we saw in section 4.6 of the previous chapter, this defect
is exemplified by the (harmonic-gauge) gravitational plane-wave, the Belinfante spin of which lies entirely
on the boundary, with magnitude that is proportional to the coordinate distance from the origin.
15
Historically, the Belinfante tensor has been preferred over the separate localisation of energymomentum and spin. This is probably due to the privileged status of the Belinfante tensor of the electromagnetic field Aµ , which is invariant under the spin-1 gauge transformation δAµ = ∂µ λ, while (generically)
the separate energy-momentum tensor and spin tensor are not. Of course, this criterion cannot be extended
to the gravitational field, as there is no gravitational energy-momentum tensor, Belinfante or otherwise,
which is invariant under the gauge transformation δhµν = ∂(µ ξν) . In many respects, the electromagnetic
field is a special case. Following the same methodology we used in this section, one can isolate the unique
covariantised electromagnetic Lagrangian which (in contrast to a generic covariantisation) preserves spin-1
gauge invariance for arbitrary backgrounds. On applying the Einstein-Cartan definitions (5.121) to this
particular covariantisation, one finds that the energy-momentum tensor is identical to the (gauge-invariant)
Belinfante tensor, and that the spin tensor vanishes. This peculiar situation arises because the electromagnetic Lagrangian can be written in terms of differential forms, and so can be fully covariantised without
introducing the spin connection: LEM ∝ (dA)ab (dA)cd eaµ̄ eµ̄c ebν̄ eν̄d . In contrast to electromagnetism, the
spin tensor of the spin-1/2 field does not vanish, and both the energy-momentum tensor and spin tensor
are gauge invariant [31].
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momentum, which is discussed in appendix 5.C. As these approaches do not contain a
gravitational spin tensor, they must also constitute Belinfante-style descriptions of gravitational energetics.
Proceeding with the calculation, we substitute the generalised tensors (5.13) into the
definition (5.27) in order to obtain the Belinfante tensor associated with our framework.
The resulting formula can be expressed most compactly in terms of the trace-reverse of
tµν :


 1
1
1
κt̄µν = ∂µ hαβ ∂ν h̄αβ + ∂α h̄αβ ∂(µ h̄ν)β − ∂β hµν + ∂α h̄β(µ ∂ β h̄ν) α − ∂ν) h̄αβ
4
2
2
 1
1 αβ
β α
b µ] αβγ hβγ .
+ h̄
∂α ∂(µ h̄ν)β − ∂α ∂β hµν + h̄β(µ ∂ ∂ h̄ν)α + hα[ν G
(5.30)
2
2
Although the last term can be removed by applying the field equations, we will retain it for
the sake of generality. Incidentally, this calculation reveals another practical disadvantage
of the Belinfante tensor: algebraic complexity. Not only is tµν composed of many more
terms than the individual tensors τµν and sαµν combined, it also includes instances of
second derivatives. As a result, computations involving tµν will often be considerably
more demanding that those involving τµν , or sαµν , or both.
This concludes our analysis of the Lagrangian formulation of τµν and sαµν . Armed
with the results of this section, we are now in a position to “weigh” the gravitational field,
and investigate the role our tensors play in the non-linear field equations.

5.3

Self-interaction in the Gravitational Field Equations

Here we examine how τµν and sαµν occur as the quadratic terms in a perturbative expansion of the Einstein field equations and also the Einstein-Cartan field equations, generating
gravity in exactly the same fashion as material energy-momentum and spin.
As we move from a linear theory of gravity to a quadratic one, it will become important
to fix the definition of hµν more precisely. Until this point, hµν has been used to signify a
perturbation in the physical metric:
φ∗ gab = ǧab + hab .

(5.31)

However, because our framework is based exclusively on gravity in the linear approximation, we could have defined hµν such that
φ∗ gab = ǧab + hab + O(h2 ),

(5.32)

and arrived at the very same results. For instance, suppose we had decided to work with
the field h0µν that defines a (negative) perturbation in the inverse metric:
φ∗ g ab = ǧ ab − h0ab .

(5.33)

The equation for the metric would then have been
φ∗ gab = ǧab + h0ab + h0ac h0cb + O(h3 ),

(5.34)
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instead of (5.31), but because h0µν = hµν + O(h2 ), the linearised theory of h0µν would be
the same as hµν , and our framework would assign the same tensors (5.13) to describe its
energy-momentum and spin. Only once we came to study the quadratic approximation of
the field equations, as we do now, would any mathematical difference between the fields
hµν and h0µν have been observed.
For the sake of concreteness, we will start with the standard definition of the gravitational field (5.31) and consider this to be true to all orders of approximation. As we will
soon see, however, it is precisely the freedom to make field redefinitions of the form (5.32)
that will allow us to cast τµν and sαµν as the sources of the gravitational field; by the
end of the next section, we will have uncovered a new definition of hµν , valid to quadratic
order, that is specially selected by our local description of gravitational energetics. We
will examine the wider significance of this definition, and the effects of field redefinition in
general, in section 5.4.

5.3.1

The Einstein Equations

Consider the vacuum Einstein field equations (in the physical spacetime) expressed in
terms of the “mixed” Einstein tensor density:
√
−gGab = 0.
(5.35)
Mapping this equation to the background, we apply (5.31) to every instance of φ∗ gab , and
expand the result in powers of hµν :
3
b µν αβ hαβ + G
e (2)
G
µν + O(h ) = 0,

(5.36)

i(2)
h
e (2) b ≡ φ∗ (√−gG b )
G
a
a

(5.37)

where

is the quadratic part of the mixed Einstein tensor density.
Let us now redefine the gravitational field hµν by making the replacement
hµν → hµν + hµα hαν /2;

(5.38)

this gives rise to a corresponding change in the definition of the metric,
φ∗ gab = ǧab + hab + hac hcb /2,

(5.39)

and causes the vacuum equations (5.36) to become
b µν αβ hαβ + G
b µν αβ (hαγ hγ )/2 + G
e (2)
G
µν = 0,
β

(5.40)

when working to second order.16 Moving all quadratic terms to the right-hand side, and
making use of the following identity,
e (2) − G
b αβ (hαγ hγ )/2 = κtµν ,
−G
µν
µν
β

(5.41)

∗ √
b
e (2)
To clarify: the tensor G
µν is still the quadratic part of φ ( −gGa ) when the metric is expanded
according to (5.31); this tensor has exactly the same formula in terms of the new hµν as it did the old
3
e (2)
because the replacement (5.38) only alters G
µν by quantities O(h ), which we neglect.
16
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which is derived in appendix 5.B, we find that the quadratic vacuum field equations (5.40)
are equivalent to
b µν αβ hαβ = κtµν ,
G

(5.42)

where tµν is the Belinfante energy-momentum tensor of the gravitational field (5.30) constructed from τµν and sαµν .
Equation (5.42) is exactly what we had hoped to find: gravitational energy-momentum
generates gravity in exactly the same fashion as material energy-momentum. To make this
comparison transparent, we remind ourselves of the non-vacuum field equations at linear
order:
Bel
b µν αβ hαβ = κTµν
G
,

(5.43)

Bel (written simply as T
where Tµν
µν in chapters 3 and 4) is the Belinfante energy-momentum
Bel is Belinfante, any intrinsic spin
tensor of matter, mapped to the background. Because Tµν
carried by matter must be packaged inside this tensor according to the same formula (5.27)
that defines the Belinfante tensor of the gravitational field, making the analogy with tµν
Bel is of the same order of magnitude
extremely close. Furthermore, if one assumes that Tµν
as tµν ∼ O(h2 ), then at quadratic order the non-vacuum version of (5.42) is in fact
Bel
b µν αβ hαβ = κ(tµν + Tµν
G
),

(5.44)

wherein the source of the gravitational field is the sum of the material and gravitational
Belinfante tensors.17
It goes without saying that equation (5.42) can also be written as

b µν αβ hαβ = κ τµν + ∂α (sµν α + sνµ α − sαµν )/2 ,
G

(5.45)

making the function of τµν and sαµν absolutely clear: these tensors do not simply constitute
a passive “kinematical” description of gravitational energy-momentum and spin, they
actively determine the field’s dynamics.
Despite the satisfying simplicity of this result, equation (5.45) is clearly not the best
point at which to end our investigation. Having extolled the virtues of a formalism which
keeps spin separate from energy-momentum, our real goal must be to find a formulation
of gravity in which τµν and sαµν appear as source-terms in separate gravitational field
equations. It should come as no surprise that Einstein-Cartan theory will provide precisely
the environment in which to achieve this objective.
17

Bel
If Tµν
∼ O(h)  tµν , a little more care must be taken: the right-hand side of (5.44) is then
Bel(1)
Bel(2)
Bel(1)
κ(tµν + Tµν
+ Tµν
+ Tµα h̄αν ) the last term arising from the density and index placement of the
Bel
equation (5.35) on which (5.42) was based. These terms do not contradict the statement that tµν and Tµν
(1)
generate gravity in the same fashion, because tµν = 0; furthermore, we would need to work to third-order
(3)
(2)
in hµν , and have a third-order definition of tµν , before terms such as tµν and tµα h̄αν could be seen in the
field equations.

133

Chapter 5. Localised Energetics of Linear Gravity: Theoretical Development

5.3.2

The Einstein-Cartan Equations

We will now disentangle the spin and energy-momentum in equation (5.45), formulating
a quadratic approximation to Einstein-Cartan gravity in which τµν and sαµν appear as
separate source-terms in the field equations.18 In close analogy with the previous section,
we proceed by expanding the field equations (5.120) to second order in fµν and wαµν ,
where
φ∗ eaµ̄ = δµa − f aµ /2,
∗

φ ωa

µ̄ν̄

µν

= wa ,

(5.46a)
(5.46b)

are initially considered to be true to all orders; we then perform a non-linear field redefinition,
fµν → fµν + O(f 2 ),
wα

µν

→ wα

µν

2

+ O(f ),

(5.47a)
(5.47b)

to generate the field equations we desire. In order to identify τµν and sαµν in these
equations, it will also be necessary to express tensors of the form w∂f + w2 in terms of
hµν . To this end, we will evaluate these tensors on torsion-free perturbations (5.130),
wαµν = (∂ [ν f µ]α + ∂ [ν fα µ] + ∂α f [νµ] )/2 + O(f 2 ),

(5.48)

in the “symmetric” rotation gauge (5.132):
f[µν] = O(f 2 ).

(5.49)

These relations allow us to identify
fµν ≡ hµν + O(f 2 ),
wα

µν

≡

∂ [ν hµ]α

(5.50a)
2

+ O(f ),

(5.50b)

and thus convert the quadratic parts of the field equations into the corresponding tensors
of perturbative general relativity: w∂f + w2 = ∂h∂h + O(f 3 ).19
To begin, let us focus our attention on the first Einstein-Cartan field equation (5.120a).
Following the approach of section 5.3.1, we express the vacuum field equation in terms of
the mixed Einstein tensor density,
eGab = 0,
18

(5.51)

The essentials of perturbative Einstein-Cartan gravity are reviewed in section 4 of appendix 5.A.
The validity of the formulae (5.13) can only be guaranteed in the generally-relativistic regime, i.e.
torsion-free gravity described by a symmetric tensor field hµν . In the linearised Einstein-Cartan theory,
this corresponds to the restriction (5.48) for wαµν and (5.49) for fµν . If we already knew how to generalise
τµν and sαµν beyond the generally-relativistic regime (where the gravitational field is described by unconstrained fµν and wαµν ) then it would be possible to recognise these tensors in the field equations without
making such restrictions. The conversion ∂h → ∂f + w is not unique, however, so it is not immediately
clear how this generalisation should be achieved.
19
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where Gab ≡ (Raµ̄ − eµ̄a R/2)ebµ̄ is a function of the physical tetrad eaµ̄ and physical spin
connection ωa µ̄ν̄ . Mapping this equation to the background, we expand to quadratic order
in fµν and wαµν , and simplify the resulting equation by taking the trace-reverse:
2∂[µ wα]ν α = −f ∂[µ wα]ν α + fνβ ∂[µ wα] βα + f αβ ∂[µ wα]ν β − 2w[µ| αν w|β] β α .

(5.52)

We now redefine wαµν according to the replacement
wαµν → wαµν − f wαµν /2 + f β[µ wαβ ν] + fβ [µ ∂α f ν]β /4;

(5.53)

the physical spin connection is then given by
φ∗ ωa µ̄ν̄ = waµν − f waµν /2 + waβ [ν f µ]β + fβ [µ ∂a f ν]β /4,
and the quadratic field equation (5.52) becomes
2∂[µ wα]ν α = ∂[µ f wα]ν α − ∂[µ| fνβ w|α] βα − ∂[µ f αβ wα]νβ − 2w[µ| αν w|β] β α
− ∂[µ| f βν ∂|α] f αβ /4 + ∂[µ f βα ∂α] fνβ /4.

(5.54)

Applying (5.50) to the terms on the right-hand side, we obtain
2∂[µ wα]ν α = κτ̄µν ,

(5.55)

2∂[µ wα]ν α − ηµν ∂α wβ αβ = κτµν .

(5.56)

which is simply the trace-reverse of

This is the field equation we had hoped to construct, mirroring the structure of the linearised non-vacuum field equation (5.129a) with gravitational energy-momentum τµν taking
the place of the material energy-momentum tensor Tµν .
We now turn to the second vacuum Einstein-Cartan field equation (5.120b). Writing
this as
T aµ̄ν̄ = 0

(5.57)

in the physical spacetime, we once again use the standard definitions (5.46) and expand
to second order in the background:
∂[µ f α ν] + 2w[µ α ν] = fβ[µ ∂ β f α ν] /2 + wβ α [ν f β µ] + w[µ β ν] f αβ .

(5.58)

Consistency with the first field equation (5.56) requires us to redefine wαµν as before
(5.53) but places no constraint on the definition of fµν ; we are therefore free to make the
replacement
fµν → fµν − fµα f αν /4,

(5.59)

and fix the tetrad expansion at quadratic order:
φ∗ eaµ̄ = δµa − f aµ /2 + f aν f νµ /8.

(5.60)
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Appling these redefinitions to the second field equation (5.58) and converting the quadratic
terms using (5.50), one finds that
∂[µ f α ν] + 2w[µ α ν] = 2h̄β[ν ∂ [α hµ] β]
= κ(sαµν + δ[µα sβ ν]β ),

(5.61)

from which the desired equation follows:
α
∂[µ f α ν] + 2w[µ α ν] + δ[µ|
(∂|ν] f − ∂β f β |ν] − 2wβ β|ν] ) = κsαµν .

We have found a suitable counterpart to equation (5.56), in which the gravitational spin
tensor sαµν takes on the role played by material spin S αµν in the linearised field equation
(5.129b).
Combining these results, we conclude that under the perturbative expansions
φ∗ eaµ̄ = δµa − f aµ /2 + f aν f νµ /8,
φ∗ ωa µ̄ν̄ = waµν − f waµν /2 + waβ [ν f µ]β + fβ [µ ∂a f ν]β /4,

(5.62a)
(5.62b)

the vacuum Einstein-Cartan field equations are approximated, to quadratic order, by
2∂[µ wα]ν α − ηµν ∂α wβ αβ = κτµν ,
α
(∂|ν] f − ∂β f β |ν] − 2wβ β|ν] ) = κsαµν ,
∂[µ f α ν] + 2w[µ α ν] + δ[µ|

(5.63a)
(5.63b)

wherein τµν and sαµν generate the gravitational fields fµν and wαµν in an identical fashion
to the energy-momentum and spin of matter (5.129). We have found the analogue of
(5.42) in the Einstein-Cartan theory of gravity, in which gravitational energy-momentum
and spin act as the source terms of separate field equations.

5.4

Field Redefinition

We have succeeded in demonstrating that τµν and sαµν do indeed express the dynamical
“weight” of the gravitational field, and have uncovered the field definitions, (5.39) and
(5.62), which make this relationship manifest at level of the field equations. We now turn
our attention to the field definitions themselves, investigating the importance of (5.39)
and (5.62) in a broader context, and exploring the effects of field redefinitions in general.
As section 5.3.2 was restricted to torsion-free fields (5.48) and symmetric gauge (5.49),
we will be limited in what we can say about the field redefinitions of Einstein-Cartan
gravity; the majority of our analysis will therefore focus on the definition of hµν in general
relativity.

5.4.1

The “Central” Expansion

In many respects, the most striking aspect of the new definition of hµν , as displayed in
(5.39), is how closely it relates to a linear perturbation in the metric (5.31) and a linear
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perturbation in the inverse metric (5.34); this is in comparison with the full range of local
Lorentz-covariant field definitions consistent with (5.31) at linear order:
φ∗ gab = ǧab + hab + B1 hac hcb + B2 hab h + ǧab (B3 h2 + B4 hcd hdc ) + O(h3 ),

(5.64)

where {Bn } are arbitrary constants. One can argue, in fact, that the definition (5.39) lies
at a natural “centre” of the four-dimensional space parameterised by {Bn }. This argument
begins by observing that a priori there is no special variable which represents the “true”
dynamical field of general relativity: one can equally well define the gravitational field hµν
as a linear perturbation in a metric density (−g)λ gab , or an inverse metric density (−g)λ g ab ,
for any value of λ. Of all these choices, perturbations in the metric and its inverse (i.e.
λ = 0) are distinguished by the fact that they possess linear-order gauge-transformation
of the form ∂(µ ξν) , without a part proportional to ηµν ∂α ξ α , and can therefore be identified
with the Fierz-Pauli massless spin-2 field. However, once we have restricted our interest to
these particular definitions ((5.31) or (5.34)) the decision to focus on one, and discard the
other, is completely arbitrary. Instead of making a forced choice between two essentially
equivalent options, one might instead consider the definition that lies exactly half-way
between them, where the values of {Bn } are the mean of those in (5.31) and (5.34). It
is easy to see that this “centre point” is precisely the field (5.39) that casts tµν as the
self-interaction term of the quadratic field equations (5.42)! This is an extraordinary
coincidence, as τµν and sαµν (and consequently tµν ) were selected for their capacity to
display positive energy-density, causal energy-flux, and traceless spatial spin; none of
these criteria would be expected to determine a definition of hµν that is geometrically
distinguished in this way.

5.4.2

Expansion of the Einstein Hilbert Lagrangian

The new metric expansion (5.39) also offers some perspective on the particular form of the
Lagrangian (5.10) that generated the main results of section 5.2, including the generalised
formulae (5.13) for τµν and sαµν .
In chapter 2 we studied the expansion of the Einstein-Hilbert Lagrangian,
√
LEH = − −gR/κ,

(5.65)

under a linear perturbation of the inverse metric: h0µν as defined in (5.33).20 Taking care
to retain all terms proportional to background curvature, but ignoring surface terms, the
Einstein-Hilbert Lagrangian was found to expand as follows,
p
LEH [ǧ ab − h0ab ] = − −ǧ Ř/κ + L01 [h0ab ] + L02 [h0ab ] + O(h03 ),

(5.66)

The field written as hµν in chapter 2 is in fact −h0µν in our present notation; the Lagrangians of that
chapter also take the opposite sign to those here.
20
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where the linear and quadratic parts of the Lagrangian,
√
−ǧ
0 0ab
L1 [h ] =
Ǧab h0ab ,
κ
√
− −ǧ  0 ˇ 2 0ab
ˇ 2 h0 − 2h0a ∇
ˇ ˇ 0bc + h0 ∇
ˇ a∇
ˇ b h0ab
L02 [h0ab ] =
hab ∇ h − h0 ∇
b c ∇a h
4κ

ˇ a∇
ˇ b h0 − 2Řab h0ab h0 + Ř(h0ab h0 + h02 /2) ,
+ h0ab ∇
ab

(5.67)

(5.68)

are given by equations (2.67) and (2.69) of chapter 2. By commuting the derivatives of
the third term, and integrating the first five terms by parts (discarding surface terms), we
now note that L02 can be rewritten as
√

−ǧ  ˇ 0ab ˇ c 0
0 0ab
ˇ a h̄0 ∇
ˇ c h̄0 b + 2h̄0ab Řcabd h̄0cd + 2Ǧab h0a h0cb . (5.69)
L2 [h ] =
∇c h ∇ h̄ab − 2∇
c
c
ab
4κ
To generate the expansion of LEH under our newly defined perturbation hµν , we need
only compare its metric expansion (5.39) to that of h0µν (5.34),
h0ab = hab − hac hcb /2 + O(h3 ),

(5.70)

and substitute this relation into (5.66):
p
LEH [ǧ ab − (hab − hac hcb /2 + O(h3 ))] = − −ǧ Ř/κ + L01 [hab − hac hcb /2] + L02 [hab ]
+ O(h3 ).

(5.71)

Clearly, the quadratic part of this expansion is
L2 [hab ] ≡ L02 [hab ] + L01 [−hac hcb /2]
√

−ǧ  ˇ 0ab ˇ c 0
ˇ c h̄0cb + 2h̄0ab Řcabd h̄0cd ,
ˇ a h̄0 ∇
=
∇c h ∇ h̄ab − 2∇
ab
4κ

(5.72)

which is precisely the form of the Lagrangian L that we used to reproduce the formulae
for τµν and sαµν ! Thus, the curvature term in (5.10), which we introduced in section 5.2 as
an ansatz, can be understood as a consequence of the special definition of hµν associated
with our framework: these are simply the terms proportional to the background curvature
that appear when the Einstein-Hilbert action is expanded to quadratic order.

5.4.3

Field Redefinitions and Superpotentials

To understand the new metric expansion (5.39) in a wider context, we should also explain
the relationship between field redefinitions and the superpotentials we encountered in
section 5.2.3.
Recall that the addition of superpotentials to τµν and sαµν corresponds to the addition
of curvature terms (5.14) and torsion terms (5.19) to the Lagrangian. Notice, however,
that tµν is unaffected by torsion terms: the energy-momentum superpotentials (5.20)
cancel those of the spin tensor (5.21) when they enter the formula (5.27). As a result,
the superpotentials of the Belinfante tensor are characterised by curvature terms alone,
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which were determined by the five parameters {An } of equation (5.15). Although these
parameters are fixed according to (5.18), for the sake of argument let us relax these
equations and alter each An by an amount ∆An ; the gravitational Belinfante tensor then
gains the superpotential term
κ∆tµν = κ∂α (∆sµνα + ∆sν µα − ∆sαµν )/2
= ∂α ∂ β ∆Σαν βµ ,

(5.73)

where, according to (5.15),
[α β]

[β

∆Σαβ µν = ∆A1 hα[µ hβν] + ∆A2 hh[µ δν] + ∆A3 hγ[µ δν] hα]
γ


α β
+ δ[µ
δν] ∆A4 h2 + ∆A5 hγδ hγδ .

(5.74)

It is also possible to generate superpotentials in the quadratic approximation to Einstein’s field equations: an arbitrary field redefinition
hµν → hµν + ∆hµν ,

(5.75)

b µν αβ ∆hαβ ,
−G

(5.76)

adds the divergence-free tensor

to the right-hand side of the field equations (5.42) and thus defines a new Belinfante tensor,
b µν αβ ∆hαβ ,
κt0µν ≡ κtµν − G

(5.77)

that acts as the source of the new gravitational field. Therefore, as long as we can find a
field redefinition ∆hµν to solve
b ναβ ∆hαβ = ∂α ∂ β ∆Σαν βµ ,
−G
µ

(5.78)

we can produce the same superpotential in the field equations as the ones we have generated by altering {An } in the Lagrangian.
First we shall try to solve equation (5.78) using local field redefinitions. Noting that
∆hµν will also need to be Lorentz-covariant and quadratic in hµν to solve this equation,
the most general field redefinition we need to consider is
∆hµν = ∆B1 hµα hαν + ∆B2 hµν h + ηµν (∆B3 h2 + ∆B4 hαβ hαβ ),

(5.79)

where the {∆Bn } correspond to changes in the parameters {Bn } of equation (5.64). Comparing the number of free parameters here with those of (5.74) it is immediately clear that
these local redefinitions will not span the entire space of superpotentials. Indeed, if we
rewrite (5.78) as21


[ν
α]
0 = ∂α ∂ β ∆Σαν βµ − 2δ[µ ∆h̄β] ,
(5.80)
21

b µναβ Xαβ ≡ −2∂α ∂ β (δ [ν X̄ α] ) holds for any symmetric tensor Xµν .
The useful identity G
[µ β]
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and insert (5.79) and (5.74), we arrive at
h
[α ν]
[ν
0 = ∂α ∂ β ∆A1 hα[β hνµ] + (∆A2 − 2∆B2 )hh[β δµ] + (∆A3 − 2∆B1 )hγ[β δµ] hα]
γ

(5.81)
i
α ν
α ν
+ δ[β
δµ] (∆A4 + 2∆B3 + ∆B2 )h2 + δ[β
δµ] (∆A5 + 2∆B4 + ∆B1 )hγδ hγδ ,

which makes the mismatch of parameters unequivocal. Clearly, this equation can only
hold for all hµν if
∆A1 = 0,

(5.82)

and if we assume that this is the case, the local field redefinition ∆hµν is determined
uniquely:
∆B1 = ∆A3 /2,

∆B2 = ∆A2 /2,

∆B3 = −∆A4 /2 − ∆A2 /4,

∆B4 = −∆A5 /2 − ∆A3 /4.

(5.83)

As the ∆An were defined relative to the values (5.18) that correspond to our Belinfante
tensor tµν , the condition (5.82) implies that
A1 = −1,

(5.84)

which also arose in section 5.2.1 as the requirement that ensured the curvature terms
would extend the spin-2 gauge invariance of the Lagrangian beyond the flat background.
If A1 6= −1 then it is still possible to solve equation (5.78) by inverting the differential
b µναβ :
operator G
∆h̄µν =

2
∂α ∂ β ∆Σαν βµ ,
∂2

(5.85)

where the precise form of the propagator 1/∂ 2 will depend on boundary conditions.22 As
we have seen, however, this ∆hµν cannot be a local function of hµν ; hence it will no longer
be possible to express the physical metric φ∗ gab as a local function of the gravitational
field (5.64).
From this vantage point, we can now appreciate another important property of our
framework: the Belinfante tensor tµν (constructed from τµν and sαµν ) is the source of
a gravitational field hµν of which the metric is a local function (5.39). The new field
definition (5.39) is not only notable for its special location in the space of local field
definitions (5.64): it is notable in that it even exists within this space!
In contrast, the same cannot be said for the celebrated tensor tLL
µν of Landau and
Lifshitz [52]:
1 ˇ ˇ  ∗ a[b c]d 
∗ ab
κtab
≡
−φ
G
+
∇c ∇d φ (gg g ) .
(5.86)
LL
φ∗ g
22

b µν αβ = 0, the inverse of G
b µν αβ is only defined on fields with vanishing divergence, such
Because ∂ µ G
b µν αβ (∂(α ξβ) ) = 0, the inverse is only defined up to the addition of gauge
as ∂α ∂ β ∆Σαν βµ . Also, because G
fields ∂(µ ξν) ; to remove this degeneracy, we have set ∂ µ ∆h̄µν = 0 and absorbed the fields ∂(µ ξν) into the
gauge freedom of hµν .
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The divergence on the right-hand side clearly contributes a term
∂α ∂β (hµ[ν hα]β ),

(5.87)

at second order, corresponding to a superpotential with ∆A1 = 1 ⇒ A1 = 0. Thus,
there can be no local field redefinition that will render the Landau-Lifshitz tensor as the
source term of the vacuum Einstein field equations, and furthermore, the tensor cannot
be derived from a covariantised Lagrangian which maintains its spin-2 gauge invariance
beyond the flat background.
It is rather surprising that this deficiency is not more widely known. In their effort
to construct a gravitational energy-momentum tensor that was symmetric and free of
second derivatives in all gauges, it seems that Landau and Lifshitz were forced to include
a superpotential (5.87) that would be impossible to generate in the field equations by
a local redefinition of hµν . The only way the Landau-Lifshitz tensor can be given an
equal footing with the energy-momentum of matter, generating gravity alongside Tµν in
the Einstein field equations, would be to define the gravitational field hµν in terms of a
non-local perturbation in the metric.

5.4.4

Beyond Second Order

It will be difficult to gain any further insight into the physical meaning of the new hµν
without first deciding how the definition (5.39) should extend beyond quadratic order. As
this question is intimately related to the issue of extending the formulae of τµν and sαµν
to the full non-linear theory, we shall postpone a thorough investigation of this topic for
another publication. For now, we only mention one particularly attractive possibility. As
we have already explained, the new definition (5.39) lies on a point of symmetry between
a linear perturbations in the metric (5.31) and a linear perturbation in the inverse metric
(5.34); reflecting this, one finds that the expansion of the inverse metric, consistent with
(5.39) is
φ∗ g ab = ǧ ab − hab + hac hcb /2 + O(h3 ),

(5.88)

which, apart from a change in sign convention hµν → −hµν , is identical to the metric
expansion (5.39) to quadratic order. Thus, a particularly natural extension of (5.39)
would be one which preserved this symmetry exactly, so that the metric and its inverse
had an identical expansion to all orders, except for a sign change in hµν . This idea can be
realised by viewing the tensor hab /2 as a linear map and forming its exponential [eh/2 ]ab ;
a metric defined by
φ∗ gab ≡ [eh/2 ]ca ǧcd [eh/2 ]db ,

(5.89)

is then consistent with (5.39) to second order, and moreover, the associated expansion of
the inverse metric,
φ∗ g ab = [e−h/2 ]ac ǧ cd [e−h/2 ]bd ,

(5.90)
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is clearly identical to (5.89) apart from a change in the sign of hµν .23 Roughly speaking,
this hµν corresponds to a linear perturbation in the logarithm of the metric; indeed, this
is literally the case for the metric determinant:
φ∗ log(−g) = log(−ǧ) + h.

5.4.5

(5.91)

New Fields for Einstein-Cartan

While it is certainly tempting to bring our analysis to bear on the new field definitions
(5.62) that arose in Einstein-Cartan theory, unfortunately a full discussion of these variables will not be possible at this time. As we previously explained, the right-hand sides of
(5.63) are only given by the formulae (5.13) when we restrict ourselves to the torsion-free
perturbations (5.48) and symmetric gravitational field (5.49) of general relativity. We are
therefore free to alter the quadratic parts of the new field definitions (5.62) by terms proportional to Tα µν and f[µν] : such terms vanish under the aforementioned restrictions, and
so do not interfere with our results. Until we fix the definitions of τµν and sαµν in terms of
arbitrary perturbations fµν and wαµν , this degeneracy will remain, and it will be difficult
to offer a physical interpretation of the new field variables. We leave this generalisation
of τµν and sαµν , and the consequent analysis of the field variables they define, for another
time. For now, we shall simply remark that the new tetrad expansion (5.62a) defines an
inverse tetrad
φ∗ eµ̄a = δaµ + f µa /2 + f µν f νa /8 + O(f 3 ),

(5.92)

which, to second order, differs from the tetrad expansion only by a change in sign convention fµν → −fµν : mirroring the relationship between the metric expansion (5.39) and
inverse metric expansion (5.88) for the new definition of hµν that arose in section 5.3.1.
In fact, fµν defines a metric
φ∗ gab = ǧab + f(ab) + f(a| µ fµ|b) /4 + f µa fµb /4 + O(f 3 ),
which, if we set
fµν = hµν + O(f 3 ),

(5.93)

φ∗ gab = ǧab + hab + ha µ hµb /2 + O(h3 ),

(5.94)

gives

identical to the new metric expansion (5.39) of section 5.3.1. Note that the equivalence
(5.93) between fµν and hµν now holds to quadratic order, whereas one would only expect
a linear correspondence from the symmetric gauge (5.137) condition alone.
23

The advantage of this “double sided” exponential, over the more obvious “one sided” definition
φ gab ≡ [eh ]ca ǧcb , is that the symmetry of the metric is automatic. For the one sided definition, we
would need to impose the constraint 0 = h[ab] = hc [b ǧa]c , which prevents us from considering hab and ǧab
as independent fields.
∗
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5.5

Conclusion

As a local description of the energy-momentum and spin of the linearised gravitational
field, τµν and sαµν serve a number of purposes within the theory. In addition to accounting for the energy-momentum and angular momentum exchanged locally with matter
(chapters 3 and 4), we can now confirm their status as Noether currents of translational
and rotational symmetry, and as sources of gravity itself. Thus, our framework displays
many of the fundamental properties possessed by previous treatments of local gravitational
energetics [29, 35, 52], all the while endowing linear gravity with positive energy-density,
causal energy-flux, and traceless spatial spin.
By “gauging” the translational and rotational symmetries of the Fierz-Pauli massless
spin-2 field, we have constructed a Lagrangian
L≡


ě 
Ďµ̄ hᾱβ̄ Ďµ̄ h̄ᾱβ̄ − 2Ďµ̄ h̄µ̄ᾱ Ďν̄ h̄ν̄ ᾱ + 2h̄µ̄ν̄ Řᾱµ̄ν̄ β̄ h̄ᾱβ̄ ,
4κ

(5.95)

from which the Noether currents
κτ̄µν = 14 ∂µ hαβ ∂ν h̄αβ − 21 ∂µ h̄να ∂β h̄αβ ,

(5.96a)

κsαµν = 2h̄β[ν ∂ [α h̄µ] β] + δ[να h̄µ] β ∂γ h̄γ β ,

(5.96b)

may be obtained. Thus a Lagrangian exists which encodes the dynamics of linear gravity and which also defines an energy-momentum tensor and spin tensor that reduce to
our formulae (5.1) in harmonic gauge (5.2). Furthermore, by exposing the relationship
between background-coupling (the freedom that arises when “covariantising” the FierzPauli Lagrangian (5.3) beyond flat spacetime) and superpotentials, we have demonstrated
that (5.95) is in fact the only covariantised Fierz-Pauli Lagrangian capable of reproducing
our tensors in harmonic gauge, without introducing second derivatives into the generalised
τµν . Consequently, the formulae (5.96) comprise a suitably unique generalisation of τµν
and sαµν beyond harmonic gauge.
In order to reveal the dynamical role of τµν and sαµν in general relativity, we then
considered a non-linear pertubation of the metric,
φ∗ gab = ǧab + hab + hac hcb /2.

(5.97)

According to this expansion, the quadratic approximation of the vacuum Einstein field
equations (5.35) takes the form
b µν αβ hαβ = κ τµν + ∂α (sµν α + sνµ α − sα )/2
G
µν
= κtµν ,


(5.98)

wherein τµν and sαµν combine to form a Belinfante tensor (5.30) and this combination
acts as the source of the gravitational wave-equation, generating gravity as though it
were the energy-momentum and spin of matter (5.43). Considering the full range of local
Lorentz-covariant metric expansions (5.64), the simplicity of (5.97) is rather remarkable.
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Indeed, the gravitational field definition (5.97) lies on a special “central point” of the field
definition parameter-space, exactly half-way between a linear perturbation in the metric
(5.31) and a linear perturbation in the inverse metric (5.34). It is possible to preserve
the special symmetry of this field definition to all orders by expanding the metric with an
exponentiated gravitational field (5.89).
While (5.98) succeeds in casting τµν and sαµν as gravitational sources, it only achieves
this objective by combining spin and energy-momentum into a single entity. Considering
that many of the notable features of our framework depend on the separation of spin from
energy-momentum, a more desirable result would be a formulation of general relativity
in which τµν and sαµν appear as the sources of separate field equations. Einstein-Cartan
gravity provided the framework needed to achieve this goal: by expanding the tetrad and
spin connection according to
φ∗ eaµ̄ = δµa − f aµ /2 + f aν f νµ /8,
φ∗ ωa µ̄ν̄ = waµν − f waµν /2 + waβ [ν f µ]β + fβ [µ ∂a f ν]β /4,

(5.99a)
(5.99b)

the quadratic approximation of the vacuum field equations (5.51) and (5.57) were shown
to be
2∂[µ wα]ν α − ηµν ∂α wβ αβ = κτµν ,
α
(∂|ν] f − ∂β f β |ν] − 2wβ β|ν] ) = κsαµν ,
∂[µ f α ν] + 2w[µ α ν] + δ[µ|

(5.100a)
(5.100b)

where τµν appears as the quadratic term in the curvature equation, playing the role of material energy-momentum, and sαµν appears as the quadratic term in the torsion equation,
playing the role of material spin. Thus, in a theory of gravity where the energy-momentum
and spin of matter maintain their separate identities, τµν and sαµν occur as distinct objects
in the dynamical equations, disentangling the Belinfante tensor of equation (5.98).
Around these main results, a secondary loop of logic has been threaded, connecting
background couplings, superpotentials, and field definitions. The freedom to couple hµν
to the curvature and torsion of the background (when covariantising the Fierz-Pauli Lagrangian (5.3)) generates superpotentials in the energy-momentum tensor and spin tensor
(§5.2.3). By performing non-linear redefinitions of hµν (changing the expansion of the metric, for example) it is then possible to produce these superpotentials in the field equations
(§5.4.3). Coming full-circle, the perturbative expansion of the metric (or the tetrad and
spin connection) determines a perturbative expansion of the Einstein-Hilbert action about
a curved vacuum background, fixing the curvature couplings that occur in the Lagrangian
at quadratic order (§5.4.2). The interrelation of these ideas makes it possible to derive
many of the key results of this chapter from various starting points: the formulae for τµν
and sαµν , the Lagrangian (5.10), or the field definitions (5.97) or (5.99).
In the process of navigating this mathematical circuit, the privileged status of a particular class of superpotentials (A1 = −1 in (5.15)) has also become clear. At the level of
the spin tensor, A1 = −1 arose in chapter 4 when demanding that sααν = 0 in transversetraceless gauge, ensuring the absence of infinite pressure gradients. Within the Lagrangian,
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background couplings with A1 = −1 were necessary to extend spin-2 gauge invariance to
curved vacuum backgrounds (5.11). Thirdly, in the quadratic field equations, local field
redefinitions (5.79) can only produce superpotentials with A1 = −1; if A1 6= −1, a nonlocal redefinition (5.85) is required. Thus, the traceless condition we imposed on sαµν
in chapter 4 has conveyed two unexpected but extremely important properties. First,
the Lagrangian that generates our tensors (5.10) preserves the gauge invariance of hµν in
curved vacuum backgrounds; second, it has been possible to derive field equations (5.98)
and (5.100), in which τµν and sαµν generate the gravitational field, using local definitions
of the gravitational field (5.97) and (5.99). In comparison, the Landau-Lifshitz tensor [52]
has been constructed using superpotentials with A1 = 0 and so can claim none of these
advantages: in particular, no local field definition can cast the Landau-Lifshitz tensor as
a source for the gravitational field.
Finally, in appendix 5.C, we briefly examine the global measures of energy, momentum
and angular momentum that our local framework can define. Within the quadratic approximation to general relativity, and with appropriate boundary conditions, it is possible
to confirm the equivalence of these global quantities to the energy, momentum and angular
momentum of Arnowitt, Deser, and Misner [6, 9].
Having embedded τµν and sαµν within various aspects of the linear and quadratic
approximations to gravity, the key goal that remains is to extend these ideas to the full
non-linear theory. This is obviously an ambitious task, and at the present stage it is far
from clear which of our framework’s properties can survive in the exact theory. However,
based on the results of this chapter, it seems more than likely that Einstein-Cartan gravity
will provide a natural starting point from which to launch this undertaking, with the field
definitions (5.39), (5.89) and (5.99) offering clues as to the new field variables into which
this theory should be cast.

5.A

Appendix: Einstein-Cartan Theory

The role of this appendix is to briefly introduce Einstein-Cartan gravity, establish notation,
and serve as a reference for results needed in the body of the chapter. For a more complete
treatment of the subject, see [17, 32, 43, 53].

5.A.1

Kinematics

Einstein-Cartan theory is a slight extension of general relativity, in which (as formulated by
Kibble [48] and Sciama [74]) translational and rotational symmetries are gauged separately,
rather than being subsumed into a single diffeomorphism gauge transformation. The
gravitational field is represented by four vector fields eaµ̄ (the tetrad) and six covector
fields ωa µ̄ν̄ = −ωa ν̄ µ̄ (the spin connection). Following the conventions of chapters 3 and
4 and Wald [79], Greek letters are used as numerical indices (running from 0 to 3, raised
and lowered by ηµν = diag(−1, 1, 1, 1)) while Roman indices represent the tensor “slots” of
Penrose’s abstract index notation [79, §2.4]. Note that the numerical indices now come in
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two varieties: the unadorned Greek letters are used to enumerate the components of tensors
in a Lorentzian coordinate system {xµ } of flat spacetime, whereas the Greek letters with
overbars enumerate the components of tensors with respect to the non-holonomic basis
{eaµ̄ } formed from the tetrad. Thus, a generic vector field v a , or a generic covector field
va , would define the following quantities:
vµ̄ ≡ eaµ̄ va ,

v µ̄ ≡ eµ̄a v a ,

(5.101)

where eµ̄a is the inverse tetrad, defined by eaµ̄ eν̄a = δν̄µ̄ , or equivalently eaµ̄ eµ̄b = δba . To make
this convention consistent with general relativity, in which abstract indices are raised and
lowered by the metric gab , we must make the following identification:
gab ≡ eµ̄a eµ̄b .

(5.102)

From the point of view of Einstein-Cartan theory, this constitutes the definition of the
metric. Alternatively, from a general relativistic standpoint, this can be thought of as an
orthonormality condition on the tetrad: eaµ̄ ebν̄ gab = ηµ̄ν̄ .
The tetrad and the spin connection are gauge fields: they allow the global translational
and rotational symmetries of flat space to be generalised to local symmetries. To explain,
let us first consider an infinitesimal local translation generated by a vector field ξ a , that
is, a diffeomorphism ϕ : M → M, the action of which on tensor fields is ϕ∗ = 1 + Lξ ,
where Lξ is the Lie derivative with respect to ξ a . Under this local translation, a scalar
field ψ transforms as follows:
ψ → ϕ∗ ψ = (1 + ξ a ∂a )ψ,

(5.103)

which has exactly the same form as a global translation (ξ a = const.) because ξ a is not
differentiated. This is not the case for the gradient of ψ, however:
∂a ψ → ϕ∗ (∂a ψ) = (1 + ξ b ∂b )∂a ψ + ∂a ξ b ∂b ψ,

(5.104)

which clearly depends on the derivatives of ξ a . To remedy this, we can define a translationally covariant derivative ∂µ̄ ≡ eaµ̄ ∂a which, because Lξ eaµ̄ = ξ b ∂b eaµ̄ − ebµ̄ ∂b ξ a , defines a
gradient ∂µ̄ ψ that transforms exactly as ψ does:
ϕ∗ (∂µ̄ ψ) = (1 + ξ a ∂a )∂µ̄ ψ.

(5.105)

In this fashion, we can convert all spacetime indices into basis indices, and render tensorial
field equations in a form which is covariant under local translations.
Local rotations are embodied by position-dependent Lorentz transformations which
act on the tetrad,
eaµ̄ → eaν̄ Λν̄ µ̄ (x),

Λᾱµ̄ Λβ̄ ν̄ ηᾱβ̄ = ηµ̄ν̄ .

(5.106)

These leave the metric (5.102) unchanged, but affect all quantities with basis indices:
vµ̄ → Λν̄ µ̄ vν̄ ,
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Neither ∂a nor ∂µ̄ transform covariantly under local rotations (∂a vµ̄ → ∂a (vν̄ Λν̄ µ̄ ) =
Λν̄ µ̄ ∂a vν̄ + vν̄ ∂a Λν̄ µ̄ ) so a rotation-covariant derivative Da is constructed using the spin
connection:
Da vµ̄ = ∂a vµ̄ − ωa ᾱµ̄ vᾱ ,
Da v µ̄ = ∂a v µ̄ + ωa µ̄ᾱ v ᾱ ,

etc.

If we declare that the spin connection should transform according to


ωa µ̄ν̄ → (Λ−1 )µ̄ᾱ ∂a Λᾱν̄ + ωa ᾱβ̄ Λβ̄ ν̄ ,

(5.108)

(5.109)

under local rotations, then it is easy to show that these derivatives are indeed covariant:
Da vµ̄ → Λν̄ µ̄ Da vν̄ ,
Da v µ̄ → (Λ−1 )µ̄ν̄ Da v ν̄ ,

etc.

(5.110)

Using the tetrad once again, we can now construct a derivative Dµ̄ ≡ eaµ̄ Da that
is covariant under both local translations and rotations. Thus, by replacing all partial
derivatives with covariant derivatives, and all spacetime indices with basis indices, we
can “gauge” the global Poincaré-invariance of any flat-space field theory, and in doing so,
extend the theory to a spacetime with curvature and torsion.

5.A.2

Curvature and Torsion

The rotation covariant derivatives define a curvature tensor Rabν̄ µ̄ :
[Da , Db ]vν̄ ≡ −Rabµ̄ν̄ vµ̄

∀vµ̄ ,

(5.111)

from which it follows that

Rabµ̄ν̄ = 2 ∂[a ωb] µ̄ν̄ + ω[a| µ̄ᾱ ω|b] ᾱν̄ .

(5.112)

An asymmetric Ricci tensor can then be formed by contraction with the tetrad,
Rbν̄ ≡ eaµ̄ Rabµ̄ν̄ ,
and the Ricci scalar by a further contraction:


R ≡ eaµ̄ Raµ̄ = 2eaµ̄ ebν̄ ∂a ωb µ̄ν̄ + ωa ᾱ [µ̄ ωb ν̄] ᾱ .

(5.113)

(5.114)

The major difference between Einstein-Cartan gravity and general relativity is that,
in addition to curvature, spacetime may also possess torsion, which we quantify with the
torsion tensor
T ᾱab ≡ 2D[a eᾱb] ,

(5.115)

T aµ̄ν̄ ≡ −2D[µ̄ eaν̄] .

(5.116)

or equivalently,
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If this tensor vanishes everywhere, we can use D[µ̄ eaν̄] = 0 to relate the spin connection to
the tetrad:
[µ̄

ωa µ̄ν̄ = eb ∂a eν̄]b + e[µ̄|b ∂ |ν̄] gab = eµ̄b ∇a eν̄b ,

(5.117)

where ∇a is the familiar (torsion-free) metric-compatible derivative of general relativity.
Thus, when there is no torsion, the covariant derivatives Dµ̄ are equivalent to ∇a ,
Dµ̄ vν̄ = eaµ̄ ebν̄ ∇a vb

etc.,

(5.118)

and thus the curvature tensor Rabν̄ µ̄ is equivalent to its counterpart from general relativity.

5.A.3

Dynamics

The dynamics of the tetrad, spin connection, and matter fields are determined by a Lagrangian LEC that closely resembles that of the Einstein-Hilbert action:
LEC = −eR/κ + Lmatter ,

(5.119)

where Lmatter is the (covariantised) matter Lagrangian and e ≡ det(eµ̄a ) = 1/ det(eaµ̄ ) =
√
−g is the volume element. Variation with respect to eaµ̄ and ωa µ̄ν̄ generates the gravitational field equations,
Gaµ̄ = κTa µ̄ ,

(5.120a)

F aµ̄ν̄ = κS aµ̄ν̄ ,

(5.120b)

where matter’s energy-momentum tensor Ta µ̄ , and spin tensor S aµ̄ν̄ , are the conjugate
currents of the translational and rotational gauge fields,
Ta µ̄ ≡

1 δLmatter
,
2e δeaµ̄

S aµ̄ν̄ ≡

1 δLmatter
,
e δωa µ̄ν̄

(5.121)

and we have written
Gaµ̄ ≡ Raµ̄ − eµ̄a R/2,
F aµ̄ν̄

−1

≡ 2e

Db (eea[µ̄ ebν̄] )

(5.122a)
=T

a
µ̄ν̄

+

2ea[µ̄ T ᾱν̄]ᾱ .

(5.122b)

Consequently, the energy-momentum of matter generates curvature, and the intrinsic spin
of matter generates torsion. When S aµ̄ν̄ = 0 everywhere, the second field equation (5.120b)
ensures that torsion will vanish also; on substitution of (5.117) and (5.102), the first field
equation (5.120a) then becomes the usual Einstein field equations.

5.A.4

Perturbations

When the curvature and torsion of the physical spacetime are small, it is often convenient
to represent the gravitational fields as perturbations from a flat torsion-free background
(M̌, ěaµ̄ , ω̌a µ̄ν̄ ). This spacetime is equipped with a constant tetrad
ěaµ̄ = δµa ≡ (∂/∂xµ )a ,
ěµ̄a = δaµ ≡ (dxµ )a ,
148

(5.123a)

5.A. Appendix: Einstein-Cartan Theory

defined by a Lorentzian coordinate system {xµ }, and a vanishing spin connection,
ω̌a µ̄ν̄ = 0.

(5.123b)

In the background spacetime it is customary to manipulate indices using the background
tetrad; because ěµν̄ = δνµ , the distinction between barred indices and unbarred indices can
then be dropped.
Mapping the physical spacetime (M, eaµ̄ , ωa µ̄ν̄ ) onto the background with a diffeomorphism φ : M → M̌, we define an asymmetric tensor field f aµ as a perturbation
in the physical tetrad,
φ∗ eaµ̄ = δµa − f aµ /2,

(5.124)

and the tensor field waµν = −waνµ as a perturbation in the physical spin connection,
φ∗ ωa µ̄ν̄ = waµν .

(5.125)

The perturbation in the tetrad (5.124) will be accompanied by a perturbation in the inverse
tetrad,
φ∗ eµ̄a = δaµ + f µa /2 + f µν f νa /4 + O(f 3 ),

(5.126)

which in turn defines a perturbation in the physical metric:
φ∗ gab ≡ (φ∗ eµ̄a )(φ∗ eµ̄b )
= ǧab + f(ab) + f(a| µ fµ|b) /2 + f µa fµb /4 + O(f 3 ).

(5.127)

Thus, in the linear approximation, we can identify the symmetric part of fµν with the
metric perturbation hµν of general relativity:
hµν ≡ f(µν) + O(f 2 ).

(5.128)

Working to first order in fµν and waµν , the Einstein-Cartan field equations (5.120)
take the following form:
2∂[µ wα]ν α − ηµν ∂α wβ αβ = κTµν ,
α
∂[µ f α ν] + 2w[µ α ν] + δ[µ|
(∂|ν] f − ∂β f β |ν] − 2wβ β|ν] ) = κS αµν ,

(5.129a)
(5.129b)

where, for the sake of notational brevity, we have dropped the φ∗ from the tensors φ∗ Ta µ̄
and φ∗ S aµ̄ν̄ . To recover the linearised field equations of general relativity, we need only
set S αµν = 0: the solution to equation (5.129b) is then
wαµν = (∂ [ν f µ]α + ∂ [ν fα µ] + ∂α f [νµ] )/2,

(5.130)

which can be substituted into (5.129a) to retrieve
b αβ f(αβ) = κTµν .
G
µν

(5.131)
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The equivalence between fµν and hµν can be strengthened further by fixing the rotation
gauge freedom (to linear order) with the condition
f[µν] = O(f 2 ).

(5.132)

This can always be achieved by a local rotation (5.106) of the form
Λµν = δνµ + (f µν − fν µ )/4 + O(f 2 ),

(5.133)

which is indeed a valid Lorentz transformation,
Λαµ Λβ ν ηαβ = ηµν + O(f 2 ),

(5.134)

fµν → f(µν) + O(f 2 ).

(5.135)

and has the desired effect:

In this “symmetric” gauge, the torsion-free spin connection (5.130) is simply
wαµν = ∂ [ν f µ]α + O(f 2 ),

(5.136)

hµν = fµν + O(f 2 )

(5.137)

and the relationship

ensures that fµν and hµν are equivalent to linear order.

5.B

Appendix: An Identity

Here we derive an identity that relates the Belinfante tensor (5.30) to the Einstein tensor of
e (2) b to represent
physical spacetime. First, for notational purposes, let us define a tensor G
a
the quadratic part of the “mixed” Einstein tensor density:
i(2)
h
e (2)ab ≡ φ∗ (√−gGab )
.
(5.138)
G
This definition expands to give
(1)
(2)
(1) α
(2)
e (2)
G
− Rαβ h̄αβ )/2,
µν = Rµν − Rµα h̄ ν − ηµν (R

(5.139)

where
(1)

Rab ≡ [φ∗ Rab ](1) ,

(2)

Rab ≡ [φ∗ Rab ](2) ,

(5.140)

are the linear and quadratic parts of the Ricci tensor, when expanded according to (5.31):24
(1)
Rµν
= ∂α ∂(µ hν) α − ∂ 2 hµν /2 − ∂µ ∂ν h/2,

(5.141a)

(2)
Rµν
= −hαβ (2∂α ∂(µ hν)β − ∂µ ∂ν hαβ − ∂α ∂β hµν )/2 + ∂µ hαβ ∂ν hαβ /4

+ ∂ α hβ µ (∂[α hβ]ν ) − ∂α h̄αβ (∂(µ hν)β − ∂β hµν /2).

(5.141b)

(1)
(2) e (2) b
The tensors Rab , Rab , G
a are defined on the background, and thus their indices are raised and
lowered with ǧab ; the indices of physical tensors Rab and Gab are moved with the physical metric gab ,
however. Because of this, index manipulations do not commute with the [. . .](2) operation that isolates the
quadratic terms: R(2) ≡ [φ∗ Rab ](2) ǧ ab 6= [φ∗ R](2) , for example.
24
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Now consider the tensor
1
1
1
(2)
(1) α
Qµν ≡ Rµν
− Rµα
h̄ ν + ∂α ∂(µ (hν)β hβα ) − ∂ 2 (hµα hαν ) − ∂µ ∂ν (hαβ hαβ ), (5.142)
2
4
4
the trace-reverse of which is
1
1
1
(1)
(2)
(1) α
Q̄µν = Rµν
− Rµα
h̄ ν − ηµν (R(2) − Rαβ h̄αβ ) + ∂α ∂(µ (hν)β hβα ) − ∂ 2 (hµα hαν )
2
2
4
1
1
− ∂µ ∂ν (hαβ hαβ ) − ηµν (∂α ∂γ (hγ β hβα ) − ∂ 2 (hαβ hαβ ))
4
4
1
(2)
αβ
e + G
b
=G
(hαγ hγ β ).
(5.143)
µν
2 µν
Substituting equations (5.141) into (5.142), one finds
1
1
Qµν = − hαβ (∂α ∂(µ hν)β − ∂α ∂β hµν ) − hα(µ (∂ α ∂ β hν)β − ∂ν) ∂α h)
2
2
1
1
1
+ h(2∂ α ∂(µ hν)α − ∂ 2 hµν − ∂µ ∂ν h) − ∂µ hαβ ∂ν hαβ − ∂ α hβ µ ∂β hνα
4
4
2
1
1 α
αβ
− ∂α h (∂(µ hν)β − ∂β hµν ) + ∂ h(2∂(µ hν)α − ∂α hµν )
2
4
1
(1)
+ ∂α hβ(µ ∂ν) hαβ − hα [ν Rµ]α
2
= −κt̄µν ,
(5.144)
the last line of which can be confirmed by expanding out all the trace-reversed fields on
(1)
(1)
b µ] αβγ hβγ .
the right-hand side of (5.30) and observing that hα [ν Rµ]α = hα [ν Gµ]α = hα [ν G
Comparing (5.143) with (5.144), we conclude that the following identity
e (2) − G
b αβ (hαγ hγ )/2,
κtµν = −G
µν
µν
β

(5.145)

is valid for all hµν .

5.C

Appendix: ADM Energy-Momentum

In this chapter, and the those that have preceded it, we have focussed on the local aspects
of gravitational energy-momentum and spin; although we will not attempt a thorough
investigation here, it will be valuable to briefly examine the global energy and momentum
that our framework defines, and compare these quantities to the well-known results of
Arnowitt, Deser, and Misner (ADM) [6, 8, 9].
Recall that, as seen in (5.29), the Belinfante tensor tµν defines the same total energy,
momentum, and angular momentum as τµν and sαµν .25 Thus, for the purposes of this
appendix, we are free to use whichever set of tensors is convenient, and the results we
derive will carry over to the other. With this in mind, let us define the total energymomentum of gravity and matter by
Z

√ 
Pµ ≡ d3 y −g T Bel ab + (φ−1 )∗ tab (d/dy µ )a (dy 0 )b ,
(5.146)
25

To be precise: the integrals in (5.29) may in fact differ by surface terms quadratic in hµν . However,
as we will see, these can be neglected in comparison to the surface terms linear in hµν when the boundary
of the integral is taken to spatial infinity.
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where y µ ≡ (φ−1 )∗ xµ are the images of the Lorentzian coordinates {xµ } in the physical
spacetime.26 To this definition we now apply the Einstein field equations and evaluate the
integral in terms of background quantities:
Z

√ 
1
Pµ =
d3 y −g Gab + κ(φ−1 )∗ tab (d/dy µ )a (dy 0 )b
κ
Z

 √
1
d3 x φ∗ ( −gGab ) + κtab (d/dxµ )a (dx0 )b
=
κ
Z


1
b µ0αβ hαβ + G
e (2) µ0 + κtµ0 ,
d3 x G
=
κ

(5.147)

where, in the last line, we have expanded the metric according to (5.31) and neglected
terms O(h3 ) under the assumption that the gravitational field is everywhere weak enough
that the quadratic approximation to general relativity will suffice. We now use the identity
(5.41) to write the energy-momentum as

Pµ =

1
κ

Z


b µ0αβ hαβ + O(h2 ) .
d3 xG

(5.148)

Although terms O(h2 ) cannot be neglected in general (otherwise tµν should never have
appeared in the integral (5.146) to begin with) we note that all the terms in (5.148) are
total spatial derivatives, so Pµ will depend only on the behaviour of the gravitational field
on the boundary of the integral. Thus, as the limit is taken in which this boundary moves
to spatial infinity, we will require the linear surface terms ∂h ∼ 1/r2 in order that integral
be finite, and as a consequence the quadratic surface terms h∂h ∼ 1/r3 will be negligible
in comparison.
Let us first consider the total energy of the system:
Z
1
b 00αβ hαβ
P =
d3 xG
κ
Z
1
d3 x(∂i ∂j hij − ∂i ∂i hjj )
=
2κ
Z
1
=
d2 Si (∂j hij − ∂i hjj ),
2κ
0

(5.149)

which the reader will recognise as the ADM mass [6, 9]. Furthermore, the total linear

26

In equation (5.146), the contraction between the energy-momentum tensors and the covector (dy 0 )a
defines, in the usual way, the energy-momentum densities on the surface of integration y 0 = const. The
vectors (d/dy µ )a have assumed the role of killing vectors in the absence of an exact spacetime symmetry;
these same vectors were denoted by eaµ in chapters 3 and 4, but this symbol is now being used for the
Einstein-Cartan tetrad.
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momentum
Pi =
=
=
=
=

Z
1
b 0αβ hαβ
d3 xG
i
κ
Z
−1
d3 x(∂j ḣij − ∂k ∂k h0i − ∂i ḣjj + ∂i ∂j h0j )
2κ
Z
−1
d2 Sj (ḣij − ∂j h0i − δij ḣkk + 2δij ∂k h0k − ∂i h0j )
2κ
Z
−1
d2 Sj (Γ(1)0 ij − δij Γ(1)0 kk )
κ
Z
−1
(1)
d2 Sj πij ,
κ

(5.150)

which is the familiar expression for the ADM momentum [6, 9] truncated at linear order.
Thus, when the terms O(h3 ) can be neglected from the field equations, and the terms O(h2 )
can be neglected at spatial infinity, our gravitational Belinfante tensor tµν defines exactly
the same total energy and momentum as ADM. Moreover, as we have already explained,
these results would also arise if we had defined Pµ using τµν , rather than the Belinfante
tensor tµν . Thus, τµν is able to cast the global information present in the ADM energymomentum in terms of a local description with physically sensible properties, including
gravitational energy-density that is nowhere negative and gravitational energy-flux that is
nowhere spacelike. Although at present this idea is limited by the restriction of our results
to the quadratic approximation to general relativity, if we can extend our framework to
the full theory, while maintaining the positivity properties of τµν and consistency with
ADM energy-momentum, then this observation has the potential to shed further light
on the global positivity properties of ADM energy-momentum: P0 ≥ 0 and Pµ Pµ ≤ 0
[24, 73, 82].27
Although the ADM energy-momentum is usually represented in terms of the asymptotic behaviour of the gravitational field, as above, the reader should also be aware that
these global quantities can be cast as spatial integrals of a gravitational Belinfante tensor
tADM
that emerges from the canonical formalism [6, 8, 9]. Although ADM did not proµν
pose that this tensor should be interpreted as a physically meaningful local measure of
gravitational energy-momentum, it is nonetheless interesting to compare the quadratic
part of tADM
with τµν and tµν . The strongest resemblance occurs when we employ our
µν
gauge-fixing procedure (that is, we insist that hµν be transverse-traceless) and examine
the (0, 0) components of the tensors:
1
(ḣij ḣij + ∂k hij ∂k hij )
8κ
= tADM
+ O(h3 ).
00

τ00 = t00 =

(5.151)

Remarkably, we find that our gauge-fixed τ00 and t00 are in fact equal to the ADM
27

Bel
The local positivity of τµν (and the Dominant Energy Condition for Tµν
) should be enough to
guarantee these global inequalities, as a sum of future-directed non-spacelike vectors will itself be futuredirected and non-spacelike.
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“Hamiltonian density” tADM
when working to quadratic order.28 This is a rather sur00
prising correspondence, particularly when one considers how little our framework has in
common with the canonical 3+1 approach from which tADM
arose. Note, however, that
00
this equality does not extend to the other components of the tensors:
1
κτi0 = ḣjk ∂i hjk
4

1
ḣjk ∂i hjk − ḣjk ∂j hik + hjk ∂j ḣki
κti0 =
4

1
ADM
ḣjk ∂i hjk − 2ḣjk ∂j hik + O(h3 ).
κti0
=
4

(5.152a)
(5.152b)
(5.152c)

Hence, τµν , tµν , and tADM
do not give rise to equivalent local descriptions of gravitational
µν
energy-momentum, even in transverse-traceless gauge; moreover, even though tADM
sucµν
ceeds in defining a positive gravitational energy-density tADM
≥ 0 as seen by observers at
00
rest with respect to the tt-frame, it does not display the full (Lorentz-invariant) positivity properties of τµν : the energy-density v µ v ν tADM
(as seen by an observer moving with
µν
µ
may be spacelike.
4-velocity v ) may be negative, and the energy-flux v µ tADM
µν
The formulae (5.152) also serve as another starting point from which to verify that all
three tensors define the same total momentum Pi : those terms in ti0 and tADM
which do
i0
not appear in τi0 can be integrated by parts (discarding a quadratic surface term, as usual)
and then vanish due to the gauge condition ∂i hij = 0. Of course, these terms do contribute
to the total angular momentum: they correspond to the divergence ∂α (sµν α +sνµα −sαµν )/2
that packages intrinsic spin into the Belinfante tensor (5.27). Accordingly, when one
neglects quadratic surface terms, one finds that
Z
Z
(2x[i τj] 0 + s0ij )d3 x = 2x[i tj] 0 d3 x
Z
= 2x[i tADM j] 0 d3 x + O(h3 ),
(5.153)
confirming that τµν and sαµν also give the same global description of angular momentum
as ADM at second order.
In summary, whenever general relativity can be approximated to quadratic order, and
quadratic surface terms can be neglected at spatial infinity, our gravitational energymomentum tensor τµν and spin tensor sαµν provide the same global description of energy,
momentum, and angular momentum as ADM, but localise these quantities in a physically
sensible fashion, displaying positive gravitational energy-density, causal energy-flux, and
traceless spatial spin.

28
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Chapter

6
Closing Remarks

Within the linear approximation to general relativity, I have uncovered a compelling localisation of gravitational energy, momentum, and spin. The gravitational energy-momentum
tensor τµν and spin tensor sαµν account for the exchange of energy, momentum and angular momentum between matter and linear gravity, constitute translational and rotational
Noether currents of the linearised gravitational field, and generate gravity in quadratic approximations to the Einstein and Einstein-Cartan field equations. Moreover, the tensors
motivate a natural gauge-fixing programme (removing all ambiguity from the description)
and display numerous desirable properties befitting their physical interpretation, such as
positive energy-density, causal energy-flux, and traceless spatial spin.
At the heart of the framework lie the formulae
κτ̄µν = 41 ∂µ hαβ ∂ν h̄αβ ,

(6.1a)

κsαµν = 2h̄β[ν ∂ [α h̄µ] β] ,

(6.1b)

for the energy-momentum tensor and spin tensor of the linearised gravitational field. These
were obtained, together with the harmonic gauge condition
∂ µ h̄µν = 0,

(6.2)

by considering the local exchange of energy, momentum, and angular momentum between
matter and linear gravity. The gravitational energy-momentum tensor (6.1a) is the unique
symmetric tensor, quadratic in hµν and free of second derivatives, which accounts for the
energy-momentum exchanged locally with matter, as quantified by equation (3.10). This
solution only exists when the field condition (6.2) is met, which has the highly beneficial
effect of constraining the gauge of the gravitational field, without limiting the physical
applicability of our results.
The spin tensor (6.1b) represents a collection of intrinsic spin current-densities; in
combination with the “orbital” angular momentum defined by τµν , this tensor determines
the gravitational angular momentum current-densities
jµν α = 2x[µ τν] α + sαµν ,

(6.3)
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which account for the local exchange of angular momentum with matter (4.14). In order
to obtain a unique formula for the spin tensor, it was necessary to demand that sαµν
obey two simple conditions: first, the spin of a gravitational plane-wave must flow in the
direction of propagation of the wave (4.24), and second, the gravitational field must be
free of infinite pressure gradients (4.34).
The tensors τµν and sαµν display an array of notable properties in various regimes, a
summary of which can be found in table 6.1. The most remarkable of these is the positivity
property of τµν : for all observers, whenever hµν is transverse-traceless, the gravitational
energy-density is non-negative, and gravitational energy-flux is timelike or null. This is
an extremely valuable property that has not been seen in any previous localisation of
gravitational energy-momentum. It extends the dominant energy condition to include the
energy-momentum of the gravitational field, and ensures that τµν provides a description
of gravitational energy-momentum that makes intuitive sense on local scales. It is also
fortuitous that the positivity of τµν is displayed when the field is transverse-traceless, as
transverse-tracelessness can always be achieved (for the dynamical part of the field at
least) by a gauge transformation, extinguishing the small amount of gauge freedom that
remains after enforcing the harmonic gauge condition (6.2).
This transverse-traceless gauge-fixing programme was further motivated by an analysis of the energy-momentum (and angular momentum) transferred onto an infinitesimal
detector,
T00 = M δ(~x) + 21 Iij ∂i ∂j δ(~x),
T0i = 12 (I˙ij − Lij )∂j δ(~x),

(6.4)

Tij = 12 I¨ij δ(~x).
By splitting the incident gravitational field into a series of pulses, and averaging over the
infinitesimal interaction region (4.42), one arrives at a local and completely gauge-invariant
measure of the energy, momentum and angular momentum exchanged with the detector:
tt
¨
R/ = − 1 δ(~
h∂ µ τµν iM
4 x)Iij ∂ν hij ,
H

(6.5a)

¨
h∂α jij α iR δ = δ(~x)htt
k[i Ij]k .

(6.5b)

The same results can be achieved, without the microaveraging process, simply by insisting
that the incident field be expressed in transverse-traceless gauge. Thus, the transversetraceless programme removes the final gauge-ambiguity of τµν and sαµν in a manner that is
consistent with the gauge-invariant energy-momentum absorbed by infinitesimal detectors,
whilst simultaneously ensuring that the gravitational energy-density is positive and the
gravitational energy-flux is causal.
In addition to accounting for the energy-momentum and angular momentum lost and
gained by matter, τµν and sαµν play two other major roles within the theory. Firstly,
they are Noether currents associated with the translational and rotational symmetry of
linearised general relativity. Secondly, they occur as the quadratic terms in perturbative
156

expansions of the Einstein and Einstein-Cartan field equations, generating gravity alongside material energy-momentum and spin.
I demonstrated that τµν and sαµν were indeed Noether currents by constructing a
Lagrangian

e 
L≡
Ďµ̄ hᾱβ̄ Ďµ̄ h̄ᾱβ̄ − 2Ďµ̄ h̄µ̄ᾱ Ďν̄ h̄ν̄ ᾱ + 2h̄µ̄ν̄ Řᾱµ̄ν̄ β̄ h̄ᾱβ̄ ,
(6.6)
4κ
which “gauged” the translational and rotational symmetries of the Fierz-Pauli massless
spin-2 field. This Lagrangian prescribes the field equations of linear gravity (5.5) and,
according to standard variational techniques (5.12), defines Noether currents
κτ̄µν = 14 ∂µ hαβ ∂ν h̄αβ − 21 ∂µ h̄να ∂β h̄αβ ,

(6.7a)

κsαµν = 2h̄β[ν ∂ [α h̄µ] β] + δ[να h̄µ] β ∂γ h̄γ β ,

(6.7b)

which reduce to the familiar formulae (6.1) in harmonic gauge (6.2). In fact, these Noether currents are the unique generalisation of τµν and sαµν that can be derived from a
covariantised Fierz-Pauli Lagrangian, in which τµν remains free of second derivatives.
To reveal the role played by τµν and sαµν in the dynamics of general relativity, I
considered the following expansion of the metric:
φ∗ gab = ǧab + hab + hac hcb /2.

(6.8)

Under this expansion, the quadratic approximation of the vacuum Einstein field equations
(5.35) was seen to take the form
b µν αβ hαβ = κ τµν + ∂α (sµν α + sνµ α − sαµν )/2
G



= κtµν ,

(6.9)

in which τµν and sαµν combine to form a Belinfante energy-momentum tensor (5.30)
and this combination acts as a source term in the gravitational wave-equation. In order
to disentangle the combination of spin and energy-momentum on the right-hand side of
equation (6.9), I performed a similar calculation within the Einstein-Cartan formalism.
Under the field expansion
φ∗ eaµ̄ = δµa − f aµ /2 + f aν f νµ /8,
φ∗ ωa µ̄ν̄ = waµν − f waµν /2 + waβ [ν f µ]β + fβ [µ ∂a f ν]β /4,

(6.10a)
(6.10b)

the quadratic approximation to the vacuum Einstein-Cartan field equations ((5.51) and
(5.57)) were found to be
2∂[µ wα]ν α − ηµν ∂α wβ αβ = κτµν ,
α
∂[µ f α ν] + 2w[µ α ν] + δ[µ|
(∂|ν] f − ∂β f β |ν] − 2wβ β|ν] ) = κsαµν .

(6.11a)
(6.11b)

Thus, in a theory of gravity which maintains the separate identities of material energymomentum and spin, τµν and sαµν likewise occur as distinct objects in the dynamical
equations.
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Many key features of the framework were illuminated by the metric expansion (6.8).
In particular, if one applies this perturbation to the Einstein-Hilbert action, then the
Lagrangian of equation (6.6) arises as the quadratic part of the integrand, modulo surface
terms. The expansion (6.8) is also notable in its own right, as it occupies a “central” point
between the linear metric perturbation (5.31) and the linear inverse metric perturbation
(5.34). The symmetry of this expansion can be extended to all orders by defining the
metric according to an exponential gravitational field,
φ∗ gab ≡ [eh/2 ]ca ǧcd [eh/2 ]db ;

(6.12)

without further investigation, however, it is unclear whether this is definition is particularly
suited for the localisation gravitational energy-momentum.
The results of this thesis are limited in so far as they only apply to general relativity
and Einstein-Cartan gravity in their linear and quadratic approximations. At present,
it is far from clear what approach should be taken to extend the framework beyond this
regime, nor which properties of τµν and sαµν can be preserved in the full theory. That said,
the new field definitions (6.8), (6.10), and (6.12) provide valuable clues as to how progress
might be made. For instance, one might attempt to construct a Belinfante tensor for
the full theory by expanding the vacuum Einstein field equations (5.35) according to the
exponential gravitational field (6.12), identifying all terms at quadratic order and higher
with κtµν . Following this, one would need to disentangle the spin and energy-momentum
from within this Belinfante tensor; hopefully, this separation can be rendered unique by
the requirement that τµν be free of second derivatives. Alternatively, one could keep τµν
and sαµν separate from the start, rewriting the Einstein-Cartan formalism in terms of
fields which reduce to (6.10) at quadratic order. Whatever route is taken, the main aim
of the endeavour should be to maintain the notable properties of τµν and sαµν at higher
orders; hopefully, some combination will be sufficient to determine the tensors completely,
in addition to the gauge-fixing programme that will render them physically well-defined
in the full theory.
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Table 6.1: Properties of τµν and sα µν under various conditions.

Harmonic Gauge

Transverse-Traceless
∂i hij = 0

hµν

∂ µ h̄µν = 0

hµ0 = 0
h=0

Harmonic Plane-Wave
hµν = hµν (kα xα ),

Static

k µ h̄µν = 0

kµ = (1, −1, 0, 0)
h+ ≡ (h22 − h33 )/2, h× ≡ h23

!

h̄00 = −4Φ(~x)
h̄µi = 0

v µ τµν v ν ≥ 0
τµν

1
κτ̄µν = ∂µ hαβ ∂ν h̄αβ
4

v µ τµα τ αν v ν ≤ 0
α

1
κτµν = kµ kν (ḣ2+ + ḣ2× )
2

κτ̄µν = 2∂µ Φ∂ν Φ

∀ vα v ≤ 0

sα

µν

κsαµν

=

2h̄β[ν ∂ [α h̄µ] β]

sα0i = 0
sααµ = 0

sαµν ∝ k α
κsα23 = k α (h× ḣ+ − h+ ḣ× )

sαµν = 0
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