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Abstract

We have studied the pendulum thermal fluctuation caused by induced cur-

rents, which are a type of the viscous damping, in the CLIO (Cryogenic

Laser Interferometer Observatory) gravitational wave detector . This thesis

focuses on conductors around magnets glued onto a mirror as the thermal

noise sources. There are two conductive parts near each mirror in a grav-

itational wave detector: the coil circuits and coil holder. The coil circuit

is a part of a coil-magnet actuator used in the operation of the interferom-

eter. That coils are supported by the coil holder. The sensitivity of the

CLIO interferometer was improved, by replacing a conductive coil holder

with an electrically isolated one. I confirmed that the noise spectrum of

the CLIO sensitivity almost agreed with the theoretical estimate using the

fluctuation-dissipation theorem (FDT). Moreover, we directly measured the

pendulum thermal fluctuation due to the coil circuit in an off-resonant and

wide-frequency region. The shift of the noise floor was observed as the dissi-

pation was changed by using three patterns of coil-circuit resistances. These

measurements well agreed with the theoretical prediction, which was derived

by the FDT. In other words, this is the first time that the FDT for the

mechanical systems has been validated experimentally above the resonance

frequency. Owing to this study, it was found that the coil circuits in the

old setup also caused the thermal noise that was comparable with the design

sensitivity in CLIO. The thermal noise from the coil circuits were reduced

by decreasing the actuator response and increasing the output impedance of

the coil driver.
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Chapter 1

Introduction

Gravitational waves (GWs) were predicted by A. Einstein from the gen-

eral theory of relativity in 1916 [1]. GWs are ripples of space-time with

the velocity of light, which are emitted by the accelerative motion of mass,

analogous to the emission of electromagnetic waves due to the accelerative

motion of charged particles. Because the interaction between matter and

GWs is extremely weak, it is thought that observable GWs are only caused

by astronomical events.

R. A. Hulse and J. H. Taylor [2] observed that the orbital period of a

binary pulsar (PSR 1913+16) decreased over time. The change in the orbital

period agreed well with that calculated from relativity, in which it is assumed

that energy is emitted by GWs. This result indirectly proved the existence

of GWs, and Hulse and Taylor received the Nobel Prize in Physics in 1993.

However, nobody has ever observed GWs “directly”. The direct observa-

tion of GWs would not only experimental check of Einstein’s prediction, but

also allow the use of new techniques in astronomy using GWs. Sources of

GWs are thought to include the coalescence of binary pulsars, a supernovas,

black holes, and the inflation of the universe. There are some phenomena

that can not be observed by electromagnetic waves and neutrinos, but only

GWs. The direct observation of GWs would contribute to progress in both

astronomy and cosmology.
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CHAPTER 1. INTRODUCTION

Studies on the direct observation of GWs have been carried out. The

sensitivity and observable frequency range of GW detectors have improved

over time. In the United States of America, there are GW detectors of LIGO

(Laser Interferometer Gravitational Wave Observatory) [3] project, which are

composed of two laser interferometers with 4 km arms and one with 2 km

arms. In Italy, there is a GW detector of VIRGO (named after the Virgo

cluster) [4] project that has a 3-km-long interferometer. In Germany, the

GW detector GEO600 [5] has a 600-m-baseline interferometer. In Australia,

the AIGO (Australian International Gravitational Observatory) [6] project

is currently being discussed as a future project.

In Japan, there are two GW detectors [7]. One is TAMA300 [8, 9], which

is located in the National Astronomical Observatory of Japan in Mitaka, near

Tokyo. The other is CLIO (Cryogenic Laser Interferometer Observatory) [10,

11, 12, 13], which is placed in the Kamioka Observatory in Gifu prefecture.

CLIO is a prototype interferometer for the next Japanese GW telescope

project LCGT (Large-scale Cryogenic Gravitational-wave Telescope) [14].

The main goal of CLIO is to demonstrate an improved sensitivity through

the reduction of thermal noise by cooling the mirrors. GW detectors must

have ultraprecise sensitivity. Therefore, despite its small quantity, even the

thermal fluctuation in GW detectors is a matter of concern. GW detectors

consist of mirrors suspended by pendulums to bring them close to a state

of free mass. Thermally excited mechanical vibrations of the mirrors them-

selves and their suspensions may determine the fundamental limits of GW

detectors.

Direct observations of the thermal fluctuation of the mirror have been

performed by Numata et al. [15] and Black et al. [16]. They identified the

thermal fluctuation using the fluctuation-dissipation theorem (FDT) [17, 18],

which was used to evaluate the fluctuation from the dissipation in thermal

equilibrium. In these experiments, the thermal fluctuation of the pendulum

could not be observed, because the seismic noise and mirror thermal fluctu-

ation had large amplitudes. The level of seismic noise was higher than that

2



of pendulum thermal fluctuation below the frequency of 100 Hz. The mirror

thermal fluctuation was also larger than the pendulum thermal fluctuation

above 10 Hz, because a small spot size (radii of 49 µm and 85 µm in Numata

et al. [15] and 160 µm in Black et al. [16]) was used on the mirror surface to

increase the mirror thermal fluctuation.

(5). Reference mass 

     (Conductors near magnets; 

       coil holders, coil bobbins) 

(4). Coil-magnet actuator 

     (Coil circuits) 

(3). Residual air 

(2). Clamp (Suspension point) 

(1). Suspension wires or fibers 

Pendulum thermal noise

Structure damping

Thermoelastic damping

Viscous damping 

(Velocity damping)

Dissipation mechanism

Air resistance

Induced current 

(Eddy current)

Dissipation source

Friction? 

Deformation?

Figure 1.1: Categories of pendulum thermal noise. Sources (4) and (5) are

focused on in this thesis.

Pendulum thermal fluctuation is caused by several sources of dissipation

that couple with the whole pendulum. Studies heve been performed on the

following sources of dissipation: internal loss in materials used as suspension

wires [19, 20], clamps of wires [21], residual air [19, 22, 23], coil-magnet

actuators [24], and a reference mass with coils [25, 26]. Figure 1.1 shows

the different categories of pendulum thermal noise. In the past, thermal
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CHAPTER 1. INTRODUCTION

noise due to eddy currents ((4) and (5) in Fig. 1.1) was sufficiently large to

compromise the design sensitivity of CLIO in the low-frequency region.

Through noise hunting, the sensitivity of CLIO was drastically improved.

One of the most important improvement was to get rid of pendulum thermal

noise by the coil holder ((5) in Fig. 1.1). We have verified the pendulum

thermal noise both theoretically and an experimentally. This result led to a

direct verification of the noise spectra estimated by Cagnoli et al. [25] and

Frasca et al. [26].

Furthermore, we performed a quantitative experiment to identify the pen-

dulum thermal noise due to induced currents. Identification of the pendulum

(mechanical harmonic oscillator) thermal noise has so far been limited to a

region with a width of only several times the resonance frequency [20, 22, 27].

In our experiment we measured the pendulum thermal fluctuation in an off-

resonant region and also in a wideband region of over one decade, which is

close to the most likely band in which GWs are expected to be detected

(around 100 Hz). This was the first successful identification of thermal fluc-

tuation above the resonance frequency in a wide frequency region. The ob-

served fluctuations were extremely small value of about 2× 10−18 m/
√

Hz at

100 Hz. The seismic noise was reduced by the quiet environment; CLIO is

located 1000 m underground. The mirror thermal noise was also reduced ow-

ing to the large spot size (radii of 4.9 mm and 8.5 mm, at which the electric

field decreased by a factor of 1/e) of the laser on the mirror surface. The

quality factors of our pendulums using 1.8 kg mirrors were on the order of

105, and were not smaller than those of the current km-scale interferometer

pendulums [3, 4]. To identify the thermal fluctuation of the pendulum, we

made use of coil-magnet actuators, which had a number of merits: One was

that the dissipation that occurred in the coil circuits was easy to control and

analyze. Another was that all of the parameters were measurable. Moreover,

the coil-magnet actuators did not cause any modification of the interferom-

eter components with changes in the dissipation in the coil circuits. These

merits allowed us to perform a highly reliable experiment.

4



The contents of this thesis are as follows. In Chapter 2, the methods

used to detect GWs and various GW detectors currently in use are intro-

duced briefly. In Chapter 3, the theoretical calculation of pendulum thermal

noise is reviewed as the background to the main theme in this thesis. In

Chapter 4, the GW detector CLIO is described. The main experiment was

performed at CLIO, which was used as a displacement sensor to detect pen-

dulum thermal fluctuation. In Chapter 5, the experiment on the main theme

in this thesis, the identification of pendulum thermal noise, is described. Two

results related to sources (4) and (5) in Fig. 1.1 are given. The conclusion of

this thesis is given in Chapter 6.
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Chapter 2

Detection of gravitational

waves

2.1 Gravitational waves

According to the theory of general relativity, the distance between a space-

time point, xµ, and a different point separated by an infinitesimal distance,

dx, is defined as

ds2 = gµνdxµdxν . (2.1)

Here, µ and ν are numbers from 0 to 3, so that xµ = (x0, x1, x2, x3) =

(−ct, x, y, z). gµν is a metric tensor of space-time. The metric tensor, which

expresses the curvature of space-time, can be obtained from the solution of

the Einstein equation

Rµν −
1

2
gµνR =

8πG

c4
Tµν . (2.2)

Here, G is the gravitational constant, c is the light velocity, Rµν is the Ricci

tensor, R is the Ricci scalar, and Tµν is the energy-momentum tensor. The

Ricci tensor and Ricci scalar are written as

Rµν =
∂Γρ

µν

∂xρ
−

∂Γρ
µρ

∂xν
+ Γρ

µνΓ
σ
ρσ − Γρ

µσΓσ
νρ (2.3)

and

R = gµνRµν , (2.4)

7



CHAPTER 2. DETECTION OF GRAVITATIONAL WAVES

respectively. Here, Γµ
ρσ is the Christoffel symbol, where

Γµ
ρσ = gµν(

∂gσν

∂xρ
+

∂gρν

∂xσ
− ∂gρσ

∂xν
). (2.5)

When a gravitational wave is regarded as a perturbation of the Minkowski

space, the metric tensor can be written as

gµν = ηµν + hµν . (2.6)

Here, h is the term representing the gravitational wave, where | hµν |¿ 1,

and ηµν is the Minkowski space, defined as

ηµν =


−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 . (2.7)

Using Eq. (2.6), the Einstein equation in vacuum gives the wave equation in

terms of hµν :

¤hµν = 0, (2.8)

¤ = ∇2 − 1

c2

∂2

∂t2
, (2.9)

where ¤ is called the d’Alembertian. The derivation of Eq. (2.8) is given

in Refs. [1, 28, 29] and in many theses on this field. Wave solutions of

this equation indicate the existence of gravitational waves. By applying the

condition of the transverse-traceless gauge to Eq. (2.8), a gravitational wave

propagating in the Z direction is expressed as

hµν =


0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0

 (2.10)

This result implies that h+ and h× are polarizations of the gravitational wave.

8



2.2. DETECTION USING INTERFEROMETER

2.2 Detection using interferometer

2.2.1 Michelson interferometer

The Michelson interferometer is one of the most well-known configurations of

GW detectors. This interferometer can be used to directly observe the change

in space-time caused by GWs by detecting the amplitude of the interference

fringe. Figure 2.1 shows a schematic diagram of the Michelson interferometer.

The incident laser beam is divided by a beam splitter (BS). After reflection

by the end mirrors, the lasers interfere at the BS. If the arm lengths, l1 and l2,

are differentially changed then the interference fringe at the point of detection

changes. The impinging gravitational wave given by h+ in Eq. (2.10) causes

the differential change in the lengths of the two arms with the right angle.

Beam

Splitter

Laser

source

Mirror

Photo detector

l
1

l
2

y

x

Figure 2.1: Michelson interferometer.
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CHAPTER 2. DETECTION OF GRAVITATIONAL WAVES

2.2.2 Response of Michelson interferometer

A change in space-time causes a phase shift of the laser. Let us consider

that a gravitational wave given by h+ in Eq. (2.10) enters the Michelson

interferometer. A photon in the x direction passes a line element given by

ds2 = −c2dt2 + {1 + h(t)}dx2 = 0. (2.11)

Then,

{1 − 1

2
h(t)}cdt = dx. (2.12)

Here, h(t) ¿ 1 and dx
dt

> 0 are used. When δt1 is defined as the round-

trip time of a photon between the BS and the end mirror, the integration of

Eq. (2.12) gives ∫ t

t−δt1

{1 − 1

2
h(t′)}cdt′ =

2l1
c

. (2.13)

δt1 is obtained as

δt1 =
2l1
c

+
1

2

∫ t

t−δt1

h(t′)dt′ (2.14)

' 2l1
c

+
1

2

∫ t

t− 2l1
c

h(t′)dt′. (2.15)

Here, the approximation δt1 ' 2l1
c

is used because h(t) ¿ 1. The phase shift

of the light after one round trip is

φ1 = Ωδt1 (2.16)

= Ω

(
2l1
c

+
1

2

∫ t

t− 2l1
c

h(t′)dt′

)
, (2.17)

where the angular frequency of the laser is defined as Ω. Taking the differ-

ential change in space-time into account, the phase shift of the arm in the y

direction is

φ2 = Ω

(
2l2
c

− 1

2

∫ t

t− 2l2
c

h(t′)dt′

)
. (2.18)

The phase difference between these two arms, defined as φ− ≡ φ1 − φ2, is

calculated as

φ− =
2l−Ω

c
+ Ω

∫ t

t− 2l
c

h(t′)dt′. (2.19)

10



2.3. MAIN DISTURBANCES IN INTERFEROMETER

Here, l1 ' l2 ' l and l− = l1 − l2 are used. By substituting the Fourier

transformation of h(t) for the second term of Eq. (2.19), we obtain

φ− =

∫ ∞

−∞

2Ω

ω
sin

(
lω

c

)
e−i lω

c (ω)eiωtdω, (2.20)

with l− = 0. Therefore, the response of the Michelson interferometer is given

by

HMI(ω) =
2Ω

ω
sin

(
lω

c

)
e−i lω

c . (2.21)

This means that the sensitivity of the Michelson interferometer depends on

the frequency of GWs. The best sensitivity is obtained when the relation

lω

c
=

π

2
(2.22)

is satisfied. The optimal length, l, is about 750 km for a GW of 100 Hz.

This is not a realistic value from a practical viewpoint. This is why, a Fabry-

Perot (FP) cavity is utilized in current GW detectors to extend the light

path length with a realistic baseline.

2.3 Main disturbances in interferometer

There are many different sources of noise in GW detectors. In this section,

the main disturbances that may limit the sensitivity in the observation band

(10 Hz - 1 kHz) are described. These disturbances determine the design

sensitivity in current GW detectors.

2.3.1 Seismic noise

The ground is subjected to continuous seismic vibrations. Seismic vibrations

can be modeled as√
GSeis =

β

f2
[m/

√
Hz], (f > 0.1 Hz) (2.23)

where β is 10−7 m Hz3/2 in an urban area such as the TAMA site and 10−9 m Hz3/2

in Kamioka mine, where CLIO is located [30, 31]. The amount of vibration

11



CHAPTER 2. DETECTION OF GRAVITATIONAL WAVES

depends on the weather and the existence and condition of sea waves. The

mirror (test mass) is intended to be isolated from the seismic vibrations by

multiple suspensions. This seismic noise dominates the sensitivity in the low-

frequency region. The isolation ratio resulting from the suspensions is better

when the frequency is higher.

2.3.2 Thermal noise

Even thermal fluctuation is a matter of concern for GW detectors despite its

small quantity. GW detectors consist of mirrors suspended by pendulums to

bring them close to the state of free mass. Therefore, thermal noise can be

classified into two categories. One is mirror thermal noise, which is caused by

the mirror substrate and coating. The noise spectra for CLIO are estimated

in Chapter 4. The other is pendulum thermal noise, which is the main theme

of this thesis and is described in detail in Chapters 3 and 5. These two classes

of thermal noise are both estimated using the FDT (see Chapter 3).

2.3.3 Shot noise

Shot noise is caused by the fluctuation of the number of photons received by

a photodetector (PD). The sensitivity of GW detectors is affected by shot

noise in the high-frequency region. The shot noise of a PD is given by [32]

√
GShot(f) = lc ×

√
~λ[1 + (τsω)2]

4πcPiτ 2
s

, (2.24)

where

τs =
2lcF
πc

=
2lc
c

√
r1r2

1 − r1r2

. (2.25)

Here,
√

GShot is the one-sided power spectrum density corresponding to the

mirror displacement noise, which includes the signal to noise ratio. lc is

the length of the FP cavity, ~ is the reduced Planck’s constant, λ is the

wavelength of the laser, c is the light velocity, η is the quantum efficiency

of the PD, Pi is the power of laser incident to the FP cavity, and F is the

12



2.4. GRAVITATIONAL WAVE DETECTORS

finesse of the cavity defind as π
√

r1r2/(1 − r1r2), where, two mirrors of the

FP cavity have each reflectance of r1 and r2 for an electric field. To reduce

shot noise, a high-power laser is required.

2.4 Gravitational wave detectors

2.4.1 Japanese interferometers

There are two interferometric GW detectors in Japan, CLIO and TAMA300.

As a future project, LCGT is being studied and its precise design is in

progress. Some of the work carried out at CLIO and TAMA300 is related to

the development of the fundamental technology for LCGT.

• CLIO

The experiments in this thesis were performed at CLIO (Cryogenic Laser

Interferometer Observatory). CLIO is located in the Kamioka facility, which

is 220 km away from Tokyo and located 1000 m underground, where there is

little seismic noise. The CLIO interferometer has a baseline of 100 m. The

main goal of CLIO is to reduce mirror thermal noise by cooling the mirrors,

Details of which are described in Chapter 4. The same cooling technique

is to be applied to LCGT. The underground site and cooling technique are

unique features of CLIO.

• TAMA300

TAMA300 is located in the city of Mitaka, near Tokyo. The baseline

is 300 m. Its configuration is power-recycled FP Michelson interferometer.

As the elemental technology for LCGT, a seismic attenuation system (SAS,

called TAMA-SAS) [9, 33, 34, 35] has been installed and studied in recent

works. The study of the variable-bandwidth technique (known as resonant

sideband extraction) is in progress.

13



CHAPTER 2. DETECTION OF GRAVITATIONAL WAVES

• LCGT

LCGT (Large-scale Cryogenic Gravitational-wave Telescope) [14] is also planned

to be located in Kamioka mine. The goal of LCGT is the first detection of

a GW. Its baseline is 3 km. The seismic noise is reduced by the SAS and by

the quiet location of Kamioka mine. Thermal noise is suppressed by cooling

mirrors and suspensions. Shot noise is lowered using a high-power 75 W laser

(at the BS). The variable-bandwidth technique is utilized.

2.4.2 Interferometers abroad

After a competition for the first detection of a GW, the worldwide coopera-

tion is necessary to carry out the all-sky observation of GWs.

• LIGO

LIGO (Laser Interferometer Gravitational Wave Observatory) [3] is a project

of the United States of America. It contains two interferometers with a 4

km baseline and one with a 2 km baseline. LIGO has the world’s highest

sensitivity of around 100 Hz.

• VIRGO

VIRGO (named after the Virgo cluster) [4] is a project of Italy and France.

Its baseline is 3 km. VIRGO has a super-attenuator (SA) [36, 37], which is

a high-performance seismic isolator. TAMA-SAS is based on the SA.

• GEO600

GEO600 [5] is a project of Germany and the United Kingdom. Its baseline

is 600 m. GEO has a signal recycling technique, which is another variable-

bandwidth method.
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Figure 2.2: Comparison of sensitivities of GW detectors around the world.

2.4.3 Comparison of sensitivities around the world

Figure 2.2 shows the sensitivities of current GW detectors around the world.

Note that these sensitivities are the displacement noise of the interferometers.

The displacement noise, DS, and strain sensitivity, h, are related by

h =
DS

L
, (2.26)

where L is the baseline of the interferometer. Hence, an interferometer with a

longer baseline has a higher sensitivity to GWs. The level of the displacement

noise of CLIO, described in section 5.3, is now comparable with that of other

interferometers [38] around the world. In particular, the noise level is lower

than that of LIGO below 30 Hz owing to the use of the Kamioka site and

multiple suspensions.
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Chapter 3

Thermal fluctuation of

pendulum

The thermal fluctuation is calculated using the FDT [17, 18]. The FDT

indicates that the existence of energy loss (dissipation) causes the fluctuation

to the dissipated object. In this chapter, we review useful equations based

on this theory and its application to a pendulum subjected to dissipation

mechanisms [19, 39].

3.1 Fluctuation-dissipation theorem

A number of expressions can be used to describe a mechanical response.

The transfer function from the force applied to an observed object, F , to a

displacement, x, of an observed object in the frequency domain is defined as

H(ω) ≡ x̃(ω)

F̃ (ω)
. (3.1)

Also, the mechanical impedance is given by

Z(ω) ≡ F̃ (ω)

iωx̃(ω)
(3.2)

=
1

iωH(ω)
. (3.3)
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CHAPTER 3. THERMAL FLUCTUATION OF PENDULUM

There are other response functions. The mechanical resistance is

R(ω) ≡ Re[Z(ω)], (3.4)

the mechanical admittance is

Y (ω) ≡ 1/Z(ω), (3.5)

and the mechanical conductance is

σ(ω) ≡ Re[Y (ω)]. (3.6)

Using the formula for mechanical conductance, the fluctuation, Gx (the

one-sided power spectrum of x), is expressed by the FDT as

Gx(f) =
4kBTσ(ω)

ω2
, (3.7)

where ω = 2πf , f is the frequency, kB is the Boltzmann constant, and T is

the temperature. This is called the first FDT. From the relations Re[Z] =

(Z +Z∗)/2 and Im[Z] = (Z−Z∗)/(2i), the conductance, σ, can be expressed

as −ω Im[H]. Thus, Eq. (3.7) is rewritten as

Gx(f) = −4kBT Im[H]

ω
. (3.8)

The mechanical conductance and the imaginary part of the transfer function

represent the mechanical dissipation. Furthermore, the thermal driving force

(fluctuating force) is given by

Gf (f) = 4kBTR(ω). (3.9)

This is called the second FDT, which agrees with the Nyquist relation [40]

of

< V 2 >= 4kBTR ∆f. (3.10)

Here, V is the thermal electromotive force due to the resistance, R, in a

circuit, and ∆f the band width. The second FDT is consistent with the

18



3.2. APPLICATION OF THE FDT TO A PENDULUM

first FDT. The thermal driving force given by Eq. (3.9) is transmitted by the

transfer function as

Gx(f) = Gf (f) | H(ω) |2 (3.11)

=
4kBT

ω2

Re[Z(ω)]

| Z(ω) |2
(3.12)

=
4kBT

ω2
Re

[
1

Z(ω)

]
(3.13)

=
4kBTσ(ω)

ω2
. (3.14)

The final expression is the first FDT.

3.2 Application of the FDT to a pendulum

3.2.1 Harmonic oscillator

The equation of motion of a harmonic oscillator is given as

mẍ + Kx = F (t). (3.15)

Here, m is mass of the oscillator, x is the displacement, K is the spring con-

stant, and F is the force applied to the oscillator. The Fourier transformation

of Eq. (3.15) can be expressed as

−mω2x̃ + mω2
0[1 + iφ(ω)]x̃ = F̃ , (3.16)

where the spring constant can be considered by including its complex part

as

K ≡ k(1 + iφ). (3.17)

Here, k is the real part of the spring constant, φ is the loss angle, which

represents dissipation. The resonant frequency, ω0, of the oscillator has the

relation k = mω2
0. From Eq. (3.16) and Eq. (3.2), the mechanical impedance

Z(ω) =
−mω2 + mω2

0[1 + iφ(ω)]

iω
(3.18)
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CHAPTER 3. THERMAL FLUCTUATION OF PENDULUM

is obtained. By applying the first FDT to Eq. (3.18), the thermal fluctuation

is derived as [19]

Gx(f) =
4kBT

mω

ω2
0φ(ω)

(ω2 − ω2
0)

2 + ω4
0φ

2(ω)
. (3.19)

This is the thermal fluctuation of a harmonic oscillator (or a pendulum).

3.2.2 Two-mode oscillator

In GW detectors, multistage pendulums are used to suspend mirrors. The

simplest example of a multistage pendulum is a double pendulum, which is

modeled as a two-mode oscillator. The equations of motion of the interme-

diate mass and final (test) mass are written as

M1ẍ1 + K1x1 − K2(x2 − x1) = 0, (3.20)

M2ẍ2 + K2(x2 − x1) = F (t). (3.21)

Here, the subscripts 1 and 2 denote the intermediate mass and final mass,

respectively. For instance, K1 indicates the spring constant of the first-stage

pendulum. By substituting Kj = mjω
2
j (1+ iφj) ; j = 1, 2 for K1 and K2, the

above equations are rewritten as

M1[−ω2 + ω2
1(1 + iφ1)]x̃1 − M2ω

2
2(1 + iφ2)(x̃2 − x̃1) = 0, (3.22)

−M2ω
2x̃2 + M2ω

2
2(1 + iφ2)(x̃2 − x̃1) = F̃ . (3.23)

The mechanical impedance of the final mass can be calculated using the

above equations.

Z(ω) =
F̃

iωx̃2

=
−M2ω

2 + M2ω
2
2(1 + iφ2)

iω

− M2
2 ω4

2(1 + iφ2)
2

iω[−M1ω2 + M1ω2
1(1 + iφ1) + M2ω2

2(1 + iφ2)]
(3.24)

≈ −M2ω
2 + M2ω

2
2(1 + iφ2)

iω
. (ω À ω0) (3.25)
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3.3. DILUTION FACTOR

The second term of Eq. (3.24) is neglected in the case of ω À ω0. Equa-

tion (3.25) only contains the subscript 2 and agrees with Eq. (3.18), which

means that the thermal fluctuation of the final mass suspended by a multi-

stage pendulum can be calculated using only the final-stage pendulum.

3.3 Dilution factor

A pendulum consists of a mass and suspensions. There is a fixed relationship

between the loss angle of the pendulum, φp, and that of the suspension wires,

φw. According to Ref. [19],

φp = φw
Eel

Egrav + Eel

≈ φw
Eel

Egrav

, (3.26)

where Eel and Egrav represent the energy stored in the flexing wire and in

the gravitational field, respectively. Using the fact that Eel/Egrav = kel/kgrav,

the relationship between φp and φw can be evaluated. The spring constant of

the pendulum has been found to be kgrav = mg/l for a pendulum of length l.

The elastic spring constant of n wires is kel = n
√

TEI/(2l2). Here, T is the

tension per wire, E is the Young’s modulus, and I is the moment of inertia

of the wire cross section. Therefore, Eq. (3.26) is rewritten as

φp = φwDdil, (3.27)

where Ddil is defined as

Ddil ≡
n
√

TEI

2mgl
. (3.28)

The term Ddil is called the dilution factor because the dissipation of the wire

is diluted.

3.4 Classification of types of dissipation

3.4.1 Viscous damping

Viscous damping is the most familiar damping mechanism and is also called

velocity damping. This damping is caused by a resistance force that is pro-
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portional to the velocity. For example, air resistance, eddy currents, and the

viscous resistance of a liquid are subjected to this damping mechanism. The

equation of motion of a harmonic oscillator with viscous damping is

mẍ + Γẋ + mω2
0x = F (t). (3.29)

Here, Γ is the damping coefficient (constant). By applying a Fourier trans-

formation, Eq. (3.29) can be rewritten as

(−mω2 + mω2
0 + iΓω)x̃ = F̃ . (3.30)

The comparison with Eq. (3.16) gives

Γ =
mω2

0φ

ω
. (3.31)

From the Q-factor definition (see Appendix A) of

Q =
1

φ(ω0)
, (3.32)

the relation between Γ and the Q-factor can be derived as

Γ =
mω0

Q
. (3.33)

Also, by comparing Eq. (3.33) with Eq. (3.31), the relation between the loss

angle, φ(ω), and the Q-factor is

φ(ω) =
ω

ω0Q
. (3.34)

This frequency dependence of the dissipation characterizes the viscous damp-

ing.

Thus, by substituting Eq. (3.34) into Eq. (3.19), the thermal fluctuation

of a pendulum due to viscous damping [19] is

Gx(f) =
4kBT

mQω

ω2
0

(ω2 − ω2
0)

2 + ω4
0/Q

2
. (3.35)
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3.4. CLASSIFICATION OF TYPES OF DISSIPATION

Approximate expressions for Gx(f) in the lower-frequency and higher-frequency

regions are respectively given by

Gx(f) =
4kBT

mω3
0Q

= const. (ω ¿ ω0) (3.36)

Gx(f) =
4kBTω0

mQ

1

ω4
∝ f−4. (ω À ω0) (3.37)

When we compare the thermal fluctuation with the sensitivity (the displace-

ment noise) of GW detectors,
√

G is employed. Hence,

√
Gx(f) ∝

const. (ω ¿ ω0)

f−2. (ω À ω0)
(3.38)

It has been shown that the thermal noise of a pendulum due to viscous

damping is inversely proportional to the square of the frequency in the high-

frequency region, which is the observation band of GW detectors.

3.4.2 Structure damping

Structure (structural) damping is a type of internal loss that is also called the

intrinsic loss. The characteristic of this type of dissipation is its independence

of frequency, and it is represented as

φ(ω) =
1

Q
= const. (3.39)

Then, using Eq. (3.19), the thermal fluctuation of a pendulum due to struc-

ture damping [19] is

Gx(f) =
4kBT

mQω

ω2
0

(ω2 − ω2
0)

2 + ω4
0/Q

2
. (3.40)

Approximate expressions for Gx(f) in the lower-frequency and higher-frequency

regions are

Gx(f) =
4kBT

mω2
0Q

1

ω
∝ f−1 (ω ¿ ω0) (3.41)

Gx(f) =
4kBTω2

0

mQ

1

ω5
∝ f−5, (ω À ω0) (3.42)
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and √
Gx(f) ∝

f−1/2 (ω ¿ ω0)

f−5/2. (ω À ω0)
(3.43)

It is worth emphasizing that the thermal noise of a pendulum due to structure

damping is inversely proportional to the frequency raised to the power of 2.5

in the high-frequency region, in contrast to the frequency dependence of

viscous damping. This difference originates from Eq. (3.34) and Eq. (3.39).

3.4.3 Thermoelastic damping

Thermoelastic damping is caused by thermal expansion. A local deformation

gives rise to a thermal gradient, which causes a force to act against the

deformation. The thermal diffusion of a material determines its response to

an expansion force. According to Ref. [19], the loss angle, φ(ω), is given by

φ(ω) = ∆
ωτr

1 + (ωτr)2
, (3.44)

where ∆ is the relaxation strength and τr is the relaxation time. ∆ is deter-

mined by

∆ =
Eα2

ET

ρC
. (3.45)

Here, E is the Young’s modulus, αE is the thermal expansion coefficient, T

is the temperature, ρ is the density of the material, and C is the specific heat

per unit mass. Note that this type of dissipation depends on the temperature.

The relaxation time, τr, characterizes the property of this type of dissipation.

In the case of a cylindrical wire, the characteristic frequency, fr, is

fr =
1

2πτr

= 2.16
D

d2
, (3.46)

where d is the diameter of the wire and D is the thermal diffusion coefficient,

given by

D =
κ

ρC
. (3.47)

Here, κ is the thermal conductivity.
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3.4. CLASSIFICATION OF TYPES OF DISSIPATION

Using Eq. (3.19), Eq. (3.44), Eq. (3.45), and Eq. (3.28), the thermal

fluctuation of a pendulum due to structure damping is written as

Gx(f) =
4kBT

mω

ω2
0

(
∆

ωτr

1 + (ωτr)2
Ddil

)
(ω2 − ω2

0)
2 + ω4

0

(
∆

ωτr

1 + (ωτr)2
Ddil

)2
(3.48)

≈ 4kBT 2ω2
0

mω5

Eα2
E

ρC

f/fr

1 + (f/fr)2
Ddil. (ω À ω0) (3.49)

The final term is approximated when ω À ω0 because the observation band is

sufficiently larger than the pendulum resonance frequency. The slope of the

noise spectrum has the following dependence on the characteristic frequency,

fr. √
Gx(f) ∝

f−2 (ω0 ¿ ω < fr)

f−3. (ω0 ¿ ω, and, fr < ω)
(3.50)
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Chapter 4

Thermal-noise-limited

interferometer (CLIO)

4.1 Overview of CLIO

4.1.1 Goal

CLIO [10, 11, 12, 13], is a prototype of the next Japanese gravitational wave

(GW) telescope project LCGT [14], featuring the use of cryogenic mirrors and

a quiet underground site. The cryogenic technique is important for achieving

the target sensitivity of LCGT. However, nobody has ever confirmed the

thermal noise reduction resulting from the use of cooling mirrors. The main

goal of CLIO is to demonstrate the improvement of sensitivity through the

reduction of mirror thermal noise by cooling the sapphire mirrors. Figure 4.1

shows the target sensitivity of CLIO. The design sensitivity is limited by the

mirror thermal noise and suspension thermal noise around 100 Hz at room

temperature, which will be reduced by cooling.

4.1.2 Initial design sensitivity

The estimates of noise in Fig. 4.1 are only the dominant components. The

mirror thermal noise and suspension thermal noise have various sources and
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Figure 4.1: Target sensitivity of CLIO.

mechanisms. Figure 4.2 shows the thermal noise generated by the main

dissipation mechanisms of the mirrors and suspensions. This is the initial

design sensitivity. The mirrors are made of sapphire and are suspended by

multistage pendulums with sapphire fibers used in the final stage. The values

of parameters used in these estimates are given in Table 4.1 and Table 4.2,

which also show the notation used in the following equations.

The seismic noise is calculated from

√
GSeis =

10−9

f 2
×

(
5

f

)12

. (4.1)

The term 10−9/f2 is used to model the seismic vibration in Kamioka mine.

The term (5/f)12 is the transfer function of a seismic isolation system with

6-stage pendulums; the resonance frequency is 5 Hz.
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Figure 4.2: Initial design sensitivity of CLIO.
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Using Eq. (2.24), the shot noise is estimated from

√
GShot(f) = 2lc ×

√
~λ[1 + (τsω)2]

4πcP0τ 2
s

, (4.2)

where

τs =
2lcF
πc

=
2lc
c

√
r1r2

1 − r1r2

. (4.3)

Two PDs are used. For simplicity, the quantum efficiency of the PDs is

assumed to be unity. The incident laser power at the BS is 0.5 W.

The mirror thermal noise was well identified by Numata et al. [15] and

Black et al. [16]. Each mirror consists of a substrate and a reflective coat-

ing, which are both noise sources. The substrate has two main dissipation

mechanisms. One is structure damping. According to Ref. [15], the noise

spectrum resulting from structure damping is given by

GSB(f) =
4kBT

ω

1 − σ2

√
πEw0

φsub(f). (4.4)

The other is thermoelastic damping, whose noise spectrum is written as

GST(f) =
16√
π

α2
E(1 + σ)2kBT 2

ρ2C2

κ

w3
0

1

ω2
Ω2J(Ω). (4.5)

Here, Ω is the normalized frequency characterized by Ω = ω/ωc, where ωc =

2κ/(ρCw2
0). J is a shape function given by

J(Ω) =

√
2

π3/2

∫ ∞

0

du

∫ ∞

−∞
dv

u3e−u2/2

(u2 + v2)[(u2 + v2)2 + Ω2]
. (4.6)

This function is approximated as

J(Ω) =


1

2
√

2 Ω1/2
(Ω ¿ 1)

1

Ω2
. (Ω À 1)

(4.7)

The Brownian motion of the mirror coating due to structure damping is

expressed as

GCB(f) = GSB(f)

(
1 +

2√
π

1 − 2σ

1 − σ

φcoat

φsub

dcoat

w0

)
. (4.8)
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The coating film consists of multilayered films of SiO2 and Ta2O5. The mirror

thermal noise is dominated by the thermoelastic damping of the bulk at room

temperature as shown in Fig. 4.2. By cooling the mirrors, the thermoelastic

dissipation is reduced, and the mirror-coating noise becomes the primary

noise source at 20 K. Cooling the sapphire mirrors and suspensions greatly

increases the thermal diffusion coefficient of the mirrors, D (see Table 4.2).

The characteristic frequency, ωc/2π (as Ω = 1), is increased from 0.19 Hz

to 7.6 × 104 Hz at the front mirror with the increase in D. Then, J in the

observation band is applied to each temperature, where

J(Ω) =


1

2
√

2 Ω1/2
(20 K)

1

Ω2
. (300 K)

(4.9)

Therefore, the frequency dependence of thermal noise due to thermoelastic

damping is also changed from f−1 to f−1/4 around 100 Hz (the red line

in Fig. 4.2). The mirror thermal noise from the thermoelastic damping is

independent of the beam radius, w0, at 20 K.

The suspension thermal noise is calculated using Eq. (3.37), Eq. (3.42),

and Eq. (3.49) in the previous chapter. The wires used to suspend the mir-

rors are assumed to be made of sapphire fibers. Note that sapphire fibers

are only used at the final stage of the CLIO experiment because they are ex-

pensive and fragile. Other materials (tungsten, Bolfur [41], and aluminum)

are used in the commissioning stage. From Fig. 4.2, the primary dissipa-

tion mechanism of the suspension thermal noise changes upon cooling the

suspensions. The thermal noise due to thermoelastic damping is dominant

at room temperature. On the other hand, that due to structure damping is

the closest to the target sensitivity at 20 K. The characteristic frequency, fr,

given by Eq. (3.46) is 500 Hz at room temperature and 2 × 108 Hz at 20 K.
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Table 4.1: Parameters for the design sensitivity.

Laser, main cavity, and suspension

Notation Parameter Value

λ Wavelength [m] 1064 × 10−9

P0 Laser power at BS [W] 0.5

Main cavity

lc Length [m] 100

F Finesse 3000

τs Storage time [ms] 0.637

fcut Cutoff frequency [Hz] 250

r1 Reflectance of front mirror 0.9995

r2 Reflectance of end mirror 0.9995

R2 Curvature of end mirror [m] 150

w1 Beam radius at front mirror [mm] 4.89

w2 Beam radius at end mirror [mm] 8.48

Suspension

lsus Length of final-stage suspension [m] 0.4

dsus Diameter of sapphire fiber [m] 250 × 10−6

Nsus Number of fibers 4

Esus Young’s modulus of fiber [Pa] 4.0 × 1011

fp Resonance frequency of pendulum [Hz] 0.788

φp Loss angle of final-stage pendulum 1.0 × 10−9

φsus Loss angle of fiber 2 × 10−7

Qp Q-factor of pendulum 9.8 × 108

Ddil Dilution factor 5.1 × 10−3

fr20 Characteristic frequency (20 K) [Hz] 2.0 × 108

fr300 Characteristic frequency (300 K) [Hz] 5.0 × 102
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Table 4.2: Parameters for the design sensitivity.

Sapphire mirror

Notation Parameter Value

ρ Density [kg/m3] 4.0 × 103

rm Radius [m] 5 × 10−2

hm Height [m] 6 × 10−2

m Mass [kg] 1.88

Em Young’s modulus of mirror [Pa] 4.0 × 1011

σ Poisson ratio 0.27

Qm20 Q-factor of mirror material (20 K) 108

Qm300 Q-factor of mirror material (300 K) 107

αE20 Thermal expansion coefficient (20 K) [1/K] 5.6 × 10−9

αE300 Thermal expansion coefficient (300 K) [1/K] 5.4 × 10−6

Cm20 Specific heat (20 K) [J/(kg · K)] 0.69

Cm300 Specific heat (300 K) [J/(kg · K)] 7.9 × 102

κm20 Thermal conductivity (20 K) [W/(m · K)] 1.57 × 104

κm300 Thermal conductivity (300 K) [W/(m · K)] 46

Dm20 Thermal diffusion coefficient (20 K) 5.69

Dm300 Thermal diffusion coefficient (300 K) 1.46 × 10−5

dcoat Thickness of mirror coating [m] 7.5 × 10−6

φcoat Loss angle of mirror coating 4 × 10−4
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4.1.3 Location

CLIO is located in Kamioka mine, which is 220 km away from Tokyo and lies

1000 m underground, below the top of a mountain. LCGT is planned to be

constructed in this area. This underground site is suitable for interferometric

GW detectors because the seismic noise is about 2 orders less than that in

urban areas [30, 31]. This is helpful for achieving the target sensitivity and

for obtaining stability. Figure 4.3 shows a schematic view of the Kamioka

observatory. The Super-Kamiokande neutrino observatory is also located at

this facility.

Figure 4.3: Schematic view of Kamioka mine. (The original picture was

drawn by Dr. Miyoki)
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4.2. CONFIGURATION

4.1.4 History

The CLIO project started in 2002. First, tunnels for CLIO were constructed.

After the installation of the equipment, a one-arm cavity experiment began

in 2005. The CLIO interferometer was fully operated on February 18th, 2006.

Observations with the aim of detecting GWs from the Vela pulsar (PSR

J0835-4510) were performed in 2007 [42] since the CLIO “strain” sensitivity

of approximately 22 Hz was comparable with those of VIRGO (3 km arm)

and LIGO (4 km arm) at that time.

So far, cryogenic systems have been developed [43, 44, 45] and applied

to CLIO [46], and cooling mirrors have been realized [47]. All sapphire

mirrors were cooled to less than the required temperature of 20 K. However,

thermal noise due to a conductive coil holder, which appeared from 20 Hz to

300 Hz with a slope of f−2 (f is frequency) prevented the sensitivity from

reaching the thermal noise levels of the suspensions and mirrors at both room

temperature and 20 K [47]. We were able to remove the extra thermal noise

by noise hunting, as reported in recent works [48], and the design sensitivity

at room temperature was achieved. In the experiments described in this

thesis, CLIO was operated at room temperature.

4.2 Configuration

4.2.1 Locked Fabry-Perot style interferometer

Figure 4.4 shows a schematic view of CLIO. The laser beam used (InnoLight

Mephisto) has a power of 2 W and a 1064 nm wavelength. It is shaped

into the TEM00 mode through a mode cleaner (MC) cavity with a length

of 9.5 m, and then injected into two 100-m-length FP cavities after being

divided by a BS. These cavities are arranged in an L-shape. All of the

returned (reflected) beam from each arm cavity is extracted by an optical

circulator formed by a λ/4 plate and a polarized BS. Thus, this configuration

employs neither optical recombination by a Michelson interferometer nor
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Figure 4.4: Schematic view of CLIO; CLIO is a so-called locked Fabry-Perot

interferometer, which has two 100 m FP cavities with a mode cleaner. The

optics, lenses, Faraday isolators, and some of the wave plates are omitted

in this figure. EOM, electrooptic modulator; HWP, half-wave plate; QWP,

quarter-wave plate; MMT, mode-matching telescope; PBS, polarized beam

splitter.

optical recycling schemes. The cavities are kept on resonance (“locked”)

by servo systems. The Pound-Drever-Hall technique [49] is employed as a

readout method for the displacement signals of the mirrors. For this purpose,

the phase modulations at 15.8 MHz and 11.97 MHz are used for the arm

cavities and the MC cavity, respectively. A multistage control system [50] is

applied for laser frequency stabilization, which has two cascaded loops of the

MC and an arm cavity. The inline arm is locked by controlling the frequency.

The perpendicular arm is locked by controlling the mirror. A differential

displacement between the two arm cavities, corresponds to GW signals, can
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be obtained from the feedback signal to the coil-magnet actuators.

The angular alignments of all mirrors are tuned by movable stages on

the suspensions. Coil-magnet actuators are set for the front mirror in the

perpendicular cavity only, so as to keep the optical path length of the cavity

locked.

4.2.2 Input optics

The layout of the input optics is shown in Fig. 4.5. The laser beam (InnoLight

Mephisto) has a nominal power of 2 W and a 1064 nm wavelength. However,

the actual output power was 1 W in the experiments described in Chapter 5

because the crystal of the laser had been contaminated by dust in the air. The

incident laser power to the MC was 0.23 W immediately before the MC. The

two QPDs (Quadrant Photodetectors) in Fig. 4.5 currently only sense the

beam position. They can be extended to a wavefront sensor (WFS) [51, 52]

to sense the incident laser axis or mirror alignments of the MC.

4.2.3 Mirror suspension

Figure 4.6 shows the suspension system of the four sapphire mirrors in the

main cavity. The four mirrors of the two arm cavities are individually sus-

pended by 6-stage pendulums, which include 4-stage blade springs and 2-

stage wire suspensions for isolation from seismic vibration. The pendulum

has a primary-mode resonance frequency of about 0.5 Hz. The intermediate

mass is damped by magnets so as to suppress the resonant motion. The

mirrors have weights of 1.9 kg (front) and 1.8 kg (end), and are made of

sapphire. The mirrors are cylindrical with diameters of 100 mm (front) and

98 mm (end), and have lengths of 60 mm and 59 mm, respectively. They

are suspended by 2-loop wires at the final stage, whose resonance frequency

is 0.79 Hz. At room temperature, Bolfur [41] wires are employed to suspend

the mirrors.
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Figure 4.5: Schematic view of input optics.
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Figure 4.6: Photograph of the suspension system.
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4.2.4 Multistage control system

To suppress the frequency noise, multistage control [50] is employed in CLIO.

The multistage control can stabilize the laser frequency fluctuation by the

small fluctuation of cavity and can maintain a wide control band. The fluc-

tuation of the MC mirrors is stabilized by that of the main cavity. The

stabilized MC fluctuation is added to the main cavity fluctuation, which is

fed back to the laser frequency fluctuation (see Fig. 4.4). The frequency

fluctuation, δν, of the laser and the mirror displacement, DS, are related by

δν

ν
=

DS

L
, (4.10)

where ν is the laser frequency and L is the cavity length. The left term,

involving the frequency fluctuation, is made equal to the right term, which

gives the stability of the cavity, using the control. Figure 4.7 shows a block

diagram of the multistage servo systems. Each block represents the transfer

function of the servo circuit, C, the actuator response or the PD response,

H, and the cavity response (cavity pole), P . ν is the frequency fluctuation.

From Fig. 4.7, the frequency fluctuations at each location in this servo can

be described as

ν1 = ν0 − [ν2PMCHMC,PD + NMC + (ν3PINHIN,PD + NIN)CINCFA]

× C0(CPZTHPZT + CEOMHEOM) (4.11)

ν2 = ν1 − νMC

+ [(ν3PINHIN,PD + NINCINCMC + NMC,END)]HMC,END (4.12)

ν3 = ν4 − νIN (4.13)

ν4 = ν1PMC + (1 − PMC)νMC

− (1 − PMC)[(ν3PINHIN,PD + NINCINCMC + NMC,END)]HMC,END}.
(4.14)

These equations include the effects of all possible noises. When we assume

NMC,END = NIN = NMC = 0, CINCMCPINHIN,PDHMC,END À 1, and PMC = 1,

the frequency fluctuation of the incident laser, ν4, is approximately expressed
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Figure 4.7: Block diagram of the servo systems (drawn with Dr. Miyoki).

as

ν4 =
GMCGIN

1 + GMCGIN

νIN, (4.15)

where

GMC = C0(CPZTHPZT + CEOMHEOM)HMC,PD (4.16)

GIN = CINPINHIN,PD(CFA/HMC,PD + CMCHMC,END) (4.17)

are used. Here, G is the open-loop transfer function (not the power spec-

trum density despite the use of the same symbol in the previous chapter).

Equation (4.15) implies that ν4 can be suppressed to νIN using a large servo

gain of the MC loop, GMC, and that of the inline loop, GIN.
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4.3 Calibration

4.3.1 Mass lock

From the feedback signal sent to the coil-magnet actuators, a differential

displacement between the two arm cavities, which corresponds to a GW

signal, can be obtained. Figure 4.8 shows a block diagram of the servo

loop in the coil-magnet actuators. The transfer functions of each component

are symbolized by blocks. A feedback signal, fb, is extracted through a

whitening filter. According to Fig. 4.8, the displacement noise (sensitivity),

Ds, is calibrated using

Ds =
fb × GCL × A

W
. (4.18)

Here, GCL =| (1+G)/G | is the closed-loop gain, G is the open-loop transfer

function in the servo loop, A is the actuator response of the coil-magnet

actuator, and W is the absolute value of the transfer function of the whitening

filter. fb and GCL in Eq. (4.18) are measured each time because they depend

on the filter gain, which is tuned frequently. W and A are used after fitting.

A
F

+ H

Coil-Magnet

Actuator

Photo Detector

G

Ds
+1

W

Ds
G

G

+1

Ds

fb

HFAG =

Servo Filter

Whitening Filter

Figure 4.8: Block diagram of the mass lock servo.

42



4.3. CALIBRATION

4.3.2 Closed-loop gain

The open-loop transfer function, G, can be calculated from GCL. Figure 4.9

shows the measured GCL and the calculated G. It was found that the unity

gain frequency (UGF) is 156 Hz and the phase margin is 54◦. G cannot

be determined precisely below 30 Hz because the magnitude of GCL reaches

unity; a small fluctuation of GCL corresponds to a large fluctuation of G.
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Figure 4.9: Closed-loop gain and open-loop gain.
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4.3.3 Actuator response

The actuator response is the transfer function from the driver input voltage

to the mirror displacement. The coil-magnet actuator response at the front

mirror is measured using a Michelson interferometer constructed with front

mirrors and the BS. Figure 4.10 shows a block diagram of the locking of the

A
F

+ H

Coil-Magnet

Actuator

Photo Detector

G

Ds
+1

Ds
G

G

+1

Ds

HFAG =

Servo Filter

Verr

Vfb N1

N2

Figure 4.10: Block diagram of the locking of the Michelson interferometer.

Michelson interferometer. DS is the natural fluctuation of the front mirrors.

When a noise source N1 is injected into this servo loop with N1A À DS at

the point shown in Fig. 4.10, the feedback signal, Vfb, and the error signal,

Verr, are expressed as

Vfb =
N1

1 + G
(4.19)

and

Verr =
N1AH

1 + G
, (4.20)

respectively. The transfer function of these signals is, thus,

TAH =
Verr

Vfb

(4.21)

= AH. (4.22)

Equation (4.22) is also obtained by injecting the noise source N2 before the

servo filter. The actuator response, A, is obtained by measuring TAH and the
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PD response, H. The output signal of the PD with the Michelson interfer-

ometer is given by

VPD =
1

2
V0 sin

[
2π

( x

λ/2

)]
. (4.23)

Here, x is the displacement of the mirrors, λ is the wavelength of the laser,

and V0 is its amplitude, given by V0 = Vmax − Vmin. In the midfringe lock

(x = λ/8 + λn/2), the PD response is

H =
∂VPD

∂x

∣∣∣∣
x=mid

(4.24)

=
1

2
V0

4π

λ
cos

(4πx

λ

)∣∣∣∣
x=mid

(4.25)

=
2πV0

λ
. (4.26)

Using Eq. (4.22), the actuator response is written as

A =
λ

2πV0

× TAH. (4.27)

TAH is fitted using a simple second-order pole (see appendix B) for a wideband

application. Figure 4.11 shows the fitting of TAH and the actuator response to

the background noise described in the section 5.3. In this case, only two coil-

magnet actuators, which are oriented horizontally, are driven. The actuator

response at 100 Hz, A100, is 2.2 × 10−11. The resistance of 100 Ω is used for

the voltage-current conversion in the coil driver.

The actuator response of the end mirror is measured using the calibrated

actuator of the front mirror. The setting used to measure the end actuator

response is shown in Fig. 4.12. In this case, the Michelson interferometer

is also locked by the servo with the front mirror. When the noise source is

injected into the end actuator, the feedback signal to the front mirror is given

by

Vfb2 =
NsAEHF

1 + G
, (4.28)

where G = HFAF. If we assume that the parameter γ is the ratio between

the responses of the front actuator and the end actuator,

AE = γAF, (4.29)
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Figure 4.12: Block diagram measuring the response of the end actuator.

then γ is measured by the transfer function

Vfb2

Ns

=
AEHF

1 + G
(4.30)

=
γAFHF

1 + G
(4.31)

= γ
G

1 + G
(4.32)

≈ γ. (G À 1) (4.33)

4.3.4 Whitening filter

The fitting function of the whitening filter consists of a combination of poles,

zeros, and high-pass filters (see appendix B). The function is well fitted to

the measured data as shown in Fig. 4.13. The characteristic parameters are

shown in Table 4.3. The combination of the poles and zeros are determined

from the circuit diagram.
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Table 4.3: Fitting parameters of the whitening filter. The fitting function

consists of three first-order high-pass filters and one first-order pole. fh and

fp are corner frequencies of each high-pass filter and the pole, respectively.

Parameter Value

factor –27.5

fh1 2.25

fh2 22.7

fh3 91.4

fp1 116

4.4 Sensitivity

4.4.1 Progress of noise hunting and current best sen-

sitivity

CLIO displacement noise has reached the predicted thermal-noise levels. Fig-

ure 4.14 shows the improvement of the displacement noise from before noise

hunting to the thermal noise experiment described in section 5.3. The best

floor sensitivity is 2.6 × 10−19 m/
√

Hz at 250 Hz. In the frequency region of

20 Hz to 80 Hz, the spectrum is close to the suspension thermal noise, which

originates from wire-material dissipation due to structure damping (internal

damping [19]). The theoretical prediction was calculated using the Q-factor

of the pendulum of 105, which was estimated from the measured Q-factors

of violin modes. The mirror thermal noise is also close to the sensitivity and

was estimated from the bulk thermal noise of the thermoelastic damping,

which is in agreement with the red line in Fig. 4.1.

The noise hunting for the CLIO interferometer has progressed at room

temperature. The improvement of the broad region from 20 Hz to 300 Hz

is mainly due to avoiding the pendulum thermal noise due to eddy currents

in the coil holder, which were induced by magnets glued onto the mirror. In
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Figure 4.14: Improvement of the sensitivity in 2008; The red and blue solid

lines show the measured sensitivity after noise hunting (the BG noise of sec-

tion 5.3) and before noise hunting, respectively. The green dotted line shows

the estimated suspension thermal noise from wire-material dissipation using

the Q-factors of violin modes. The pink dashed line indicates the calculated

mirror thermal noise due to thermoelastic damping of the substrate.

the high-frequency region, repairing a malfunction of the servo circuits con-

tributed to the achievement of the shot noise. The use of thinner suspension

wires made of Bolfur [41], whose diameters were changed from 0.1 mm to

0.05 mm, shifted the violin modes to higher frequencies, so as to separate

the skirts of the violin modes from the region of mirror thermal noise. One

reason for the improvement at approximately 10 Hz was the removal of mag-

nets on the upper mass for extended actuation, which had been shaken by

the damping magnets.

The greatest contribution toward improving the sensitivity was to identify
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and remove the pendulum thermal noise due to the coil holder with a slope

of f−2. We emphasize that this is not suspension thermal noise. The design

sensitivity was calculated to be limited by the suspension thermal noise with a

slope of f−5/2, which originates from wire-material dissipation of the internal

damping [19] (Eq. (3.43)). On the other hand, the thermal noise due to

the coil holder was caused by mechanical losses due to eddy currents in the

conductive coil holder coupled with a pendulum, the details of which are

explained in the next chapter.
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Chapter 5

Identification of the pendulum

thermal fluctuation

5.1 Pendulum thermal fluctuation

5.1.1 Categories of pendulum thermal noise

Interferometric GW detectors are a sophisticated apparatus including the

compound mechanical systems. In order to reduce the thermal noise, it is

necessary for the compound systems to distinguish the source of the thermal

noise. From the viewpoint of the FDT, it equals to make the dissipation

source clear. Pendulum thermal fluctuation is caused by several sources of

dissipation coupled with the whole pendulum. Studies have been performed

on the following types of dissipation: internal loss in materials used as suspen-

sion wires [19, 20], clamps of wires [21], residual air [19, 22, 23], coil-magnet

actuators [24], and a reference mass with coils [25, 26]. Figure 5.1 shows

the different categories of pendulum thermal noise (the same as Fig. 1.1).

When it is obvious that thermal fluctuation is applied to the pendulum, the

location of the dissipation source is used as the name of the noise. For in-

stance, the thermal noise caused by the suspension wires and fibers, (1), is

called the suspension thermal noise. The suspension wires have the dissi-
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(5). Reference mass 

     (Conductors near magnets; 

       coil holders, coil bobbins) 

(4). Coil-magnet actuator 

     (Coil circuits) 

(3). Residual air 

(2). Clamp (Suspension point) 
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Pendulum thermal noise
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Viscous damping 

(Velocity damping)
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Induced current 
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Dissipation source
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Figure 5.1: Categories of pendulum thermal noise. Sources (4) and (5) are

focused on in this thesis.

pation mechanisms of structure damping and thermoelastic damping. It is

possible that the wires are scraped or deformed at the clamping points. They

may give rise to energy loss (2). The pendulum is subjected to air resistance

by the residual air (3). Induced currents (eddy currents) are generated by

magnets glued onto the mirror, which are attached to control the position

of the mirror. The currents cause energy loss at resistances of conductors

or circuits. The dissipations due to air resistance and induced currents are

categorized as viscous damping. The dissipation mechanisms affect the fre-

quency dependence of the pendulum thermal noise as described in Chapter 3.

The methods used to reduce thermal noise, corresponding to the numbers in

Fig. 5.1, are as follows.
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(1) Changing the wire (or fiber) material to one with a high Q-factor

(2) The formation of delicate suspension points (clamps) or low-loss mono-

lithic suspensions

(3) Decreasing the residual air

(4) The realization of coil drivers with a high output impedance

(5) Isolating the conductors from the magnets

Among these types of noise, attention is usually paid to only the suspension

thermal noise as the fundamental noise. However, the other noises cannot

be neglected. In the past, the thermal noise due to eddy currents ((4) and

(5) in Fig. 5.1) was sufficiently large to compromise the design sensitivity

of CLIO in the low-frequency region. This thesis centers upon the study of

noise sources (4) and (5).

5.1.2 Perspective of this study

The research on thermal noise started when resonant GW detectors were built

to search for GW signals [53]. The experimental investigation was continued

by studying near the region of the resonance frequency of the detector [54].

For very high precision measurements whose sensitivity is limited by the

thermal noise, the verification of the FDT [17, 18] not only in the resonance

region but also in the off-resonance region over a wide frequency band is very

important for precisely estimating the noise in the observation band and in

the control band.

A rigid cavity used for laser frequency stabilization is limited by the ther-

mal noise [55], even in an off-resonance region; also, a laser interferometric

GW detector [56] is one of the most representative types of apparatus. GW

detectors consist of mirrors suspended by pendulums to bring them close

to a state of free mass. The thermally excited mechanical vibrations of the

mirrors themselves and the suspensions impose fundamental limits on GW
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detectors. Direct observations of mirror thermal fluctuation have been per-

formed by Numata et al. [15] and Black et al. [16]. They identified the

thermal fluctuation using the FDT. In these experiments it was not possible

to observe the thermal fluctuation of the pendulum because the seismic noise

and the mirror thermal fluctuation had large amplitudes. The seismic noise

was larger than the pendulum thermal fluctuation below 100 Hz. The mirror

thermal fluctuation was also larger than the pendulum thermal fluctuation

above 10 Hz, because a small spot size was used on the mirrors (radii of 49

µm and 85 µm in Numata et al. [15] and 160 µm in Black et al. [16]) so

as to increase the mirror thermal fluctuation. They were able to precisely

identify the mirror thermal fluctuation in an off-resonance region in a wide

band below the resonance frequency.

Identification of the pendulum (mechanical harmonic oscillator) thermal

noise has so far been limited to a region with a width of only several times the

resonance frequency [20, 22, 27]. We have achieved to identify the pendulum

thermal fluctuation due to viscous damping using coil-magnet actuators ((4)

in Fig. 5.1). This result is reported on Ref. [24] and this thesis (in section 5.3).

This experiment is the first measurement at off-resonance in a wide band

above the resonance frequency that includes the expected detection band of

a GW signal around 100 Hz. This means that the measurement in this region

has the following three scientific values.

• For the pendulum thermal fluctuation:

The first identification in an off-resonance and wideband region.

• For thermal fluctuation of mechanical systems:

The first identification above the resonance frequency in a wideband

region. (Note that the measurement regions investigated by Numata

et al. and Black et al. were below the resonance frequency)

• For GW detectors:

Direct measurement in the detection band of GW signals.
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To identify the thermal fluctuation of the pendulum, we made use of coil-

magnet actuators, which had a number of merits. One was that the dissi-

pation that occurred in coil circuits was easy to control and analyze. An-

other was that all of the parameters were measurable. Furthermore, the

coil-magnet actuators did not cause any modification of the interferometer

components with changes in the dissipation in the coil circuits. These merits

allowed us to perform an experiment with high reliability. We were thus

able to accomplish this first direct measurement using the high-sensitivity

interferometer CLIO at a quiet underground site.

In the noise hunting we performed to reduce the noise in CLIO, the great-

est contribution toward improving the sensitivity was to remove the pendu-

lum thermal noise due to the coil holder ((5) in Fig. 5.1). We were able

to verify the pendulum thermal noise both theoretically and experimentally.

This result led to a direct verification of the noise spectrum by utilizing the

estimation method by Cagnoli et al. [25] and Frasca et al. [26], and inspired

a further quantitative experiment using the coil-magnet actuators discussed

above.

These two results are discussed in this chapter. The verification of the

pendulum thermal noise due to the coil holder is described in section 5.2, and

the identification of the pendulum thermal fluctuation due to the coil-magnet

actuators is described in section 5.3.
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5.2 Thermal fluctuation from the coil holder

5.2.1 Theoretical estimation

The pendulum thermal noise due to the reference mass with coils (the coil

holder in our case) is focused on in this section. The oscillation of the pen-

dulum gives rise to eddy currents by electromagnetic induction in the coil

holder. These currents generate Joule heat in the material of the coil holder.

According to the FDT [17], the dissipation of the Joule heat causes the ther-

mal fluctuation of the pendulum through coupling with the magnets glued

onto the mirror.

The Q-factor of the pendulum, resulting from the losses of conductive

materials (reference masses) near the magnets, was derived [25] as

Q =
mω0

2πσ
(

3µ0M
4π

)2
J

, (5.1)

which was verified by not only Cagnoli et al. [25], but also Frasca et al. [26].

The detail of the derivation is described in Appendix D. Here, ω0 = 2πf0, f0 is

the pendulum frequency, m is the mirror mass, σ is the median conductivity

of the materials, µ0 is the permeability, M is the magnetic dipole moment

of the magnet, and J is a geometrical factor that depends on the shape of

the conductor, given by

J =

∫ z2

z1

∫ r2

r1

r3z2

(r2 + z2)5
drdz. (5.2)

Here, the conductor is assumed to be a cylinder with a centeral hole, an inner

radius of r1, an outer radius of r2, and a length of z2 − z1 for simplicity.

The center of the magnet is placed at z = 0, and the length from the magnet

to the edge of the conductor is z1. The cause of thermal fluctuation is the

dissipation of viscous damping, whose loss angle is φ = ω/(ω0Q), due to

eddy currents in the conductor. Using the FDT (Eq. (3.37)) and applying

the Q-factor given by Eq. (5.1), the thermal fluctuation of the pendulum

(a harmonic oscillator) in an off-resonance region higher than the resonance
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d

Z

w turns

u folded

r

z
1

Figure 5.2: Model of a coil-magnet actuator.

frequency is approximately written as

G =
4kBTN

m2ω4
2πσ

(
3µ0M

4π

)2

J. (5.3)

kB is the Boltzmann constant, and T is the temperature of the conductors

and the pendulum. N is the number of magnet and conductor pairs, where

the conductor around each magnet has a homogeneous shape.

To estimate the thermal noise due to the coil holder by Eq. (5.3) and

the Q-factor of the pendulum using Eq. (5.1), the magnetic dipole moment,

M, must be determined. However, the magnetic moment is not usually easy

to measure. It is practicable to utilize the coupling factor of a coil-magnet

actuator to estimate the magnetic moment. Using a coil-magnet actuator, a

force F given by F = αI can be applied to the test mass, where the coupling

factor, α, is the conversion efficiency between the current, I, in a coil circuit

and the force, F . This coupling factor is related to the magnetic moment of

a magnet by

α =
3 µ0M

2

u−1∑
s=0

w−1∑
n=0

(z1 + dn)(r1 + ds)2

((z1 + dn)2 + (r1 + ds)2)5/2
. (5.4)

Here, the solenoidal coil, which consists of a conductive wire with a diameter

of d, is wound around a bobbin with a radius of r1 − d/2. To model the

59



CHAPTER 5. IDENTIFICATION OF THE PENDULUM THERMAL
FLUCTUATION

coil we approximately consider it as a set of rings, as shown in Fig. 5.2. On

the heels of the first ring, which is at a distance of z = z1 from the magnet,

parallel rings consisting w turns are set with a gap of d between each ring

(z = z1 + dn; n = 0, 1, 2, · · · , w − 1). When the coil is folded into layers in

the direction of increasing radius, the radius of each layer can be expressed

as r = r1 + ds; s = 0, 1, 2, · · · , u − 1 in the case of u folds. The detail of

Eq. (5.4) is explained in appendix E.

By measuring α, we can estimate the magnetic dipole moment, M, using

Eq. (5.4). The coupling factor per coil-magnet actuator, α, is yielded from

Eq. (E.3),

α =
A100Rcm(2π × 100)2

Nc

. (5.5)

A100 is the measured actuator response at 100 Hz, which is the transfer func-

tion from the driver input voltage to the mirror displacement. The response

at the front mirror is measured using a Michelson interferometer constructed

from the front mirrors and the BS. Rc (Rc = 50 Ω in CLIO) is the resistance

obtained from the voltage-current conversion in the coil driver, and m is the

weight of the test mass (m = 1.9 kg at the front mirror in CLIO). Nc (Nc = 4

at the front mirror) is the number of pairs of magnets and coils.

5.2.2 Comparison between the measured and

theoretical sensitivity

The sensitivity of CLIO was improved by replacing the coil holder. We

attempted to prove that the noise floor using the previous coil holder orig-

inated from the thermal noise discussed in the previous section. However,

the spectrum before noise hunting included some other noises. To take these

noises into account, an intermediate spectrum shown in Fig. 4.14 was used

as the background (BG) noise without eddy currents before noise hunting.

Figure 5.3 shows a comparison between the measured spectrum before re-

placing the coil holder and the calculated thermal fluctuation obtained from
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Eq. (5.3). The noise floor for both spectra almost matched from 20 Hz to

200 Hz. The parameters used in the estimate are indicated in Table 5.1. The

spectrum for the “New coil holder” in Fig. 5.3 is employed as the BG noise

because this is the first measurement using the new coil holder, which is close

to the BG noise of the “Before noise hunting”. For simplicity, we regarded

the spectrum for the “New coil holder” from 20 Hz to 100 Hz as the “BG

model,” which had a slope of f−5/2 after fitting by eye. As shown in Fig. 5.3,

the sensitivity in the high-frequency region was improved because the servo

circuit had already been mended. The spectrum for the “New coil-holder”

was obtained after changing not only the coil holder but also other inter-

ferometer settings. Therefore, a special experiment, in which only the coil

holder is replaced, is described in the next section.

The results of the theoretical evaluation did not perfectly agree with the

measured spectrum in Fig. 5.3. One reason for this is a limitation of the coil-

holder model. The estimated geometrical factor, J , has greater uncertainty

than the other parameters, because the previous coil holder had a cubic

structure around the coil, even though a cylindrical shape was assumed in

the calculation from Eq. (5.2). A schematic diagram of the design and a

photograph of this coil holder are shown in Fig. 5.4 and on the left of Fig. 5.6,

respectively. We estimated J have a lower limit of J = 5600 and an upper

limit of J = 9800. This lower limit is an underestimate because it does not

include the volume of the corner of the cube not included in the cylindrical

shape with r2 of 15 mm. A value of 9000 is obtained using the whole cube as

an approximation, which corresponds to a length of r2 from the center of the

coil to a diagonal corner (21 mm). The upper limit of J = 9800 is calculated

by adding the effect of the outer frame (outside the cube around the coil),

which is assumed to be a plate with r1 = 21 mm, r2 = 32 mm, z1 = 10

mm, and z2 = 20 mm, which is clearly an overestimate since the actual

outer frame is not plate-shaped. A numerical simulation is necessary for the

more precise estimation of J for a coil holder with a complex shape. Another

reason for the disagreement between the measured and calculated spectra is
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Figure 5.3: Comparison between the measured spectrum and the theoreti-

cally calculated thermal noise due to the coil holder. The blue and gray solid

lines indicate the spectra measured with the previous coil-holder configu-

ration and the new coil-holder configuration, respectively. The dashed line

denotes the background (BG) model as a part of the sensitivity with the new

coil holder. The orange band indicates the sum of the theoretically calculated

thermal noise due to the coil holder material (J in Eq. (5.2): estimated to

be from 5600 to 9800) and the BG model.

the error in the measured value of α, which is about 10%. Furthermore, it is

likely that the BG noise varies in the region from 20 Hz to 50 Hz. Before noise

hunting, it was possible to inject seismic noise via the coil holder fixed on an

optical stage or to induce angular fluctuations of the mirrors via imperfect

beam centering.
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Table 5.1: Parameters used in the estimation of thermal noise. α and M are

the average coupling factor and magnetic dipole of all magnets, respectively.

The value of r2 for the previous coil holder indicates the length from center

of the coil to a side or to a diagonal corner. The values of J were calculated

from r2 for the two patterns (and the outer frame).

In the perpendicular front

Parameter Previous coil holder New coil holder

Coil-holder (bobbin) Al Macor

σ [Ω−1m−1] 3.6 × 107 10−13

r1 [mm] 12 —

r2 [mm] 15 – 21 —

z1 [mm] 0 —

z2 [mm] 20 —

Coil Cu Cu

Nc 4 4

w (Turns) 22 15

u (Layers) 1 2

d [mm] 0.5 0.5

r1 [mm] 5.25 8.25

z1 [mm] 0 5

Magnet Nd-Fe-B Sm-Co

Magnet size φ 2 mm × 10 mm φ 1 mm × 10 mm

α [N/A] 3.6 × 10−3 4.8 × 10−4

Estimated value

M [J/T] 0.0165 0.0034

J [1/m3] 5600 – 9000 (9800) —

Qholder 4.6 × 104 —
√

Gholder at 100 Hz [m/
√

Hz] 2.5 × 10−18 —

63



CHAPTER 5. IDENTIFICATION OF THE PENDULUM THERMAL
FLUCTUATION

Figure 5.4: Design of the previous coil holder.
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5.2.3 Experimental verification

We tested whether the sensitivity could be improved by replacing the coil

holder with an electrical isolator. Figure 5.5 shows the result of this exper-

iment. The sensitivity was improved by replacing the coil holder. Because

only the coil holder was changed and the settings of the CLIO interferometer

were not changed in this test, the noise floor with the previous coil holder

can be regarded as being the thermal noise due to the coil holder coupled

with the pendulum. In this experiment, Diflon [57] bobbins (not the “New

coil-holder” in Table 5.1 and Fig. 5.3) were employed so as to suppress eddy

currents. The spectrum for the Diflon bobbin was not employed as the BG

noise in Fig. 5.3 because the bobbin was supported by aluminum plates with

a complex shape, which did not perfectly suppress eddy currents. Aluminum

was used as the material of the previous coil holder for a reason of cryogenic

compatibility owing to its good thermal conduction. A precise and quan-

titative identification of the pendulum thermal fluctuation due to viscous

damping was also performed using coil-magnet actuators [24].
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Figure 5.5: Improvement of the sensitivity obtained by replacing the coil

holder. The coil holder made of aluminum was replaced with Diflon bobbins,

which acted as an electrical isolator.

Replaced

Diflon 

bobbin

Al holder

Stycast

Slit

Figure 5.6: Photographs of coil holders used in the special experiment. Left:

The previous coil holder. Coils are surrounded by a coil holder made of

aluminum and fixed into the coil holder using Stycast [58]. Right: The

Diflon bobbin. Coils are wound on Diflon bobbins fixed on an aluminum

frame through thin aluminum holders with slits.
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5.2.4 Improvements to the experimental setup

The coil holder was redesigned so that the pendulum could avoid mechanical

losses due to eddy currents in the coil holder. The new coil holder at room

temperature is shown in Fig. 5.7. The coil bobbins are made of Macor (a

ceramic), which has an electrical conductivity of 10−13 Ω−1m−1. The alu-

minum frame is separated from the magnets. The diameter of the magnets

was also reduced from 2 mm to 1 mm, so that their magnetic moment could

be reduced, and their material was changed from Nd-Fe-B to Sm-Co as a

precaution against Barkhausen noise. The current best sensitivity at room

temperature, as shown in Fig. 4.14, was accomplished in this coil-holder con-

figuration.

For cryogenic compatibility, the Macor bobbins were replaced with alu-

minum nitride bobbins, which is an electrical isolator with high thermal

conductivity.

Replaced

Macor 
bobbin

Diflon 
holder

Al holder

Stycast

Figure 5.7: Photographs of coil holders. Left: The previous coil holder. Coils

are surrounded by a coil holder made of aluminum and fixed into the coil

holder using Stycast. Right: The new coil holder. Coils are wound on Macor

bobbins fixed on an aluminum frame through Diflon holders.
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5.3 Thermal fluctuation from the coil-magnet

actuators

5.3.1 Theoretical calculation

Let us consider a pendulum and a coil circuit. Its Lagrangian is given by a

quadratic form of canonical parameters, x and I, as follows;

L = −1

2
kx2 +

1

2
LI2 + ζxI, (5.6)

where x is the displacement of the mass (mirror), I is the current in the

coil circuit, and L is the inductance of the coil. A force, F , applied to the

mass and the voltage, V , induced in the circuit are calculated using the

Euler-Lagrange equations:

F =
d

dt

(
∂L
∂ẋ

)
− ∂L

∂x
= kx − ζI, (5.7)

V =
d

dt

(
∂L
∂İ

)
− ∂L

∂q
= L

dI

dt
+ ζ

dx

dt
. (5.8)

When the inertia of the pendulum mass is taken into account, a term of

m(d2x/dt2) should be added to the front of kx in Eq. (5.7). In addition,

when actual coil circuits have a resistance, R, then, RI should be added to

the part of L(dI/dt) in Eq. (5.8). By the Fourier transformation, they are

rewritten as

F̃ = m(ω2
0 − ω2)x̃ − ζĨ, (5.9)

Ṽ = iωζx̃ + (iωL + R)Ĩ , (5.10)

where ω0 = 2πf0 (f0 is the resonant frequency of the pendulum). These

equations express the equations of motion of the mechanical system and the

circuit, respectively. Its matrix expression is given by(
F̃

Ṽ

)
=

(
Zm −ζ

ζ Z

)(
ṽ

Ĩ

)
, (5.11)
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where iωx̃ = ṽ, and impedance expressions Zm = m(ω2
0 − ω2)x̃/ṽ, and Z =

iωL + R are employed. In general, Z is the sum of the coil’s impedance

(iωL), and that of the connected coil driver. By following the reciprocity

theorem, which holds in the case of a conversion from a mechanical system

to its equivalent circuit. The following relations have to be satisfied:

F = αI, (5.12)

V = αv, (5.13)

where v is the velocity of the mirror, Eq. (5.11) can be converted into(
Ĩ1

Ĩ2

)
=

 1
Z

− ζ
αZ

− ζ
αZ

1
α2

(
Zm + ζ2

Z

) (
Ṽ1

Ṽ2

)
. (5.14)

The subscripts of 1 and 2 indicate the coil circuit and the equivalent cir-

cuit, respectively. It should be noted that the reciprocity theorem can be

satisfied because the non-diagonal elements have the same notation of − ζ
αZ

.

This relation is also valid in the case of ζ = α. Equation (5.12) implies that

a current inside the coil circuit causes a force to be applied to the mirror.

Equation (5.13) implies that the motion of the pendulum induces an elec-

tromotive force. They are related by the same factor, α, which is a coupling

factor of a coil-magnet actuator; this implies a reversible energy conversion

Fv = V I, (5.15)

occurs between the pendulum mass and the coil circuit.

To model the pendulum, we assume a suspended mirror (test mass of

m) and actuators constructed with N pairs of coil magnets. The reciprocity

theorem can be satisfied using F = NαI, instead of Eq. (5.12). The equations

of motion of the pendulum and circuit are derived from Eq. (5.11) in a

frequency domain as

m(−ω2 + ω2
0)x̃ − NαĨ = 0, (5.16)

iωαx̃ + ZĨ = 0. (5.17)

69



CHAPTER 5. IDENTIFICATION OF THE PENDULUM THERMAL
FLUCTUATION

Here, the external force does not exist and ζ = α. By combining these

equations, the overall equation of motion is

m(−ω2 + ω2
0)x̃ + i

Nα2ω

Z
x̃ = 0. (5.18)

It is assumed that the magnitude of the impedance in the coil circuit is

dominated by its resistance, R; it can then be considered that Z = R. From

the imaginary part of Eq. (5.18), the Q-factor is defined as

Q =
mω0R

Nα2
. (5.19)

The fluctuation is characterized by the loss angle, φ = ω/(ω0Q), which indi-

cates viscous damping caused by eddy currents in the coil circuits. Using the

FDT (Eq. (3.37)), the fluctuation of a harmonic oscillator, i.e., a pendulum

in an off-resonance region higher than the resonance frequency, is approxi-

mately expressed as

G =
4kBTNα2

m2ω4R
. (5.20)

kB is the Boltzmann constant, and T is the temperature of the suspension

and the coil circuits.

5.3.2 Strategy for measurement

To investigate the noise experimentally, it is necessary to control the mag-

nitude of the noise. It is common practice to increase the noise to a level

at which it can be measured. For example, in the measurements of mir-

ror thermal noise (Numata et al. [15], and Black et al. [16]), the noise was

enhanced by reducing the beam size, and the dissipation was controlled by

changing the material of the mirror substrate. Our basic strategy is the same

as that in other experiments. By using an actuator with strong coupling, the

thermal noise of the pendulum is enhanced, and by changing the coil-circuit

resistance, the dissipation is controlled. This means that we can control α

and R in Eq. (5.20), which are expressed as

G =
4kBTNα2

m2ω4R
∝ α2

R
. (5.21)
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This way, we can investigate the thermal noise quantitatively. α and R were

decided by estimating the thermal noises for arbitrary coil configurations.

Once we measure the coupling factor, we can obtain the magnitude of the

magnetic dipole moment of the magnets, M. The estimation of M enables

us to calculate the coupling factor α for an arbitrary number of turns and

folds of the coils, because M can be estimated from the formula

α =
3 µ0M

2

u−1∑
s=0

w−1∑
n=0

(z1 + dn)(r1 + ds)2

((z1 + dn)2 + (r1 + ds)2)5/2
, (5.22)

as described in section 5.2.1 and appendix E. Then, we devise a strategy for

observing thermal noise. The Nd-Fe-B magnets used in this experiment had

a value of M of 1.7 × 10−2Am2.

On the basis of these estimations, we mapped the thermal-fluctuation

dependance on the configuration of the coils. Figure 5.8 shows the thermal

fluctuation of the pendulum, where the parameters are the numbers of turns

and folds of the coil. The relations given by Eq. (5.20) and Eq. (5.22) are

used in this calculation. Nc = 2 was fixed by a limitation of the number of

available coil bobbins. The resistance R of the coil circuit is related to the

numbers of turns and folds by

R =
4 l

σπd2
. (5.23)

Here, σ is the conductivity of the coil material, and l and d are the length

and diameter of the wire used to make the coils, respectively. The resistance

of the relay circuit, which is measured in the“Short” ∗, is added to R. From

Fig. 5.8, it was found that the pendulum thermal fluctuation can be observed

over the background noise (about 1×10−18 m/
√

Hz) at 100 Hz. The shape of

the coil bobbins entailed that the number of turns was fixed at 15. Under this

condition, we choose the number of folds to be 6 owing to the ease of forming

such coils and to observing the thermal fluctuation, as shown in Fig. 5.8.

In this configuration the predicted thermal noise was 2.1 × 10−18 m/
√

Hz at

∗We used a relay circuit to control the dissipation by changing the resistance R. The

detail is explained in the next section.
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Figure 5.8: Dependence of thermal fluctuation of pendulum on the configu-

ration of the coil at 100 Hz. The relay circuit was switched to the “Short”.

The “Setup point” indicates the configuration of our coils. The resistance

and coupling factor depend on numbers of the turns and the folds of the coils.

100 Hz (see Fig. 5.8), and the corresponding Q-factor of the pendulum was

6.7 × 104, which is as high as that of realistic GW interferometers, and is

thus not an unrealistic (extreme) value.

When two different diameters of the coil wire, d, of 0.5 mm and 0.2 mm

are considered, the dependence of the thermal fluctuation on the number of

folds (the number of turns is fixed at 15), is shown in Fig. 5.9. The thermal

fluctuation starts to decrease when the number of folds exceeds a sufficiently

large value, because the increase in R is greater than that of α2. The peak

thermal noise levels are 2.3 × 10−18 m/
√

Hz and 2.5 × 10−18 m/
√

Hz at 100

Hz for d of 0.5 mm and 0.2 mm, respectively. Because these values are not

significantly different, the coils are made of 0.5 mm wire owing to the ease

of coil formation.

Table 5.2 shows a summary of the values used and obtained in this section.

It is emphasized that M is only used to determine the coil configuration so

that the thermal noise can be estimated by measuring α using Eq. (5.20).
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Figure 5.9: Dependence of thermal noise on the diameter of the coil wire.

Table 5.2: Determined coil configuration and estimated values: α and M are

the average values for all magnets.

Thermal noise injection

Parameter Value

Coil Cu

σc [Ω−1m−1] (300 K) 6.45 × 107

Nc 2

w (Turns) 15

u (Layers) 6

d [mm] 0.5

r1 [mm] 8.25

z1 [mm] 0

Magnet Nd-Fe-B

Magnet size φ 2 mm × 10 mm

α [N/A] 6.9 × 10−3

Estimated value

M [J/T] 0.017

Qcoil 6.7 × 104

√
G100coil [m/

√
Hz] 2.1 × 10−18
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5.3.3 Experimental setup

Coil-magnet actuators are set for two mirrors in a perpendicular cavity. In

order to observe the thermal fluctuation of the pendulum, we injected suffi-

cient thermal noise into the end mirror (see Fig. 5.10), so that its fluctuation

could dominate the sensitivity of CLIO, by controlling the dissipation at the

coil circuits. On the other hand, the actuator of the front mirror is used to

keep the cavity locked.

Thermal noise injection 
by this experiment

Laser

Beam 
Splitter

PBS

PBS

Length: 100m
MMT1

MMT2

QWP

QWP

HWPEOMEOM

Wide-band 
EOM

Front Mirror

Front 
Mirror

End Mirror

End 
Mirror

100m

Oscillator

11.97MHz 15.8MHz

Mixer

Photo Detector

MC end loop

EOM loop
PZT 
loop

Thermal 
loop

Laser frequency 
stabilization

Feed around 
loop

Mirror position 
control

Gravitational wave signal 
(Mirror displacement signal)

Finesse: 3000

Finesse: 2000
Length: 9.5m

Figure 5.10: Schematic view of CLIO and its control system.

The coil-magnet actuator at the end mirror consists of two Nd-Fe-B mag-

nets, which are glued onto the mirror, and two copper coils that approach the

magnets in the horizontal direction (see Fig. 5.11 and Fig. 5.12). The Nd-

Fe-B magnets have a cylindrical shape with a diameter of 2 mm and a length

of 10 mm. A copper wire of 0.5 mm diameter is used for the solenoidal coils,

and is wound by 15 turns times 6 layers around a ceramic bobbin, whose
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Short

Open

2ohm

Figure 5.11: Schematic view of our experimental setup. The pendulum is

composed of a sapphire mirror suspended by Bolfur [41] wires. Two coil-

magnet actuators are set. The fluctuation of the pendulum is measured using

the CLIO interferometer. The resistances of the coil circuits are changed by

switching a relay circuit between “Short,” “2ohm,” and “Open.” Therefore,

we can control the injected thermal noise using this relay circuit.

diameter is 16.5 mm. To verify our measurement of the thermal fluctuation,

the resistance R in Eq. (5.20) is changed as a parameter. R is the sum of

the impedances of the coil and the connected circuit. Although a coil-driver

circuit is usually used as the connected circuit, a relay circuit including resis-

tances is used to change R in this case. The relay circuit is switched between

three different resistances, which are called “Short,” “2ohm,” and “Open.”

The sum of the resistances of the coil circuits and the relay-circuit was mea-

sured to be 0.72 Ω for “Short” and 2.77 Ω for “2ohm.” “Open” means that

the end of the relay-circuit is open, and then R becomes infinity. From

Eq. (5.20), a small R causes a large thermal fluctuation for the pendulum.

It is necessary to know the quantities in Eq. (5.20) to estimate the thermal

fluctuation. In our experiment, N is 2, m is 1.8 kg, f0 is 0.8 Hz, and T is

3.0 × 102 K. The coupling factor, α, is the actuator force applied to the

mirror per unit driver output current. This is yielded from the measured

actuator response, the resistance of the voltage-current conversion in the
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Figure 5.12: Photograph of the experimental setup.

coil driver, and the weight of the test mass. The actuator response is the

transfer function from the driver input voltage to the mirror displacement.

The coil-magnet actuator response at the front mirror is measured using

a Michelson interferometer constructed from the front mirrors and the BS.

The driver output current is obtained from the resistance of voltage-current

conversion, Rc (Rc = 50 Ω in CLIO). Using the measured actuator response

at 100 Hz as A100
†, the coupling factor per coil-magnet actuator is α =

A100Rcm(2π×100)2/N . The response of the end-mirror actuator is measured

by the calibrated actuator of the front mirror. Only during this calibration,

the relay circuit is exchanged to a driver circuit. The value of α at the end

mirror is 6.9 × 10−3 N/A.

In this experiment, other dissipations of the pendulums are adequately

suppressed to below the additional dissipation of the coil circuits. The coil

bobbins are made of Macor, which has an electrical conductivity of 10−13

†The frequency of 100 Hz is at the center of our region of interest, and an accurate

measurement of the transfer function is possible at this frequency.
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Ω−1m−1. The pendulum is housed in a vacuum chamber, whose vacuum level

is 10−3 Pa, so as to reduce any dissipation from residual air (see appendix C).

The suspension thermal noise, which is part of the design sensitivity and

originates from the dissipation of internal (structure) damping [19] of the

wire material, was calculated to be below the level of the BG noise. The

thermal noise from the coil-magnet actuator at the front mirror is less than

the BG noise, because the output impedance of the coil driver is 104 Ω at

100 Hz and α is about ten times smaller than that of the end mirror.

5.3.4 Results

Figure 5.13 shows the measured spectra of the mirror displacements when we

changed the resistances of the coil circuits and also shows other noises of the

detector. The noise levels from 20 Hz to 400 Hz are shifted by switching the

dissipation value. The measured values agree with the sums of the theoretical

values estimated from Eq. (5.20) and the BG model. When the “Open”

setting was chosen, a BG noise of about 1 × 10−18 m/
√

Hz at 100 Hz was

measured, since the injection thermal noise was lower than the BG level,

owing to a large amount of resistance, R. For simplicity of calculations, the

BG noise was modeled as 0.9× 10−18 m/
√

Hz at 100 Hz with a slope of f−2.

In the case of “Short,” for instance, the noise level at 100 Hz was predicted

to have a value of 2.3 × 10−18 m/
√

Hz, which includes a pendulum thermal

fluctuation of 2.1×10−18 m/
√

Hz and the value of the BG model. In the case

“2ohm,” the total value of 1.4× 10−18 m/
√

Hz at 100 Hz included a thermal

fluctuation of 1.1×10−18 m/
√

Hz and the value obtained from the BG model.

We also estimated the Q-factor of the pendulum from Eq. (5.19) for these

values of thermal noise. The calculated Q-factors are 6.7 × 104 for “Short”

and 2.6×105 for “2ohm.” A Q-factor of 105 is as large as that for pendulums

in km-scale interferometers [3, 4].

For a more precise and wideband comparison between the measured

spectra and theoretical calculations, Fig. 5.14 shows the difference between

“Short” and “2ohm,” given as Sd = (| S 2
Short − S 2

2ohm |)1/2; here, SShort and
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S2ohm indicate the spectra of “Short” and “2ohm” in Fig. 5.13, respectively.

The value of Sd at which the BG noise of the two noise floors is canceled,

is useful for comparing the measured spectra with the theoretically calcu-

lated thermal fluctuation. The result indicates a good agreement between

the measured and calculated results from 20 Hz to 400 Hz. The agreement

is particularly good from 60 Hz to 300 Hz. The peak structure at approxi-

mately 50 Hz originates from the resonant motion of the coil holder at the

end mirror, which is excited by the seismic motion. The noisy structure near

30 Hz originates from the BG noise.
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Figure 5.13: Measured spectra of the pendulum thermal fluctuation and their

theoretically expected lines. The red, green, and blue solid lines denote the

conditions of “Short,” “2ohm,” and “Open,” respectively. The spectrum for

“Open” corresponds to the background (BG) noise of the interferometer. The

dotted lines indicate the sum of the theoretical thermal fluctuation and the

value obtained from the BG model. The sensitivity is limited by shot noise

above 400 Hz and by seismic noise below 20 Hz. The mirror thermal noise

and suspension thermal noise (from material dissipation) were calculated to

be less than the BG noise.
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5.3.5 Application

The current sensitivity of CLIO is not limited by the thermal noise due

to the coil-magnet actuators, but it cannot be neglected nonetheless, this

thermal noise used to be sufficiently large to compromise the initial design

sensitivity of CLIO in the low-frequency region. Before this research has

started, the actuator response was set to be larger (coupling factor α =

3.6 × 10−3 N/A) than that in the current configuration (α = 4.8 × 10−4

N/A) to easily lock the CLIO interferometer. In order to suppress the servo

noise after the lock state was acquired, the actuator response was reduced by

adding a bypass resistance to the coil-driver circuit. The red dots denoting

“Old setting” in Fig. 5.15 indicate the thermal noise due to the coil-magnet

actuators with the bypass resistance. This study revealed that, with this

actuator setting, the thermal noise from the coil-magnet actuators was the

dominant noise source determining the CLIO sensitivity. On the basis of

the analysis discussed in this section, the bypass resistance was removed and

the actuator response was reduced by redesigning the actuators; this revised

design is the actuator configuration of the front mirror shown in this section.

The sky-blue dots denoting the redesigned actuators in Fig. 5.15 indicate

the estimated thermal noise of the improved coil-magnet actuators. The

difference from the frequency response for the old setting stems from the coil-

driver output impedance of the redesigned actuators, which was measured

to be (1.5 × 106 Ω) × (1 Hz/f); Z = R was assumed. In spite of the small

magnitude of this thermal noise, the improvement of the actuator design was

necessary because the sensitivity of CLIO was comparable to the world-best

sensitivity of VIRGO in the low-frequency region. We are now confident

that the thermal noise has been sufficiently suppressed by the quantitative

estimation discussed in this thesis.

To enable long-term observation, it is necessary to control the drift of

the angular alignment of the mirror. To achieve this, coil-magnet actuators

with four magnets and coils are planned to be set on each of the four mirrors

to control the mirror alignment. The purple dot-dash line denoting “Full
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actuator setting” in Fig. 5.15 indicates the estimated thermal noise when

four actuators are attached to the each of the four mirrors in the main cavity.

Even if the full actuator setting is applied to CLIO, the thermal noise due to

the coil-magnet actuators is lower than the design sensitivity provided each

actuator has similar properties to the front-mirror actuator.
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Figure 5.15: Improvement of the coil-magnet actuator design. The red dots

denoting the old setting indicate the thermal noise due to the coil-magnet ac-

tuators with the bypass resistance. The sky-blue dots denoting the redesigned

actuators indicate the estimated thermal noise of the improved coil-magnet

actuators. The purple dot-dash line denoting “Full actuator setting” indi-

cates the estimated thermal noise when four actuators are attached to each

of the four mirrors in the main cavity.

The assumption of Z = R is the worst case. Generally, the output

impedance, Z, is a complex number. The thermal-noise expression includ-

ing Z can be obtained from the mechanical response function. When a force,

Fth, is applied to the compound system of the pendulum and the coil circuits,
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Eq. (5.18) is changed to

m(−ω2 + ω2
0)x̃ + i

Nα2ω

Z
x̃ = F̃th. (5.24)

The mechanical impedance of this system is given by

Zm(ω) =
F̃th

iωx̃
=

m(−ω2 + ω2
0)

iω
+ i

Nα2

Z
. (5.25)

From the second FDT of Eq. (3.9), the thermal driving force is written as

Gf (f) = 4kBTNα2 R

| Z(ω) |2
. (5.26)

The transfer function of Eq. (3.1) is given by

H(ω) =
x̃

Fth

=
1

m(−ω2 + ω2
0) + iNα2ω

Z

, (5.27)

and then we obtain

| H(ω) |2 =

(
| m(−ω2 + ω2

0) + i
Nα2ω

Z
|2

)−1

(5.28)

=

(
m2ω4

(
−1 +

ω2
0

ω2

)2

+
N2α4

m2 | Z |2 ω2

)−1

(5.29)

=

(
m2ω4

(
−1 +

ω2
0

ω2

)2

+
ω2

0

Q2ω2

R2

| Z |2

)−1

(5.30)

=
1

m2ω4
. (ω À ω0) (5.31)

Here, the relation, Eq. (5.19) and Re[Z] = R are used. Using Eq. (3.11),

Eq. (5.26) and Eq. (5.31), the thermal fluctuation is derived as

G =
4kBTNα2

m2ω4

R

| Z |2
. (5.32)

This is the same as Eq. (5.20) when | Z | equals to R. The thermal fluctuation

takes the largest value in the case of | Z |= R because of the relation | Z |≥ R.

Note that the dissipation occurs at only the resistance R in the circuits.

The coil drivers of CLIO utilize the same design as that of TAMA. The
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original circuit was designed by Dr. K. Kawabe, and then improved by Dr.

G. Heinzel [59]. According to the calculation for the driver circuit using a

simulation tool, given in Ref. [59], the real part of the output impedance is

about (3×1011 Ω)×(1 Hz/f2). Figure 5.16 shows the estimate of the thermal

noise from coil-magnet actuators when the real part of the output impedance

in Ref. [59] is applied to Eq. (5.32). The target sensitivity of LCGT [60] is

also shown in the figure. It is found that the thermal noise due to coil-magnet

actuators is sufficiently below the target sensitivity. The safety factor of 10

can be kept even if the coupling factor, α, is increased by ten times. This

estimate indicates that the coil-magnet actuators are an available tool for

LCGT.
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and the target sensitivity of LCGT.
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Chapter 6

Conclusion

6.1 Summary

6.1.1 Outline

In order to detect a gravitational wave (GW), it is necessary to design the

detector sensitivity precisely and to control all kinds of noise sources in GW

detectors. The thermal noise is one of the critical issues for the GW detectors.

In the near future, the thermal noise is thought to limit the sensitivity. It is

important to identify the thermal noise so that we can suppress it.

There are mainly two kinds of thermal noise in GW detectors, which are

“the mirror thermal noise” and “the pendulum thermal noise”. The mirror

thermal noise was well identified by other groups by means of the direct

measurements. On the other hand, identifications of the pendulum thermal

noise had been limited to a region only around the resonance. This thesis

focuses on the identification of the thermal fluctuation of the pendulum in a

mechanical system.

The thermal noise can be estimated using the fluctuation-dissipation the-

orem, which indicates that an energy dissipation causes a thermal fluctuation

in the thermal equilibrium. In order to reduce the thermal noise in compound

mechanical systems, it is important to distinguish its dissipation source. The
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pendulum thermal noise is caused by several kinds of dissipation sources. The

dissipation sources of a pendulum and its mechanisms are discussed in sec-

tion 5.1.1. One of the main themes of this thesis is on the pendulum thermal

noise caused by eddy currents in conductors around the mirror. There are

two kinds of conductive parts near the mirror: coil circuits and coil holders.

The coil circuits are a part of the coil-magnet actuators for an operation of

interferometers.

By the study described in this thesis, it was verified that the previous

sensitivity of the Japanese GW detector CLIO (Cryogenic Laser Interferom-

eter Observatory) was dominated by the pendulum thermal noise due to the

coil holder (section 5.2). Moreover, we have achieved direct measurements of

the pendulum thermal fluctuation in both off-resonant and in a wide-band

region, which is close to the most expected band of GW detection (around

100 Hz). We made use of the coil-magnet actuators to control the dissipation

as an injected thermal-noise source (section 5.3). The main points of sections

5.2 and 5.3 are summarized in the following section.

In general, interferometric GW detectors are a sophisticated system. In

this thesis, a fundamental issue in a GW detector with regard to the thermal

fluctuation was studied by a simple experiment, and we have achieved a

quantitative verification of extremely small pendulum fluctuations through

super-precise measurements.

6.1.2 Verification of the thermal noise due to the coil

holder

Through the process to improve the sensitivity of CLIO, the sensitivity of

the most important frequency region (around 100 Hz) for the GW detectors

was improved (section 4.4). It was suspected that the dominant noise of the

previous sensitivity around 100 Hz was due to the pendulum thermal noise

coupled with coil-holder material by magnet glued onto the mirror. The

identification of this noise was performed through both a theoretical and an
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experimental verification.

In the theoretical verification, I calculated the pendulum thermal noise

due to the coil holder material (section 5.2.1). Cagnoli et al. had estimated

the quality factor from the energy loss by eddy currents (appendix D), but

their estimate had not verified by the noise spectrum directly. I have shown

that the noise spectrum of the CLIO sensitivity almost agreed with the the-

oretical estimate obtained their estimation method (section 5.2.2). Through

this calculation, we employed a new method that could easily estimate the

magnetic dipole moment. The magnetic dipole moment of the magnets glued

onto the mirror can be estimated by measuring the actuator response owing

to the modeling of a coil-magnet actuator (appendix E).

In the experimental verification, we confirmed the noise reduction by

changing the coil holder from the aluminum material to electrical-isolator

bobbins (diflon bobbins) (section 5.2.3). The interferometer setting was not

changed except for the coil holder.

These results indicate that the noise source was the coil holder. The

new coil holder with electrical isolators was designed to reduce eddy currents

adequately, and then we have installed it as described in section 5.2.4.

6.1.3 Direct measurement of the pendulum thermal

fluctuation

Let us consider conductors near the magnets glued onto the mirror. The coil

itself remains so as to operate the interferometer even if we use a coil holder

made from an electrical isolator. The analysis of the thermal noise caused by

the coil-holder prompted me to measure the pendulum thermal noise from

the coil-circuits directly.

I estimated this thermal noise (section 5.3.1). It was found that the value

of the thermal noise could be controlled by varying parameters: the coupling

factor, α, and the coil-circuit resistance, R. Then I determined a suitable

coil configuration related with α to measure the thermal noise by using the
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relation of Eq. (E.10) (section 5.3.2). The experiment was performed under

the settings (section 5.3.3) as below.

• Thermal noise due to coil-circuits is injected to one pendulum.

• CLIO is used as a displacement sensor.

• Dissipation was changed by using three patterns of coil-circuit resis-

tances R as “Short,” “2ohm,” and “Open.”

The shift of the noise floor was observed and agreed with the theoretical

predictions (section 5.3.4). The observed fluctuations were extremely small

value of about 2× 10−18 m/
√

Hz at 100 Hz. By controlling these small quan-

tity precisely, we have identified, for the first time, the thermal fluctuation of

a pendulum in an off-resonant regime and in a wideband range around the

GW band. This result was confirmed by a comparison between the measured

thermal noise levels and a calculation based on the FDT. No other experi-

ments had shown agreements with the FDT in this region. In other words,

this is the first time to show that the FDT for the mechanical systems is valid

above the resonance frequency in a wide frequency region. This is significant

for fundamental physics and in the field of a superprecise measurement.

Through this study, it was found that the thermal noise from coil-magnet

actuators was comparable with the design sensitivity in the old setting. We

redesigned the coil-magnet actuators with low thermal noise and installed

them (section 5.3.5).

6.2 Discussion

6.2.1 Verification method

Direct measurement of the thermal noise spectrum is one of the verification

methods of the FDT. Especially, we convinced that we observed the thermal

noise because the noise floor was shifted as the dissipation was changed. The

dissipation is the most important value of the FDT. However, it was not
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perfect in terms of a verification of the FDT because we changed only one

parameter although the power spectrum expression of Eq. (5.20) has plural

parameters. According to the FDT, the fluctuation is determined by the

response from the heat bath. The fluctuation is expressed by the temperature

and the mechanical conductance as Eq. (3.7). It is better for the verification

of the FDT to measure the conductance or the transfer function in the same

method as references of Ref. [20] and Ref. [22].

6.2.2 Coil-magnet actuator

Coil-magnet actuators are a familiar tool for actuation of mirrors. However,

there are two considerable problems in terms of thermal noise as follows:

(1) The Q-factor of the mirror is degraded by attaching magnets.

(2) The Q-factor of the pendulum is degraded by induced currents on the

conductors around magnets (described in this thesis).

In order to avoid these problems of (1) and (2), electrostatic actuators are

studied [61], but they are not completed yet. Coil-magnet actuators have an

advantage of good handling. An actuator response of electrostatic actuators

is steeply changed by a distance between the mirror and the actuator plate.

On the other hand, an actuator response of coil-magnet actuators has small

dependence on a distance between the coil and the magnet. K. Yamamoto et

al. calculated the effect of (1) and he concluded that the loss of the magnets

was not a serious problem for the next-generation GW detectors [39, 62]. By

taking the results of Refs. [39, 62] and this thesis into account, the complete

design of the coil-magnet actuators will be capable in respect of thermal noise

for the next-generation GW detectors.

6.3 Outlook

Coil-magnet actuators are useful tools for interferometer operation and for

positional control in present and next-generation GW detectors. This thesis
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contributes to the evaluation of this type of thermal noise in GW detectors

and to the design of actuators with improved target sensitivity. The results

are particularly meaningful for next-generation GW detectors because their

target sensitivities will be more demanding. However, even when the mirrors

and suspensions are cooled, their thermal noise is not reduced because the

coil driver is at room temperature in the current settings. It means that the

thermal noise generates from the coil-magnet actuators will be suppressed

by cooling the coil-driver circuits in the future study.

After the experiments described in this thesis were carried out, the BG

noise shown in Fig. 5.13 has been reduced and is now comparable to the

suspension thermal noise due to structure damping [48]. In order to confirm

whether or not the observed spectrum is due to thermal noise, a cryogenic

experiment is in progress.
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Appendix A

Definitions of quality factor

and loss angle

The quality factor (Q-factor, or simply Q) is the smallness of damping at

the resonance frequency. It is directly related to the loss angle, φ(ω), and is

defined as

Q =
1

φ(ω0)
, (A.1)

where ω0 is the angular frequency at the resonance. The loss angle is equal

to the energy dissipation per cycle and is defined as

2πφ(ω) =
PTc

E
. (A.2)

Here, P is the energy dissipation per unit time, E is the accumulated energy

in the system, and Tc = 2π/ω. Thus,

φ(ω) =
P

ωE
. (A.3)

Using the definition in Eq. (A.1), the Q-factor is expressed as

Q =
ω0E

P
. (A.4)
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Transfer function expressed in

terms of poles and zeros

A transfer function, H(ω), is given by

H(ω) =
X̃

W̃
(B.1)

in Fourier space. Here, W̃ is an input and X̃ is an output. The transfer

function takes complex values, which has phase information between the

input and the output. A servo loop is frequently displayed as a block diagram

including the transfer function. In general, a transfer function is expressed

using polynomials as follows:

H(ω) =

M∑
j=0

aj(iω)j

N∑
k=0

bk(iω)k

. (B.2)

Each polynomial can be expanded using a Laplace transformation (s = iω)

to give

H(s) =
aMsM + aM−1s

M−1 + · · · + a1s + a0

sN + bN−1sN−1 + · · · + b1s + b0

, (B.3)

where we choose bN = 1. The factorization of Eq. (B.3) gives

H(s) =
aM(s − z1)(s − z2) · · · (s − zM)

(s − p1)(s − p2) · · · (s − pN)
. (B.4)
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A solution of H(s) = 0 obtained from (s− z1) · · · (s− zM) is called a “zero.”

A solution obtained from (s− p1) · · · (s− pN) is called a “pole.” Therefore, a

transfer function can be expressed as a combination of poles and zeros. The

pole and zero of the first order are given by

P 1(f) =

(
1 + i

f

fp

)−1

. (B.5)

Z1(f) = 1 + i
f

fz

. (B.6)

These are shown in Fourier space. fp and fz are the corner frequencies where

the frequency response is changed. These parameters uniquely determine

the characteristics of the transfer function. The pole and zero of the second

order are given by

P 2(f) =

(
1 + i

f

fpqp

−
(

f

fp

)2
)−1

. (B.7)

Z2(f) = 1 + i
f

fzqz

−
(

f

fz

)2

. (B.8)

In these equations, there are resonant peaks giving the Q-factor, qp or qz, at

the frequency, fp or fz, respectively. The expressions for the poles and zeros

are used for modeling servo systems with electrical circuits. In addition, a

high-pass filter of the first order can be expressed as

Hp(f) =
i f
fh

1 + i f
fh

. (B.9)

Here, fh is the corner frequency.
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Q-factor of a pendulum due to

residual gas

Air resistance is the most well-known external loss of a pendulum. In GW

detectors, pendulums are housed in vacuum tanks. Thus, the dilute gas is a

source of dissipation called residual gas damping, which is a type of viscous

damping (see Fig. 5.1). Under this dissipation, the Q-factor of an oscillator

is given by [19]

Qgas = Cghg
ρω0

ng

√
mmolkBT

. (C.1)

Here, Cg is a dimensionless parameter that depends on the shape of the

oscillator. Cg is mostly on the order of unity. The parameters hg, ρ, and

ω0 are respectively the size, density, and angular resonance frequency of the

oscillator. ng is the numerical density of the gas and mmol is mass of the gas

per molecule. In the case of a mixture of several different gases such as air,

the effective mass is employed. T is the temperature of the oscillator and the

residual gas. Equation (C.1) can be changed to the more useful expression

of

Qgas =
Cghgρω0

P

√
kBT

mmol

, (C.2)

where, the relation

ng =
P

kBT
(C.3)
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is used from the equation of state of an ideal gas and P is the pressure of the

residual gas.

In CLIO, the vacuum level is 10−3 Pa at room temperature. From

Eq. (C.2), the Q-factor of the pendulum becomes

Qgas = 6.6 × 108

(
10−3Pa

P

) (
h

0.1m

)(
ρ

4 × 104kg/m3

)(
f0

0.79Hz

)
. (C.4)

The pendulum Q-factor due to the residual gas (6.6 × 108) is sufficiently

larger than that due to the coil holder or the coil-magnet actuators (about

105) in Chapter 5. Hence, this noise is suppressed to below the BG noise

measured in section 5.3.
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Appendix D

Q-factor of a pendulum due to

a conductor surrounding a

magnet

The motion of a pendulum causes eddy currents in a conductor around a

magnet glued onto the mass (the mirror) of the pendulum. The dissipation

of these eddy currents decreases the Q-factor of the pendulum and increases

its thermal fluctuation. This model and the calculation were derived by

Cagnoli et al. [25] and the detail is described in this section.

In the model, the magnet, which is regarded as a spotlike magnetic dipole

moment, µ, provides a magnetic field, B, at a point ρ, given by

B(ρ) =
µ0

4πρ3

{3(µ · ρ)ρ

ρ2
− µ

}
. (D.1)

Here, µ = jan ≡ Mn (the parameters j, a and n are the circular current,

the enclosed area of the circle and the unit vector of µ, respectively). µ0 is

the permeability in a vacuum. When the angle between µ and ρ is defined
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as θ, the magnetic field at ρ in the direction of µ is

Bn = B · n (D.2)

=
µ0M
4πρ3

(
3 cos2 θ − 1

)
(D.3)

=
µ0M
4π

2z2 − r2

(r2 + z2)5/2
, (D.4)

where the magnetic moment, µ, is located at the origin and oriented to the

axial direction of the z axis. ρ is oriented from the origin to a circle with a

radius r whose center is at a point on the z axis (i.e., ρ2 = r2 + z2). This

coordinate is shown in Fig. E.1. Using Eq. (D.4), the magnetic flux in the

circle with radius r in the µ direction is expressed as

φ =

∫
S

B · n dS (D.5)

=

∫ r

0

Bn · 2πr dr (D.6)

=
µ0M

2

r2

(r2 + z2)3/2
. (D.7)

The motion of the mirror, given by z = A sin (ωt), causes an electromotive

force, E ′, to be generated at a point on the circle with radius r. E ′ is written

as

E ′ =
1

2πr

∫
E dl (D.8)

= − 1

2πr

(
dφ

dt

)
(D.9)

=
3µ0M

4π

zr

(r2 + z2)5/2
Aω cos (ωt). (D.10)

From Ohm’s law, E = σJ (σ is the electrical conductivity), and the elec-

tric power per cycle (2π/ω) consumed by the eddy current on the circle is
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expressed as

dP =
ω

2π

∫
1cycle

E ′J ′ 2πr drdz dt (D.11)

= 2πσ

(
3µ0M

4π

)2
r3z2

(r2 + z2)5
A2ω2 ω

2π
drdz

∫ 2π/ω

0

cos2 (ωt)dt (D.12)

= 2πσ

(
3µ0M

4π

)2
r3z2

(r2 + z2)5

A2ω2

2
drdz. (D.13)

When we regard the conductor as a center-holed coaxial cylinder, the dissi-

pation, P , produced by the whole conductor is given by

P =

∫ z2

z1

∫ r2

r1

dP = 2πσ

(
3µ0M

4π

)2
A2ω2

2
. (D.14)

Here,

J =

∫ z2

z1

∫ r2

r1

r3z2

(r2 + z2)5
drdz (D.15)

is called the geometrical factor, which depends on the shape of the conductor.

From Eq. (A.4), the Q-factor of a system with accumulated energy E and

a dissipation of P per unit time is expressed as

Q =
ω0E

P
. (D.16)

This is applicable to the pendulum. The accumulated energy in the pendu-

lum is

E =
1

2
m

(
dz

dt

)2

+
1

2
mω2z2 (D.17)

=
1

2
mA2ω2. (D.18)

From Eq. (D.16), Eq. (D.18), and Eq. (D.14), the Q-factor of the pendulum

is given by

Q =
mω0

2πσ
(

3µ0M
4π

)2 . (D.19)

Note that this is the Q-factor per magnet and conductor pair. If there are

N pairs, then Eq. (D.19) must be divided by N .
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Appendix E

Coupling factor α and magnetic

dipole moment M

To estimate the thermal noise of a pendulum from Eq. (5.3) and Eq. (5.20),

or its Q-factor from Eq. (5.1) and Eq. (5.19), it is essential to know the

coupling factor of the coil-magnet actuators and the magnetic dipole moment

of magnets. The coupling factor can be measured using the coil-magnet

actuator efficiency. Then, the magnetic dipole moment can be estimated by

modeling a coil-magnet actuator using the coupling factor.

For one coil-magnet actuator, the force

F = αI (E.1)

can be applied to the test mass. The coupling factor, α, is the conversion

efficiency between the current, I, in a coil circuit and the force, F . The value

of α per coil-magnet actuator is yielded from

α =
A100Rc

H100Nc

(E.2)

=
A100Rcm(2π × 100)2

Nc

, (E.3)

where the suspended mirror at 100 Hz is regarded as almost a free-fall mass.

Then the transfer function from the force to the displacement of the mirror

H can be approximately expressed as 1/mω2. A100 is the measured actuator
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efficiency at 100 Hz ∗, which is the transfer function from the driver input

voltage to the mirror displacement. The coil-magnet actuator efficiency at

the front mirror is measured using a Michelson interferometer constructed

from the front mirrors and the BS. Rc is the resistance of the voltage-current

conversion in the coil driver, and m is the weight of a test mass. Nc is the

number of magnet and coil pairs. Moreover, α is also given by

α =
Adc Rc kp

Nc

. (E.4)

Here, Adc is the actuator efficiency at a DC voltage. kp is the spring constant

of the pendulum, given by k = mω2
p, where ωp = 2πfp. fp is the resonance

frequency of the pendulum in the primary mode. Note that Eq. (E.3) is more

useful than Eq. (E.4) because of its easy measurement.

The magnetic dipole moment, M, must be known to estimate the thermal

noise due to the coil holder using Eq. (5.3) and the Q-factor of the pendulum

using Eq. (5.1). However, the magnetic moment is not usually easy to mea-

sure †. It is practicable to utilize the coupling factor of a coil-magnet actuator

to estimate the magnetic moment. To model the coil-magnet actuator, we

consider a magnet as a pointlike magnetic dipole moment and consider a coil

as a set of rings separated by a gap of d, as shown in Fig. E.1. Note that

the magnetic dipole moment is regarded as the “effective” moment because

the effects of high-order terms of the magnetic moment that originate from

the finite volume of the magnet or the smallness of the coil are included in

the pointlike magnetic dipole moment. When we define the same magnetic

dipole moment as that given by Eq. (D.1), the magnetic moment generates

∗100 Hz is approximately in the middle of our region of interest, and an accurate

measurement of the transfer function is possible at this frequency.
†If the residual magnetic flux of the magnet, Br, and its volume, V , can be obtained,

then the dipole moment is expressed as

M =
BrV

µ0
. (E.5)
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Figure E.1: Model of a coil-magnet actuator.

a magnetic field B at a point ρ, which is written as

Bt =
µ0M
4πρ3

(3 cos θ sin θ) (E.6)

=
µ0M
4π

3zr

(r2 + z2)5/2
. (E.7)

Here, Bt is the magnitude of a normal vector of its magnetic field. µ0 is the

magnetic permeability. M is the magnitude of the magnetic dipole moment.

θ is the angle between µ and ρ. The magnet lies on an axis through the

center of the coil (Z axis). This magnetic field gives rise to a force of

F = 2πrI Bt (E.8)

in the Z direction for each ring circuit when current I flows in the ring. The

coupling factor is equal to the force induced by the actuator per unit current

from Eq. (E.1). Hence, the coupling factor is expressed by

α = Bt · 2πr. (E.9)

An actual coil has many turns and a number of folds. We approximately

regarded the coil as a set of rings (see Fig. E.1).
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Using Eq. (E.7) and Eq. (E.9), the coupling factor of the coil-magnet

actuator is written as

α =
3 µ0M

2

u−1∑
s=0

w−1∑
n=0

(z1 + dn)(r1 + ds)2

((z1 + dn)2 + (r1 + ds)2)5/2
. (E.10)

Here, the solenoidal coil, which consists of a conductive wire with a diameter

of d, is wound around a bobbin with a radius of r1−d/2. Behind the first ring,

which is at a distance of z = z1 from the magnet, parallel rings consisting

of w turns are set with a gap of d between each ring (z = z1 + dn; n =

0, 1, 2, · · · , w − 1). When the coil is folded into layers in the direction of

increasing radius, the radius of each layer can be expressed as r = r1+ds; s =

0, 1, 2, · · · , u − 1 in the case of u folds. By measuring α using the relation

given by Eq. (E.3), we can estimate the magnetic dipole moment, M, using

Eq. (E.10).
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