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Abstract

Quantum mechanical fluctuations of the electromagnetic field impose the ultimate limit to the
precision of interferometric measurements. The first generation of long baseline interferometric
gravitational wave detectors see thisquantum noise limitover much of their sensitive frequency
band. Second generation detectors, which are planned to be ten times more sensitive, are expected
to be quantum noise limited over the majority of the audio gravitational wave detection band
(Fourier frequencies of 10Hz to 10kHz).

This thesis presents research toward breaching the quantumnoise limit in interferometric grav-
itational wave detectors. Specifically, we report the first measurement of squeezed states audio
gravitational wave detection band.

A below threshold optical parametric oscillator is used to generate a squeezed vacuum states.
Quantum noise suppression down to sideband frequencies of 70Hz is measured with up to 5.5dB
(72%) of locked suppression measured at higher frequencies. We compare the squeezing produced
in optical parametric amplifiers and optical parametric oscillators theoretically and experimentally.
We find that classical noise sources, such as laser amplitudeand phase noise, couple into the
squeezed states produced by optical parametric amplifiers but have negligible effect on squeezing
produced by a below threshold optical parametric oscillators. This makes below threshold optical
parametric oscillators ideal for producing audio frequency squeezing. We trial Mg:LiNbO3 and
PPKTP as nonlinear medium and find that PPKTP has advantages of a higher nonlinearity, broader
phase matching curve, and smaller photothermal effect.

Also presented are two control techniques that were developed in parallel to the audio fre-
quency squeezing research. These techniques are; quantum noise locking, and phase matching
locking.

Quantum noise locking is used to control the quadrature phase of squeezed vacuum states for
the long term measurements in this thesis. Quantum noise locking is relied upon since standard
readout techniques cannot be used for squeezed vacuum states. A detailed theoretical and exper-
imental investigation of quantum noise locking in two experimental systems is undertaken. The
first system is quantum noise locking of squeezed states. Thesecond system is the quantum noise
locking of the phase of two coherent fields. This second system allows quantum noise locking is
compared directly to a standard dither locking technique and found to have inferior noise perfor-
mance. The quantum noise locking expriments operate with a noise floor of about 1nm/

√
Hz.

Phase matching locking technique is a new technique developed to readout the phase mis-
match of second order nonlinear interactions interferometrically. We describe the technique the-
oretically and demonstrated it experimentally in a doubly resonant optical parametric amplifier.
Phase matching locking is found to be useful to negate offsets in phase matching condition and to
reduce the phase matching jitter compared to a system without it. We achieve relatively fast tem-
perature feedback to the phase matching condition using thephotothermal effect, by modulating
the amplitude of pump beam of the optical parametric amplifier.
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Chapter 1

Introduction

A global array of kilometer-scale interferometers has beenconstructed to detect gravitational
waves signals of astronomical origin. These interferometers operate with remarkable precision
and are expected to make the first direct gravitational wave detection. The first detection will mark
the dawn of a new era of gravitational wave astronomy.

Just as first generation interferometric detectors reach their design sensitivities [28], tech-
nology and techniques for the second and third generation interferometric detectors are nearing
maturity. Ideally, second generation detectors will operate with an order-of-magnitude better sen-
sitivity than first generation interferometers, which willincrease the detection rate a thousandfold,
and improve the detail of detected signals.

The sensitivity of second generation detectors, such as Advanced LIGO [29, 30], is expected to
be limited byquantum noiseacross the majority of the audio gravitational wave detection band - at
Fourier frequencies from 10Hz to 10kHz. Quantum noise is thefundamental limit of interferom-
etry, imposed by the quantum mechanical fluctuations of the light [31, 32]. To improve sensitivity
beyond the quantum noise limit aquantum non-demolision(QND) technique is required [33]. A
promising QND techniques for interferometric gravitational wave detectors usessqueezed states
of light to breach the quantum noise limit [34–40].

This thesis is concerned with the generation of squeezed states of light suitable for use in
interferometric gravitational wave detectors. Though themotivation for this research is specific,
it is relevant for other quantum noise limited applications, such as: atomic force microscopy [41];
spectroscopy [42]; and QND techniques of Bose-Einstein Condensation [43].
This thesis has two central themes:

1. The production of squeezing in the audio gravitational wave detection band While quantum
fluctuations can never be removed from a laser field, they can be manipulated. A squeezed
state of light has reduced fluctuations in one of its observable parameters (for example, its
phase), whilst the conjugate parameter (the amplitude) hasincreased fluctuations. The key
difference between the squeezing reported here and that previously reported is the sideband
frequency. Before this work squeezing was typically produced at sideband frequencies of
1MHz and above, whereas for gravitational wave detectors require squeezed states between
10Hz and 10kHz.

2. Control techniques in quantum and nonlinear optics The second part of this thesis is con-
cerned with control techniques developed in parallel with the squeezing research. Two
concepts are presented. First, quantum noise locking, a technique to control the quadrature
phase of a vacuum squeezed state, and second, a technique to readout and control the phase
matching condition of nonlinear materials interferometrically.

1



Introduction

Overview of this thesis

The structure of the thesis is shown in figure 1.1 and comprises three major parts. The first part,
chapters 3, 2, and 4, is intended to provide the necessary background information for, and give
context to, the research presented. The second part, chapters 5, 6, 7, and 8, detail the development
of audio-frequency squeezing - the core component of the thesis. In the final part, chapters 9
and 10, control techniques in quantum and nonlinear optics are developed. These techniques are
related to the development of audio-frequency squeezing and its implementation in gravitational
wave detectors, but have wider implications for nonlinear optics and quantum measurement.
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6. Squeezing in the audio gravitational wave detection band 

3. Quantum optics and nonlinear devices 

Figure 1.1: Structure of this thesis.

In detail, chapter 2 provides an introduction into gravitational waves and their detection. An
overview of detectable sources, interferometric gravitational wave detector configurations, current
and future detectors, and an overview into limiting noise sources in terrestrial interferometric de-
tectors is presented
Chapter 3 contains background into quantum optics and the formalism required to model the ex-
periments in this thesis. It also contains an introduction to χ(2) nonlinearity, which is used to
produce squeezed states of light.
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Chapter 4 gives a detailed description of the quantum noise limit in interferometric detectors
and possible squeezing enhancements. This chapter forms the basis of the theoretical investiga-
tions of chapter 8, where squeezing enhancements are considered in a more realistic interferometer.

Chapter 5 presents a theoretical model of the production of squeezed states from an optical
parametric down-conversion process. This model shows key differences between optical paramet-
ric oscillators and optical parametric amplifiers. Sub-threshold optical parametric oscillation is
shown to be an ideal means of producing low frequency squeezing.

In chapter 6 an experimental comparison of squeezed states produced in optical parametric os-
cillators and optical parametric amplifiers is made. A vitaldifference in classical noise coupling is
found: the classical noise sources that degrades squeezingfrom an optical parametric amplifier do
not couple to the squeezing from an optical parametric oscillator. This property allows squeezing
to be produced from optical parametric oscillators at audiofrequencies.

Chapter 7 details another audio-frequency squeezing experiment. This experiment addresses
the main inadequacy of the experiment in chapter 6, namely, the long term stability. The squeezing
produced was also of larger magnitude and measured at lower sideband frequencies. In the second
part of the chapter, experimental limitations of homodyne measurements at low audio-frequencies
are investigated.

Chapter 8 contains a calculation of the squeezing enhancements that can be made to a realistic
detector. This calculation includes classical noise sources of the interferometer and optical losses.
The Advanced LIGO detector is taken as a quantitative example, and the enhancements that can
be made for different levels of laser power, squeezing, and loss are considered.

Chapter 9 presents an investigation into quantum noise locking, a technique based on deter-
mining the relative phase of an optical field from its quantumnoise. Quantum noise locking of a
squeezed vacuum state is demonstrated experimentally. Quantum noise locking is compared with
a standard dither locking technique.

Chapter 10 describes a new interferometric technique developed to readout the phase match-
ing condition of aχ(2) nonlinear process. The technique is described theoretically using quantum
optics formalism, and is demonstrated experimentally.

Chapter 11 concludes the thesis. It includes a summary of thework contained in the thesis and
discussion of possible extensions to this research.

Publications

Some of the work presented in this thesis, and other work and completed during my time as a
PhD student, has been published in, or submitted to, peer-reviewed journals. Papers published,
accepted for publication, or submitted are listed below:

• DC Readout experiment at the Caltech 40m prototype interferometer
R. L. Ward, R. Adhikari, B. Abbott, R. Abbott, D. Barron, R. Bork, T. Fricke, V. Frolov,
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J. Heefner, A. Ivanov, O. Miyakawa, K. McKenzie, B. Slagmolen, M. Smith, R. Taylor, S.
Vass, S. Waldman, and A. Weinstein,
Accepted for publication in Classical and Quantum Gravity (2008).

• A Quantum-Enhanced Prototype gravitational wave Detector
K. Goda, O. Miyakawa, E. E. Mikhailov, S. Saraf, R. Adhikari,K. McKenzie, R. Ward, S.
Vass, A. J. Weinstein, and N. Mavalvala,
Submitted to Nature Physics (2008).

• Coating-free mirrors for high precision interferometric experiments
S. Goßler, J. Cumpston, K. McKenzie, C. M. Mow-Lowry, M. B. Gray,
and D. E. McClelland,
Physical Review A76, 053810 (2007).

• Using a Passive Fiber Ring Cavity to Generate Shot-Noise-Limited Laser Light for Low-
Power Quantum Optics Applications
M. B. Gray, J. H. Chow, K. McKenzie, and D. E. McClelland,
IEEE, Photonics Technology Letters19, 1063-1065 (2007).

• Technical limitations to homodyne detection at audio frequencies
K. McKenzie, M. B. Gray, P. K. Lam, and D. E. McClelland,
Applied Optics46, 3389-3395 (2007).

• Nonlinear phase matching locking via optical readout
K. McKenzie, M. B. Gray, P. K. Lam, and D. E. McClelland ,
Optics Express14, 11256-11264 (2006).

• Harmonic entanglement with second-order non-linearity
N. Grosse, W. P. Bowen, K. McKenzie, and P. K. Lam,
Physical Review Letters96, 063601(2006).

• Squeezed State Generation for Interferometric gravitational wave Detection
K. McKenzie, M. B. Gray, S. Goßler, P. K. Lam, and D. E. McClelland,
Classical and Quantum Gravity28, S245-S250 (2006).

• Quantum Noise Locking
K. McKenzie, E. E, Mikhailov, K. Goda, P. K. Lam, N. Grosse, M.B. Gray, N. Mavalvala
and D. E. McClelland,
Journal of Optics B7, S421-S428 (2005).

• Photothermal Fluctuations as a Fundamental Limit to Low-Frequency Squeezing in a De-
generate Optical Parametric Amplifier
K. Goda, K. McKenzie, E. E. Mikhailov, P. K. Lam, D. E. McClelland and N. Mavalvala,
Physical Review A72, 043819 (2005).

• Squeezing in the audio gravitational wave detection band
K. McKenzie, N. Grosse, W. P. Bowen, S. E. Whitcomb, M. B. Gray, D. E. McClelland and
P. K. Lam,
Physical Review Letters93, 161105 (2004).

• Analysis of a sub-shot noise power recycled Michelson interferometer
K. McKenzie, B. C. Buchler, D. A. Shaddock, P. K. Lam and D. E. McClelland,
Classical and Quantum Gravity21, S1037-S1043 (2004)
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Chapter 2

The detection of gravitational waves

In Einstein’s General Theory of Relativity [44], the force of gravity is described by the the cur-
vature of space-time. A profound consequence of this theoryis the prediction of gravitational
waves [45], which are perturbations in space-time that propagate at the speed of light.

Indirect evidence for the existence of gravitational waveswas provided by the discoveries of
Hulse and Taylor, who were awarded in the Nobel Prize in 1993.They studied a binary neutron
star system, PSR B1913+16 [46] in which one was a pulsar. Using pulsar timing measurements, it
was found that orbital period of the binary system shifted over time, in a manner consistent with the
system emitting quadrupole gravitational radiation [47, 48]. The direct detection of gravitational
waves, however, is yet to be made.

This chapter provides an introduction to gravitational waves and their detection. Section 2.1
introduces gravitational waves and some of the most promising sources for detection. Section 2.2
provides an overview of gravitational wave detectors. Section 2.3 introduces current terrestrial
interferometric detectors. In section 2.4 of terrestrial interferometric gravitational wave detectors
are introduced. Limits come from classical displacements sources, such as seismic noise; from
thermal noise; and from quantum noise of the electromagnetic field. The predicted values for
the Advanced LIGO detector of these noise sources are presented as a quantitative example. A
detailed study of the quantum noise limit in interferometric detectors is reserved for chapter 4. In
section 2.5, we briefly introduce space-based detectors.

2.1 Gravitational waves

Gravitational waves are oscillationsin space-time, fundamentally different to electromagnetic
waves, which propagatethrough space-time. In this sense, gravitational waves are similarto
pressure waves of sound propagating through air. Gravitational waves are emitted when a mass
distribution changes in a non-spherically symmetric manner, and the lowest order mode of oscilla-
tion is quadrupole. They interact very weakly with matter, making them difficult to detect. It also
means they propagate through space-time relatively unperturbed, offering a window on dynamics
that are hidden to electromagnetic observations, such as stella core collapse in supernovae, or the
workings of our galactic center.

The effect of a gravitational wave as it passes though a region of space can be visualised by
considering its effect on a ring of particles in free fall, illustrated in figure 2.1. The effect of
the two polarizations,h+ andh×, are shown over the wave period,T. As the gravitational wave
passes perpendicular to the plane of the ring (i.e. into the page) the ring is stretched and squeezed
in orthogonal directions. At the half period of the wave the axis of stretching and squeezing is
reversed.
The amplitude of a gravitational wave can be characterized by the fractional length change it
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t = 0 t = T/4 t = T/2 t = 3T/4 t = T

h+

h+

Increasing Time

Figure 2.1: The distortion that a gravitation wave causes as it passes (into the page) through a ring freely
falling particles. The two polarizations,h+ andh×, are shown at different intervals of the gravitational wave
period,T. The strain amplitude in the figure ish = 0.25.

induces and is calledstrain, h, which is given by

h =
∆L
L

, (2.1)

where∆L is a change in length over a given length,L. Even for astronomical scale events,h
is expected to be very small. For example, the gravitationalwaves emitted by the coalescence
of a binary neutron star system at a distance of a 100 Mpc are expected to haveh ∼ 10−21−
10−22 1/

√
Hz [49]. In figure 2.1 the strain amplitude has been vastly exaggerated for illustrative

purposes, withh = 0.25.

2.1.1 Gravitational wave sources

The strongest emitters of gravitational waves are astronomical objects which have strong non-
spherical dynamics. Examples of promising sources of detectable gravitational radiation are [50]:

Binary inspirals The coalescence of binary systems which contain high mass compact objects,
such as neutron stars and black holes. Gravitational waves are emitted as the compact ob-
jects orbit, extracting energy and angular momentum from the binary system, causing the
orbit to decay. As the orbital distance shrinks, the strength and frequency of the gravita-
tional waves emitted increases, causing a chirp signal as the objects fall ever closer before
they finally collide.

Supernovae If the stellar core collapse in a supernova is non-spherically symmetric, a burst of
gravitational waves will be released. This is a potentiallyvery interesting source to study,
alongside electromagnetic and neutrino observations, as the internal dynamics of super-
novae are poorly understood [49].

Pulsars Pulsars are born out of supernovae. If the pulsar is non-axisymmetric, then gravitational
waves will be emitted as it spins. The amplitude of the gravitaitonal waves emmitted from a
pulsar are proportional to the equatorial ellipticity and the square of the rotational frequency.

Stochastic background Analogous to the cosmic microwave background, the stochastic back-
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Figure 2.2: (a) Layout of the Michelson interferometer. (b) Layout of a power- and signal-recycled Michel-
son interferometer with Fabry-Perot arm cavities.

ground of gravitational waves is expected to originate fromthe dynamics in the early uni-
verse.

2.2 Gravitational wave detectors

There have been two technologies developed to detect gravitational waves directly. These are
resonant masses and interferometers.

2.2.1 Resonant mass detectors

Half a century ago, Joseph Weber devised and built an instrument to detect gravitational waves
directly [51]. Weber used metal cylinders, sometimes called ‘bars’, whose vibrational modes can
be excited by gravitational radiation. Bar detectors offerhigh sensitivity to continuos wave sources
at the resonance frequency of the bar (typically∼1kHz), as the signal is resonantly enhanced. Bar
detectors were the dominant gravitational wave antenna forthe following four decades and offered
strain sensitivity of up to 10−21 1/

√
Hz near 1kHz [52].

2.2.2 Inteferometric Detectors

Interferometric detectors were proposed by Gertsenshteinand Pustovoit [53] in the 1960’s. The
first interferometric detector was built in the early 1970’sby a group led by Robert Forward [54].
At the same time, Rainer Weiss from Massachusetts Instituteof Technology conceived long base-
line interferometers and determined their noise limits. Inthe late 1990’s construction of these long
baseline interferometers began. They have reached maturity in the last couple of years.

Interferometric detectors are based on sensing the motion of freely falling bodies, such as
the suspended end mirrors of a Michelson interferometer. The Michelson inteferometer, shown
schematically in figure 2.2 (a), is the basic configuration ofall ground based interferometric detec-
tors. Typically, the Michelson interferometer is set to operate on ‘dark fringe’, which means the
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arm length difference is controlled so that the laser field interferes destructively towards the pho-
todetector port and constructively to laser port. A passinggravitational wave will modulate the arm
lengths differentially, thereby changing the interference condition at the beamsplitter, resulting a
signal that can be sensed on the photodetector.

There are two key advantages of interferometers that have seen them supersede bar detectors.
Firstly, interferometers are inherently broadband devices, whereas the resonant nature of bar de-
tectors means they are narrowband1 (typically tens of Hertz [52]) devices. Secondly, the strain
sensitivity of interferometers improves proportional to the interferometer length,L, up until L is
greater than a quarter of the gravitational wave wavelength. Thus, increasing the arm length ‘di-
lutes’ the amplitude of displacement noise sources with respect to the gravitational wave signal.
This scaling factor with arm length means that long baselinedetectors are desired. Ground based
interferometric detectors have arm lengths ofL ∼1 km. Space based detectors will have lengths
of L ∼ 106 km.

2.2.3 Interferometer configurations

Figure 2.2 (b) shows an advanced Michelson interferometer configuration. This is the configura-
tion that the second generation detectors Advanced LIGO [29] and Advanced VIRGO [56] will
use, and elements of it are used in the first generation detectors (introduced in section 2.3). This
interferometer has Fabry-Perot cavities in the arms, consisting of the input test mass and the end
test mass, and extra mirrors: one in the laser port, called the power recycling mirror and one in
the photodetector port, called the signal recycling mirror. Arm cavities enhance the sensitivity
by optimizing the gravitational wave signal storage time and increasing the power incident on the
test masses. The power recycled mirror forms a cavity with the Michelson interferometer, called
the power recycling cavity, which recycles the light that exits the laser port of the Michelson in-
teferometer, resonantly enhancing the laser power at the beamsplitter. The signal recycled mirror
forms a cavity with the Michelson interferometer called thesignal recycling cavity. Analogous
to power recycling, signal recycling resonantly enhances the gravitational wave signal at the sig-
nal recycling cavity resonance frequency. Signal recycling also enables the interferometer’s peak
sensitivity to be tuned by adjusting the microscopic position of the signal recycling mirror.

2.3 Current Interferometric Gravitational Wave Detectors

There are currently six long baseline interferometric detectors:

• LIGO [57–59], the Laser Interferometer Gravitational-wave Observatory, consists of three
interferometers located at two sites separated by 3002 km across the United States of Amer-
ica. The sites are located: in Washington state, which has two interferometers with arm
lengths of 4km and 2km; and in Louisiana, which has a 4km interferometer. All three inter-
ferometers are power-recycled Michelson interferometerswith arm cavities. In September
2007, LIGO finished its fifth science run (S5) which entailed a365 days worth of triple
coincidence from the interferometers.

• VIRGO [60, 61] is a French-Italian collaboration which has a3km interferometer in Italy
near Pisa. VIRGO is also a power-recycled Michelson interferometer with arm cavities.
VIRGO has lower optimal strain sensitivity than LIGO, due toit’s shorter arms, but has a
better projected low frequency sensitivity due to more advanced seismic isolation.

1Planned resonant mass such as DUAL [55] have a sensitive bandwidth approaching hundreds of Hertz.
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Figure 2.3: Design strain sensitivity of LIGO, VIRGO, GEO, and Advanced LIGO.

• GEO [62, 63] is a 600m interferometer located near Hannover in Germany, run by a Ger-
man and British team. The GEO interferometer is a once-folded signal and power recycled
Michelson inteferometer which does not employ arm cavities. It is the only first generation
detector to use signal recycling, allowing the signal response to be tuned.

• TAMA [64, 65] is a 300m interferometer located near Tokyo, Japan. TAMA is a power-
recycled Michelson interferometer with arm cavities. TAMAwas operational before the
other detectors, and was responsible for setting early upper limits on the strength of gravi-
tational radiation [64].

The design strain sensitivity of the LIGO, VIRGO, and GEO interferometers is shown in fig-
ure 2.3. Also shown is the design sensitivity of Advanced LIGO. The sensitivity of all first gen-
eration detectors is limited by the same noise sources: seismic noise at low frequencies; thermal
noise of the mirrors and suspension wires and in the mid frequency band; and quantum noise at
high frequencies. These noise sources are shown in figure 2.4for the 4km LIGO detector as an
example.

2.3.1 Second generation detectors

First generation detectors will be upgraded to improve sensitivity and increase the likelihood, rate
and detail of detections. These second generation detectors are designed to improve sensitivity by
an order of magnitude and broaden the measurement bandwidth. The upgrades include: updating
the mirror suspensions and mirror substrates, adding signal recycling; increasing the laser power
to reduce shot noise; and changing the detection scheme froma heterodyne based technique to
a homodyne technique. The LIGO detectors will be upgraded toAdvanced LIGO, and VIRGO
will become Advanced VIRGO. The GEO detector will be upgraded to GEO HF [66], with HF
standing for high frequency. There are also plans to build new advanced ground based detectors:
In Japan, LCGT [67]; and in Australia, AIGO [68], but these projects are yet to be funded.
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Figure 2.4: Design strain sensitivity of LIGO with the three limiting noise sources seismic noise, suspen-
sion thermal noise and quantum noise.

2.4 Noise sources in terrestrial interferometric detectors

To detect the incredibly small strain induced by gravitational waves, the differential or anti-
symmetric motion of the test masses needs to be kept to a minimum and the arm length must
be long. For the kilometer scale interferometers currentlyoperating, the required displacement
sensitivity is of order 10−19m/

√
Hz [50]. This is an incredible challenge in the audio gravitational

wave detection band (10Hz to 10kHz) which is why it has taken decades to design, build, and
optimise long baseline interferometers. There are many noise sources that can prevent the mea-
surement of such a small displacement. The expected contributions from various noise sources of
the Advanced LIGO detector are plotted in figure 2.5 as an example.

2.4.1 Noise sources

Interferometric detectors have sources of displacement noise which fall into three main cater-
gories: facility noise, hardware noise, and quantum noise2. Below is a short introduction to the
different noise sources that are expected to limit AdvancedLIGO.

Gravity gradient Fluctuations in the local gravitational field near the test masses cause uncorre-
lated displacement noise of the test masses [69, 70], resulting in gravity gradient noise. This
is caused by fluctuating densities of medium, such as atmospheric pressure fluctuations and
seismic waves; and by moving masses, such as cars, aeroplanes, and people. Gravity gradi-
ent noise represents the low frequency limit for terrestrial detectors. To detect gravitational
waves at frequencies lower than a few Hertz, space based interferometers are needed, since
this noise source cannot be mitigated in a terrestrial detector.

2There are other technical noise sources such as photodetector electronic noise and feedback control noise that are
not included in this analysis.
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Figure 2.5: Expected displacement contributions of various noise for the Advanced LIGO detector in
wideband operation. Plot made using Bench, Version 6.2 [1].

Residual gasThe interferometers operate in an ultra high vacuum envelope. There is always
some residual gas (the LIGO Facilities have a pressure of 10−9 Torr [49]) which, as it passes
though the beam path, gives a small refractive index change,resulting in displacement noise.

Stray light Light that scatters from the core mirrors or input and outputoptics can be scattered
back into interferometer field. This process adds uncorrelated phase noise [71]. To minimize
stray light the gravitational wave detection facilities are fitted with light baffles, and great
effort is taken when absorbing (or dumping) beams from unused specular reflections.

Stray light, gravity gradient, and residual gas noises combine to form Facility noise [49].

Seismic noiseThe ground motion at the LIGO inteferometer sites is approximately 10−8 m/
√

Hz
at 1Hz, and reduces at higher frequencies [72]. To obtain therequired displacement, the test
masses must be isolated from the seismic motion. Most detectors use some combination of
active isolation at low frequencies and multi stage pendulums for passive isolation. Even
so, seismic noise limits low frequency sensitivity.

Thermal noise The term ‘thermal noise’ refers to displacement noise induced by the statistical
thermodynamic fluctuations of an object. Thermal noise can be understood through the
fluctuation - dissipation theorem [73, 74], which describeshow thermal fluctuations couple
to a localised area of a material via the mechanical loss of the material. These thermal
fluctuations cause expansion or contraction of the material, resulting in displacement noise.
The amplitude of the off-resonance thermal noise is proportional to the intrinsic loss of the
medium, thus low loss, high Q (quality factor) materials aredesirable. Two manifestations
of thermal noise are plotted in figure 2.5
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1) Suspension Thermal Noise: The suspension wires that holdthe test masses expand and
contract due to thermodynamic fluctuations [74], generating displacement noise. Suspen-
sion thermal noise represents a low frequency limit to the Advanced LIGO displacement
sensitivity.
2) Mirror Thermal Noise: Mirror thermal noise describes twosources of thermal noise -
That from the coating (see, for example [75]), which is currently expected to be the pri-
mary contributer, and the thermal noise of the mirror substrate [50]. Coating thermal noise
is of particular importance, since it represents the expected limit to sensitivity across the
mid-frequency band - a few tens of Hertz to few hundred Hertz.

Quantum noise The origin of quantum noise in interferometric detectors isthe quantum mechan-
ical fluctuations of the electromagnetic field used to sense displacement. Quantum noise
enters interferometric measurements in two ways:
1) shot noise. The measurement of the gravitational wave signal is a phase quadrature mea-
surement. The quantum mechanical phase fluctuations of the light provide a fundamental
limit to this measurement. The sensitivity of first and second generation detectors are shot
noise limited above a few hundred Hertz. The shot noise limited signal-to-noise ratio scales
inversely with square root of power at the beamsplitter input, thus shot noise can be reduced
by increasing the laser power or power recycling factor. Shot noise is the limiting noise
above a few hundred Hertz.

2) Radiation pressure noise. The quantum mechanical amplitude fluctuations do not directly
couple to the measurement. Instead, they drive fluctuationsin the test mass positions via
radiation pressure. These fluctuations are anti-correlated in the two arms, causing anti-
correlated displacement of the mirrors. This results in a phase noise. The radiation pressure
limited signal-to-noise scales with the square root of the power at the beamsplitter, Thus
radiation pressure noise becomes significant when high powers are used. Second generation
detectors operating at high laser powers are expected to be limited by radiation pressure
noise at frequencies between about 10Hz and 70Hz.

Quantum noise in interferometric detectors, and methods tocircumvent it are detailed in
chapter 4.

There are many other hardware and facility noise sources notmentioned here, such as pho-
tothermal [76] and photo-refractive noise [77] sources, that are expected to be smaller than the
noise sources presented here and beyond the scope of this discussion.

2.5 Space based interferometric gravitational wave detectors

The laser interferometer space antenna (LISA) is a joint NASA/ESA mission planned to launch in
2018 [78]. The LISA constellation, shown in figure 2.6, consists of three spacecraft arranged in an
equilateral triangle with 5 million km sides. The LISA constellation will orbit the sun at the same
distance as the Earth, but will lag the Earth’s orbit by 20 degrees.

LISA will detect gravitational waves by measuring the distance between the spacecraft us-
ing interferometry and looking for tiny length perturbations. There are two lasers located on
each spacecraft which send a laser beam to each of the other two spacecraft. By making precise
phase measurements of the incoming laser fields, LISA expects to reach a strain sensitivity of
h = 10−20 1/

√
Hz and be sensitive enough to detect gravitational waves across a frequency band

from 100µHz to 1Hz. The design sensitivity of LISA is shown in figure 2.7. This frequency band
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to the ecliptic by 60o and orbits the Sun 20o behind the Earth. Adapted from [2]
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Figure 2.7: The designed LISA strain sensitivity. From [3]

is fundamentally inaccessible for terrestrial detectors due to gravity gradient noise, and is expected
to contain an abundance of measurable sources.

LISA also has a planned upgrade, the big bang observatory (BBO) [79], with an expected
launch date of 2030.

2.6 Chapter summary

This chapter has presented an overview into the concepts of gravitational waves and their detection.
The basic configurations and noise sources of ground based interferometric detectors have been
introduced and current operational detectors have been listed.
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Chapter 3

Quantum optics and nonlinear devices

The beginning of the twentieth century saw the works of Max Plank and Albert Einstein transform
the understanding of the mechanics of electromagnetism from an infinitely devisable, classical
description of James Maxwell, to the understanding of discrete light quanta. The revolution of
quantum mechanics that followed was one of the profound discoveries of the 20th century.

The quantised nature of light means that it must be treated statistically for high precision mea-
surements. Repeated measurements of the electromagnetic field amplitude, for example, yield
different results, and the measurement results obey the Poissonian distribution. This uncertainty
limits the accuracy that interferometric measurements canbe made, and results in what is termed
quantum noise. This thesis is concerned with the quantum limits of laser interferometric displace-
ment measurements and producing modified quantum states to surpass these quantum limits.

This chapter provides background into the quantum mechanical nature of the electromagnetic
field and introduces the mathematical framework to represent it. The second part of the chapter
introduces second order (χ(2)) nonlinearity, which is the mechanism used to create squeezing.

The chapter is laid out as follows: In section 3.1 the quantised electromagnetic field is in-
troduced using standard quantum optics formalism found in text books such as Walls and Mil-
burn [80]. We then introduce the Heisenberg uncertainty principle [81] for the electromagnetic
field and the properties of somestates of lightfound in quantum optics experiments. In section 3.2
and section 3.3 devices and processes typical in quantum optics experiments are introduced. These
are: the photodetection of optical fields; the effects of optical loss; and the Fabry-Perot interferom-
eter. The second part of this background chapter introducesthe basics of nonlinear interactions.
Section 3.4 focusses on theχ(2) nonlinear interaction in dielectric media. Parametric up-and
down-conversion are introduced, along with conservation laws and phasematching. In section 3.5
the equations of motion of an optical cavity with aχ(2) nonlinear medium are presented. These
equations are used to examine the classical and quantum behaviour of an optical parametric am-
plifier (OPA) using a semi-classical approach.

3.1 The quantised electromagnetic field

Properties of the quantised electromagnetic field are introduced in the context of an optical cavity
mode with angular frequencyωk. The positive and negative component of the electric field can be
written in terms of the boson creation and annihilation operators,a†

k andak, and the spatial mode
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function,u(r)

E(+)(r , t) = i ∑
k

(
h̄ωk

2ε0

) 1
2

aku(r )e−iωkt , (3.1)

E(−)(r , t) = −i ∑
k

(
h̄ωk

2ε0

) 1
2

a†
ku(r )∗e+iωkt , (3.2)

whereh̄ is the reduced Plank constant andε0 is the Permittivity of free space. The sum of the
positive and negative components give the total electric field [80]

E(t) = i ∑
k

(
h̄ωk

2ε0

) 1
2 [

aku(r)e−iωkt −a†
ku(r)∗eiωkt

]

. (3.3)

The creation and annihilation operators are dimensionlessand satisfy the boson commutation re-
lations

[ak,ak′ ] = [a†
k,a

†
k′ ] = 0, [ak,a

†
k′ ] = δkk′ . (3.4)

These commutation relations illustrate an important distinction between classical and quantum
optics. The classical optics equivalent of equation 3.3 canbe found by replacing the annihilation
and creation operators with complex field amplitudes. The complex field amplitudes in classical
optics commute, avoiding the Heisenberg uncertainty relation and its consequences.

In quantum mechanics, operators must be Hermitian to represent observable quantities. The
annihilation and creation operators are not Hermitian and as such are not observables. They can
be written in terms of the Hermitian operator pair for theamplitude quadrature, X1, and thephase
quadrature, X2,

a =
1
2
(X1+ iX2), (3.5)

a† =
1
2
(X1− iX2), (3.6)

the quadrature operators for the amplitude and phase are

X1 = a+a†, (3.7)

X2 = −i(a−a†). (3.8)

The amplitude and phase quadratures represent non-commuting observable parameters. A opera-
tor for an arbitrary quadrature,ζ, can be defined using a linear combination ofX1 andX2

Xζ = X1cosζ+X2sinζ. (3.9)

3.1.1 The Heisenberg uncertainty principle

The Heisenberg uncertainty principle (HUP) [81] quantifiesthe ultimate precision of simultaneous
measurement of non-commuting observable parameters. A standard example of the HUP is the
measurement of the position and momentum of a particle (for example, see Griffiths [82]). The
HUP states that if any two observable parameters,O1 andO2, satisfy the commutation relation

[O1,O2] = ξ, (3.10)
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§3.1 The quantised electromagnetic field

then they are bounded by the HUP

∆O1∆O2 ≥
|ξ|
2

, (3.11)

where∆O is standard deviation of the operatorO. The standard deviation is defined,

∆O =
√

〈O2〉− 〈O〉2. (3.12)

The variance of the operator is the square of the standard deviation,

V = (∆O)2. (3.13)

The commutator relation of the amplitude and phase quadrature of the electromagnetic field is

[X1,X2] = 2i, (3.14)

and thus the HUP is
∆X1∆X2 ≥ 1. (3.15)

This relation shows that simultaneous measurements of phase and amplitude quadratures of the
electromagnetic field cannot be done to arbitrary accuracy.This has widespread implications in
quantum optics and quantum noise limited interferometry, such as in interferometric gravitational
wave detectors. Simply put, it means that no matter how a measurement device is built, the signal
to noise ratio of the measurement is ultimately limited by quantum noise of the electromagnetic
field.

3.1.2 Important states of light

Experiments performed as part of this thesis, and in most quantum optics laboratories, use a com-
bination of only a few states of light. Here we present some basic properties of only four: the
coherent state, the vacuum state, the squeezed state, and the classically noisy state. Representa-
tions of these states are shown in the ‘ball on stick’ representation1 in figure 3.1 (a)-(d). Important
properties of these four states of light are introduced in the following sections.

The coherent state

The coherent state has non-zero coherent amplitude and quantum limited fluctuations, equally
distributed in the amplitude and phase quadratures,

∆X1 = ∆X2 = 1. (3.16)

The coherent state, and the vacuum state described below, are examples ofminimum uncertainty
stateswhich have the minimum allowable product of quadrature fluctuations. The quadrature
fluctuations of the coherent state are constant amplitude atall frequencies and obey Poissonian
statistics [80]. Note that, at high photon numbers, such as those emitted by continuous wave
lasers, the Poissonian distribution of photons is well approximated by a Gaussian distribution.
A frequency domain picture of a coherent state is shown in figure 3.2 (a). Here the carrier, at
frequencyΩc is surrounded by a continuum of quantum sidebands each with ¯h/2 energy. For

1This representation of the complex amplitude of each state of light is similar to the phasor diagram for classical
fields. The amplitude of the vector represents the steady state amplitude of the field and the fuzzy ball represents time
dependent fluctuations in the amplitude and phase quadratures.
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(a) (b)

(d)(c)

a

∆a

QNL

X2

X1

X2

X1

X2

X1

X2

X1

Figure 3.1: Ball and stick picture for four states of light: (a) The coherent state, (b) The vacuum state, (c)
The amplitude squeezed states, and (d) The classically noisy state.

the coherent state, the sidebands are randomly distributedin phase, so equal noise is seen in the
amplitude and phase quadrature.

The coherent state is particularly relevant to quantum noise limited interferometry because a
well stabilised laser field is well approximated by the coherent state. When making interferometric
measurements using a coherent state, the quantum noise thatarises due to the fluctuations of the
quadratures is called the quantum noise limit. For interferometric measurements, without the
use of nonlinear devices or nonlinear interactions, the quantum noise limit represents the optimal
sensitivity that can be obtained.

The vacuum state

The vacuum state has the same noise statistics as the coherent state, but it has no coherent ampli-
tude (ā= 〈a(t)〉= 0). As its name suggests, the vacuum state exists in the optical vacuum, which is
any region unoccupied by another state. It occupies all frequency, spatial, and polarization modes.

The vacuum state is extremely important in quantum optics experiments as it enters into optical
systems in any unfilled ports of beamsplitters, cavities, and partially transmissive mirrors. Also,
when an optical field experiences losses due to absorption orscattering events, the vacuum field
replaces the fraction of optical field that is lost. As the optical losses of a field approach unity, its
noise statistics approach that of the vacuum state. This concept is quantified in section 3.2.4 and
is referred to throughout this thesis.
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(a) Coherent state

(b) Amplitude squeezed state

Re(E)

Im(E)

Ω

Ωc

Ωc

Figure 3.2: The frequency domain phasor diagram, or sideband picture of(a) the coherent state, and (b) the
amplitude squeezed state. The coherent state has white noise distributed equally in all quadratures whereas
the amplitude squeezed state has increased noise in the phase quadrature and reduced noise in the amplitude
quadrature.

The squeezed state

A squeezed state of light is a freely propagating field that has standard deviation in one quadrature
less than the quantum noise limit2. In order to satisfy the HUP, the standard deviation of the
orthogonal quadrature must be greater than the quantum noise limit and the product of the two
quadratures greater than or equal to unity. Thus the minimumuncertainty amplitude squeezed
state, for example, has

∆X1 = 1/z (3.17)

∆X2 = z (3.18)

wherez is a real and positive number. The largerz is, the larger the magnitude of squeezing.
A squeezed state withz= 2 is shown in figure 3.1 (c). A squeezed state which has no coherent
amplitude is called avacuum squeezed state. A squeezed state with a coherent amplitude ( ¯a 6= 0) is
called abright squeezed state. The squeezed state is characterised by how far it is below the noise
statistics of the quantum noise limit. In this thesis, the variance of the squeezed state is compared
with the variance of the coherent or vacuum state, and is expressed in decibels (dB) (relative
to the quantum noise limit). For example, the amplitude squeezed state withz = 2 is written
V1 =−6dB. Sometimes the amplitude of the squeezed state is expressed by the parameterRwhere
V = exp(−2R). For the amplitude squeezed state withz= 2, (V1 = 1

4), R=−1
2 loge(V1) = 0.6931.

2A squashed statealso has standard deviation less than the quantum noise limit in one quadrature, though it exists
only in loop and therefore does not need satisfy the HUP [83].
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The frequency domain picture of a bright squeezed state is shown in figure 3.2 (b). In a
squeezed state, the quantum mechanical sidebands on eitherside of the carrier (at±Ω) are corre-
lated. Here the sidebands are correlated so that there is almost no noise sideband beat terms in the
amplitude quadrature but only in the phase qaudrature.

In theory, squeezed states can be minimum uncertainty states. Experimentally, a minimum
uncertainty squeezed state cannot be produced or measured,as finite optical loss replaces a fraction
of the squeezed state statistics with those of the vacuum state. This changes the squeezed state to a
non-minimum uncertainty state. Optical losses to the squeezed state limit the achievable quantum
noise suppression.

Classically noisy states

Most lasers produce optical fields not represented by any of the above states, but have excess
noise of classical classical origin at sideband frequencies below a few MHz. The amplitude and
frequency dependence of the technical noise depends on the type of laser. Solid state monolithic
lasers, such as the Neodymium type non-planer ring oscillator [84], typically become quantum
noise limited at sideband frequencies of∼10MHz, where as diode lasers, for example have tech-
nical noise to much higher sideband frequencies. The fluctuations of a classically noisy state are
often many times greater than quantum noise and generally inboth quadratures

∆X1 ≥ 1, ∆X2 ≥ 1. (3.19)

The excess noise of such a state can be reduced via: passive noise suppression using mode cleaner
cavities (for example [85]); actively noise suppression using feedback to the laser (see for exam-
ple [86]); or both. In this way the standard laser fields can beprepared for quantum noise limited
inteferometry and quantum optics experiments.

3.2 Mirrors, photodetection, and losses

This section gives an overview into the basic theory of the operation of mirrors and the detection
of optical fields. The focus here is homodyne detection techniques that are used in experiments
presented in this thesis.

3.2.1 A partially transmissive mirror

Figure 3.3 (a) shows two fieldsa andb incident on a partially transmissive (lossless) mirror with
transmissionε. The fields at the outputs of the mirror,c andd, can be related to the inputs by

(
c
d

)

=

( √
1− ε

√
ε√

ε −
√

1− ε

)(
a
b

)

, (3.20)

where the phase relations of the ports of the beamsplitter are maintained by setting the reflectivity
of the mirror to be−1×

√
1− ε on the port on the right hand side (indicated by a minus sign).

Another convention often used to maintain the phase relations of the four ports multiplies the field
by i on each transmission. The output relations of the mirror at normal incidence also hold for the
fields at with non-normal incidence, shown in figure 3.3 (b).
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a

b

c

d
+

-a d
+ -

bc

(a) (b)

c'c'

d'

b'b'

a'a'a'

Figure 3.3: A partially transmissive mirror at normal incidence has twoinputs and two outputs. The fields
a,b,c,d are labeled for a partially transmissive mirror with fields at (a) normal incidence incident and (b) at
45o. The+ and− signs indicates the side where the amplitude reflectivity receives a minus sign. Note that
we have only considered half of the inputs and outputs of figure (b).

3.2.2 Direct photodetection

An ideal photodetector produces a photocurrent directly proportional to the power in the opti-
cal field. A field incident on an ideal photodetector with frequencyω and powerP(t) gives the
photocurrent [4]

i(t) =
eP(t)
h̄ω

. (3.21)

The power in the field is simply the number of photons per second times the energy of each photon

P(t) = h̄ω〈a†a〉, (3.22)

where the traveling field,〈a†a〉, has units of 1/second. The photon number of an optical field is
given by

n = a†a. (3.23)

We will be interested in the average and time dependent photocurrent

i(t) = ī + δi(t) (3.24)

whereī = 〈i(t)〉 andδi(t) = i(t)− ī. To determine the average and fluctuating components of the
photocurrent we need to determine the average and fluctuating components of the optical power.
We start by writing the annihilation and creation operatorsin terms of a steady state and a time
varying component

a = ā+ δa, (3.25)

a† = ā∗ + δa†, (3.26)
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where

ā = 〈a〉, ā∗ = 〈a†〉, (3.27)

δa = ā−a, δa† = ā∗−a†. (3.28)

The quadrature fluctuations of the amplitude and phase are then

δX1 = δa+ δa†, (3.29)

δX2 = −i(δa−δa†). (3.30)

These quadrature operators satisfy the HUP. The HUP for the quadrature operators defined here
can be found by replacing∆X1 with δX1 and∆X2 with δX2 in equation 3.15. Choosing ¯a = ā∗,
without the loss of generality, the power in the optical fieldcan be written in terms of the average
power and power fluctuations

P(t) = P̄+ δP(t), (3.31)

where

P̄ = h̄ωā2, (3.32)

δP(t) = h̄ω(āδX(a)
1 + δa†δa). (3.33)

If the fluctuations of the field are much smaller than the steady state amplitude ( ¯a ≫ δa) the
linearisation approximation can be used [87]. The linearisation is performed by reconising that
the second order fluctuating term is insignificant in comparison to terms containing the carrier
beat (δa†δa≪ āδX(a)

1 ). The linearised fluctuations of the field are

δP(t) = h̄ωāδX(a)
1 . (3.34)

The average and time dependent components of the photocurrent are

ī =
eP̄
h̄ω

= eā2, (3.35)

δi(t) =
eδP(t)

h̄ω
= eāδX(a)

1 . (3.36)

The variance of the photocurrent is

V(i)(t) = 〈|δi(t)|2〉− 〈δi(t)〉2, (3.37)

= (eā)2V(a)
1 (t). (3.38)

This shows that direct detection of the optical field gives a measurement of the amplitude quadra-
ture and no phase information is obtained.

3.2.3 The two-ported homodyne detector

The signals or states measured in quantum optics and precision interferometry experiments are
usually too low in power to be detected directly on a photodetector due to technical noise sources
of the photodetector. Small signal measurements are instead performed by interfering a relatively
strong local oscillator field with the signal and measuring the beat. Homodyne detection, where

24



§3.2 Mirrors, photodetection, and losses

i+ / i-

a

Loss

(a) (b)

a’
η

g

+/-

v

a

beiθ

c

d
+

-
+

-

Figure 3.4: a) The two-ported homodyne detector. The small signala is interfered on a beamsplitter with
the local oscillator,b. The detected photocurrents can be either added or subtracted. (b) A model for
inefficient detection where a mirror represents the loss introduced by a non-ideal photodetector.

the local oscillator is at the same optical frequency as the carrier of the signal beam, is a phase
sensitive technique allowing an arbitrary quadrature of the signal to be measured. The two-ported
homodyne detection system, shown in the figure 3.4 (a), is widely used because it offers common
mode rejection of the local oscillator classical noise [88]. The two ported homodyne detector is
used for the detection of squeezed states in the experimentspresented in this thesis.

In figure 3.4 (a) the two fieldsa, andb, are combined on a beamsplitter of transmissionε,
and relative phaseθ. Both beamsplitter outputs are detected. The sum and difference of the
photocurrents are then taken electronically. To calculatethe sum/difference photocurrents we
begin by calculating the fields at the beamsplitter output ports, c, andd, using equation 3.20,
resulting in

c =
√

1− εa+
√

εbeiθ, (3.39)

d =
√

εa−
√

1− εbeiθ, (3.40)

the photon numbers at each detector are then

c†c = (1− ε)a†a+ εb†b+
√

ε(1− ε)(a†beiθ +b†ae−iθ), (3.41)

d†d = εa†a+(1− ε)b†b−
√

ε(1− ε)(a†beiθ +b†ae−iθ). (3.42)

An electronic gain,g, is given to one of the photocurrents before the photocurrent difference is
taken. The difference is given by

c†c−gd†d = [(1− ε)−gε]a†a+[ε−g(1− ε)]b†b+
√

ε(1− ε)(1+g)(a†beiθ +b†ae−iθ).(3.43)

The operators can be separated into steady state and time varying components,a = ā+ δa and
b= b̄+δb. Because we have explicitly separated the relative phase ofa andb we note that ¯a= ā∗
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andb̄ = b̄∗. Rewriting the linearised difference photocurrent in terms of the quadratures gives

i− = c†c−gd†d

≈ [(1− ε)−gε](ā2 +aδX(a)
1 )+ [ε−g(1− ε)](b̄2+bδX(b)

1 )+
√

ε(1− ε)(1+g)
(

2āb̄cosθ+ ā(δX(b)
1 cosθ−δX(b)

2 sinθ)+ b̄(δX(a)
1 cosθ+ δX(a)

2 sinθ)
)

.

(3.44)

Using the local oscillator condition, terms not containingb̄ can be neglected. The difference
photocurrent becomes

i− ≈ [ε−g(1− ε)](b̄2 +bδX(b)
1 )+

√

ε(1− ε)(1+g)
(

2āb̄cosθ+ b̄(δX(a)
1 cosθ+ δX(a)

2 sinθ)
)

.

(3.45)

The two ported detector offers common mode rejection of the local oscillator intensity noise.
The level of common mode rejection can be maximised by setting the electronic gain tog =

ε
1−ε . Experimentally this can be achieved very precisely, to thelevel of about 1 part in 106. The
difference photocurrent for a balanced homodyne is

i− ≈
√

ε
1− ε

(

2āb̄cosθ+ b̄(δX(a)
1 cosθ+ δX(a)

2 sinθ)
)

, (3.46)

therefore providing a measure of the signal beam quadratures, depending on the phase of the local
oscillator. The sum photocurrent is approximately equal tothat given by the direct detection of the
local oscillator

i+ ≈ b̄2 +bδX(b)
1 . (3.47)

3.2.4 The effect of optical losses

When an optical field encounters loss, a fraction of the field is replaced by the vacuum field.
Mathematically, a loss ofL (in power) can be represented by a partially transmissive beamsplitter
with transmissionη = 1−L . This is shown schematically in figure 3.4 (b). At the source of loss,
the vacuum mode is coupled into the outgoing field in exactly the same way as the combination of
two beams on a beamsplitter. For an input fielda, the field after the loss isa′, given by

a′ =
√

ηa+
√

1−ηv, (3.48)

wherev is the vacuum field coupled by the loss. The photon number of the field is

a′†a′ = ηa†a+1−ηv†v+
√

η(1−η)(a†v+v†a), (3.49)

= ηā2 +
√

ηā(
√

ηδX(a)
1 +

√

1−ηδX(v)
1 ), (3.50)

where the second line here is the linearised photon number. The first term of the second line shows
that the average power in the fielda has been reduced by the amount of loss. The fluctuation term
of the fielda shows a similar result, the detectedδX(a)

1 component is scaled by the amount of loss.
The last term is the amount of vacuum fluctuations that entersinto the measurement at the point
of loss. This can be seen more explicitly in the variance of the photon number (relative to the
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quantum noise limit)

V(a′)
1 = ηV(a)

1 +(1−η), (3.51)

sinceV(v)
1 = 1. It is clear from this equation that the noise statistics ofthe field after a lossy

element are modified to approach the quantum noise limit. This simple expression has implica-
tions for making measurements at the quantum noise limit, something that is done routinely when
measuring and characterising squeezed states.

3.3 Fabry-Perot interferometers

Fabry-Perot interferometers, often referred to as cavities, are based on two or more partially trans-
missive mirrors arranged to allow the electromagnetic fieldto resonate. An understanding of the
workings of cavities is required for many of the experimentsand concepts contained in this thesis.
In this section the equation of motion for a cavity is introduced then used to solve for the reflected
and transmitted fields.

a

Atrans

κin

Ain

δΑl

κl

κout

δΑoutAref

τ

Aloss

Figure 3.5: Layout of a ring cavity. The cavity is made from three mirrors: the input coupler, with decay
rate,κin; the output coupler, with decay rate,κout; and a mirror to represent intra-cavity loss, with decay
rate,κl . The cavity mode is labeleda. The extra-cavity fields are:Ain,Are f ,Atrans,δAout,Aloss, andδAl .

3.3.1 Equation of motion for an optical resonator

Consider the empty cavity shown schematically figure 3.5. The cavity is made of three partially
transmissive optics labeledin,out, andl referring to the input coupler, the output coupler, and the
partially transmissive mirror used to simulate losses, respectively. The equation of motion for the
cavity modea is [80]

ȧ = −(κ+ iω0)a+
√

2κinAine−iωAt +
√

2κoutAout +
√

2κl Al , (3.52)

where the driving fieldAin has coherent amplitude at frequencyωA, and the other fields,Aout and
Al , are assumed to be in the vacuum state. The cavity mode has resonant frequencyω0.
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Note that the (lower case) cavity modea, and the (uppercase) driving fieldA j for j = in,out,
andl have different units. The units ofa are

√
photons, thus the photon number in the cavity can

be given by

n = a†a [photons], (3.53)

whereas the units of the driving fields are
√

photons/s. Thus the number of photons per second in
the driving field is

nin = A†
inAin [photons/s]. (3.54)

The equation of motion can be written in the rotating frame ofreference by settinga→ aeiωAt and
similarly for the driving fields

ȧ = −(κ+ i∆)a+
√

2κinAin +
√

2κoutAout +
√

2κl Al , (3.55)

where∆ = ω0−ωA is the cavity detuning. In the mean field approximation [89],the decay rates for
each mirror are given by the (amplitude) transmissivity divided by the round trip time,τ = ω0p/c,
wherep is the perimeter of the cavity. That is,

κin =

√
Tin

τ
≈ Tj

2τ
,

κout ≈ Tout

2τ
,

κl ≈ 1−LRT

2τ
,

(3.56)

whereLRT is the cavity round trip loss which for convenience we can writeTl = 1−1−LRT. The
total decay rate is a sum of the decay rates

κ = κin + κout + κl . (3.57)

3.3.2 Compact matrix formalism for the equations of motion

In this section we introduce a matrix notation to solve for the equations of motion. This notation is
useful for solving the complex equations of motion of a cavity which contains a nonlinear medium
(see section 3.5 and chapter 5). We can start by writing the equation of motion for the cavity mode
and its Hermitian conjugate as

ȧ = −(κ+ i∆)a+
√

2κinAin +
√

2κoutAout +
√

2κl Al , (3.58)

ȧ† = −(κ− i∆)a†+
√

2κinA†
in +

√

2κoutA
†
out +

√

2κl A
†
l , (3.59)

which can be rewritten in the compact form

ȧ = Maa+M inA in +MoutAout +M l A l , (3.60)

with the vectors

ȧ =

(
ȧ
ȧ†

)

, a =

(
a
a†

)

, Ain =

(
Ain

A†
in

)

, Aout =

(
Aout

A†
out

)

, A l =

(
Al

A†
l

)

. (3.61)
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The matrices are

Ma =

[
−κ− i∆ 0

0 −κ+ i∆

]

, (3.62)

M in =
√

2κinI , Mout =
√

2κoutI , M l =
√

2κl I , (3.63)

whereI is the 2×2 identity matrix.

The cavity mode in steady state can be found by settingȧ = 0 and considering the time inde-
pendent component ¯a. Given that the steady state amplitudes of the fieldsĀout = Āl = 0, the steady
state cavity mode is

ā = −M−1
a M inĀin, (3.64)

thus

ā =

√
2κin

κ+ i∆
Āin. (3.65)

This result will be used to determine the reflected and transmitted fields as a function of detuing
in the following section. We will also be interested in the Fourier components of the cavity mode.
These can be found by Fourier transfrom of the operators

Q(Ω) =

Z ∞

−∞
Q(t)eiΩtdt, (3.66)

for Q = a,Ain,Aout, andAl . The equation of motion in the Fourier domain is

iΩa(Ω) = Maa(Ω)+M inAin(Ω)+MoutAout(Ω)+M l Al (Ω), (3.67)

whereΩ is the sideband frequency. The cavity mode in the Fourier domain is

a(Ω) = (iΩI −Ma)
−1 [M inA in(Ω)+MoutAout(Ω)+M l A l (Ω)] . (3.68)

3.3.3 Reflected and transmitted fields

Using the cavity input-output relations [80], the reflectedfield Are f , transmitted fieldAtrans, and
the field lost to scatter and absorptionAloss can be determined

Are f +Ain = M ina, (3.69)

Atrans+Aout = Mouta, (3.70)

A loss+Al = M l a, (3.71)

which can be solved with some linear algebra. For the moment,consider the steady state reflected
and transmitted fields

Ātrans = Moutā− Āout, (3.72)

Āre f = M inā− Āin, (3.73)
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which give

Ātrans =
2
√

κinκout

κ+ i∆
Āin, (3.74)

Āre f =
(2κin −κ− i∆)

κ+ i∆
Āin. (3.75)

The (amplitude) transmissivity and reflectivity of the cavity can be defined by the parameters

T (∆) =
Ātrans

Āin
=

2
√

κinκout

κ+ i∆
, (3.76)

R (∆) =
Āre f

Āin
=

(2κin −κ− i∆)

κ+ i∆
. (3.77)

The functions|T (∆)|2 and|R (∆)|2 are shown in figure 3.6 (a), and their phase responses, given
by ∠T (∆) and∠R (∆) respectively, are shown in figure 3.6 (b). In quantum optics experiments
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Figure 3.6: (a) The reflectivity and transmissivity and (b) the phase shift in reflection and transmission of
an overcoupled cavity as a function of detuning. Parameters: L = 2m, λ = 1µm, Tin = 0.11, Tout = 0.10,
andTloss= 0.

control techniques are typically used to force the laser frequency to match the cavity resonance
frequency, or vice versa. The detuning parameter is thus forced to zero (∆ = 0). In this case we
find

Are f(Ω) =
[2κin −κ− iΩ]Ain(Ω)+2

√
κinκoutAout(Ω)+2

√
κinκl Al (Ω)

κ+ iΩ
, (3.78)

Atrans(Ω) =
2
√

κoutκinA in(Ω)+ [2κout−κ− iΩ]Aout(Ω)+2
√

κoutκl Al (Ω)

κ+ iΩ
, (3.79)

Aloss(Ω) =
2
√

κl κinA in(Ω)+2
√

κl κoutAout(Ω)+ [2κl −κ− iΩ]Al (Ω)

κ+ iΩ
. (3.80)

The power at each port is then

Pk = h̄ωaA†
kAk (3.81)
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§3.3 Fabry-Perot interferometers

wherek = re f, trans, andloss.

3.3.4 Noise variances of the reflected and transmitted fields

The fieldsAk can be represented in terms of their steady state and fluctuating components

Ak(t) = Āk + δAk(t), (3.82)

whereĀk = 〈Ak(t)〉 and〈δAk(t)〉 = 0. The quadratures operators relative to the frequencyωa are

δX(k)
1 (Ω) = δAk(Ω)+ δA†

k(−Ω), (3.83)

δX(k)
2 (Ω) = −i(δAk(Ω)−δA†

k(−Ω)). (3.84)

The amplitude and phase quadratures are then

δX(trans) =
2
√

κinκoutδX(in) +(2κout− iΩ−κ)δX(out) +2
√

κl κoutδX(l)

iΩ+ κ
,

δX(re f) =
(2κin − iΩ−κ)δX(in) +2

√
κoutκinδX(out) +2

√
κl κinδX(l)

iΩ+ κ
,

where

δX(k) =

(

δX(k)
1

δX(k)
2

)

, δX( j) =

(

δX( j)
1

δX( j)
2

)

, (3.85)

again withk= re f, trans, andlossand j = in,out, andl . The notation used here does not explicitly
denote the dependence on the sideband frequencyΩ, for notational ease.

The variances of the fields are defined byV(k) = 〈|δX(k)|2〉. The transmitted and reflected
variances are

V(trans) =
4κinκoutV(in) +((2κout−κ)2 + Ω2)+4κl κout

Ω2+ κ2 , (3.86)

V(re f) =
((2κin −κ)2 + Ω2)V(in) +4κinκout +4κl κin

Ω2+ κ2 , (3.87)

where the substitutionV(out)
1,2 = V(l)

1,2 = 1 has been made given that these fields are in the vacuum
state. Figure 3.7 shows the amplitude quadrature variancesof the transmitted and reflected fields
for an input field variance ofV(in)

1 = 10, relative to the quantum noise limit. This was plotted for
the cavity with parameters given in the caption of figure 3.6.The sideband frequency dependence
of the variances in figure 3.7 shows that the cavity acts as a low pass filter on transmission and as
a high pass filter on reflection.
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Figure 3.7: The amplitude quadrature noise variances of the reflected and transmitted fields relative to the
shot noise limit (SNL) with 10dB of excess amplitude noise onthe input field. Cavity parameters are the
same as described in the caption of figure 3.6.

3.3.5 Useful cavity parameters

TheFree Spectral Range(FSR) is a measure of the frequency separation between adjacent cavity
modes3. The FSR is given by

ν f sr =
c
p

(3.88)

wherec is the speed of light andp the round trip optical path length. Thefinesseof a cavity is
given by4

F =
π(RinRoutRl)

1
4

1−√
RinRoutRl

≈ 2π
Tin +Tout +Tl

. (3.89)

TheFull Width at Half Maximumhight (FWHM) is a measure of the linewidth of the cavity can
be found from the FSR and the finesse

δν =
ν f sr

F
. (3.90)

The cavity quality factor, orQ, analogous to the quality factor of LC circuits is

Q =
ωF

2πν f sr
. (3.91)

3The equations of motion for the Fabry-Perot resonator presented here only considers one cavity mode (not adjacent
FSRs).

4These equations for finesse are accurate for moderate to highreflectivity mirrors withR≥ 0.9. See p 428 of
Lasers [90] for further information.
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The circulating power in a cavity is given by

Pcirc =
h̄ωa†a

τ
=

4Tin

(Tin +Tout +Tl)2Pin, (3.92)

wherePin is the input power. Thecouplingof the cavity is determined by the transmissivity of the
mirror at the input port in relation to the total round trip loss. The three possible scenarios are

2κin > κ Overcoupled,

2κin = κ Critically coupled,

2κin < κ Undercoupled.

For the cavity parameters used in figure 3.6

ν f sr = 150 MHz,

F = 30,

δν = 5 MHz,

Q = 5.6×107,

and the cavity is overcoupled.

3.4 Nonlinear interactions

As electromagnetic radiation passes though a dielectric medium, it induces a macroscopic polar-
ization in the medium. The induced polarization is due to many loosely bound valence electrons
being displaced by the electric field [4]. The polarized medium re-radiates the energy as an electric
field. Linear dielectric media have a polarizability potential that is symmetric, so the polarization
induced is directly proportional to the electric field inducing it. The re-radiated field is then a copy
of the inducing field. Nonlinear media differ in that the polarizability potential is asymmetric
and therefore the induced polarization is no longer directly proportional to the electric field. The
polarization of the media can be written as the polynomial inthe inducing electric fieldE

P = ε0(χ(1)E + χ(2)E2+ χ(3)E3+ ...), (3.93)

whereε0 is the permittivity of free space andχ(i) represent the polarizability parameter for the ith
order. In linear dielectricsχ(1) is the only non zero order of polarizability.

The experiments in this thesis useχ(2) nonlinear media to produce squeezed states. Here
theχ(2) polarizability is the dominant higher order nonlinear coefficient. Theχ(2) nonlinearity is
responsible for three wave mixing effects like sum frequency generation and parametric down-
conversion.

Theχ(3) nonlinearity, also called the Kerr effect, includes such effects as intensity-dependent
phase shifts. The mechanical Kerr effect is seen in interferometric gravitational wave detectors
from the interaction of the laser field and the mirrors position via radiation pressure on the mir-
rors. The radiation pressure effects play a significant rolein shaping the quantum noise limited
sensitivity of gravitational wave detectors.
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3.4.1 χ(2) nonlinear interactions

χ(2) nonlinear interactions can be separated into two regimes - up-conversion and down-conversion.
Diagrams for the general up- and down-conversion processesare shown in figure 3.8. In up-
conversion, two low energy photons are converted into one high energy photon. Down conversion
is the complimentary process, a high energy photon is converted into two lower energy photons.
For three interacting fields at frequenciesω1,ω2 andω3 the conservation of energy requires that

ω3 = ω1 + ω2 [up-conversion] (3.94)

ω1 + ω2 = ω3 [down-conversion] (3.95)

Perhaps the simplest up-conversion process is second harmonic generation (SHG). In SHG the

χ(2) χ(2)

Up-conversion Down-conversion

Figure 3.8: A representation of differentχ(2) nonlinear interactions. Left: Up-conversion; Two low energy
photons (atω1 andω2) are converted into one higher photon (atω3). Right: Down-conversion; One high
energy photon (atω3) is converted into two lower energy photons (atω1 andω2).

low energy photons have the same frequency (ω1 = ω2 = ω f ), which is often called the funda-
mental frequency. The up-converted field then is at the second harmonic frequency, 2ω f . Second
harmonic generation is widely used in research and commercial products to access optical fre-
quencies where laser transitions may not be available or convenient. The complimentary process
to SHG is degenerate optical parametric amplification (OPA). In degenerate OPA, a photon at
frequency 2ω is converted into two photons at frequencyω. Degenerate OPA and SHG are the
degenerate cases of theχ(2) nonlinear interaction. In the non degenerate cases, sum frequency
generation and non-degenerate OPA, the interacting fields have the frequency relations given in
equations 3.94 and 3.95 as well as

ω1 = ω3/2+ γ, ω2 = ω3/2− γ; (3.96)

whereγ is a frequency offset.

3.4.2 Coupled wave equations and phase matching

Consider three fields with complex amplitudesA1,A2, and A3 propagating through a nonlinear
medium. The field amplitudes will evolve as a function of distance. If this evolution is slow
enough for the field amplitude to change little over the distance of an optical wavelength, the
slowly varying envelope approximation can be invoked [91].This simplifies the (classical) three-
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wave mixing coupled equations to [91]

dA1

dz
= −iΓA3A

∗
2e−i∆kz, (3.97)

dA2

dz
= −iΓA3A

∗
1e−i∆kz, (3.98)

dA3

dz
= −iΓA1A2ei∆kz, (3.99)

whereΓ is proportional to the strength of the nonlinearity and∆k is called the phase matching
parameter, given by

∆k = k3−k2−k1, (3.100)

where the wave vectors are given byk1 = ω1n(ω1)/c0 and n(ω1) is the refractive index at the
frequencyω1 andk2 andk3 are defined similarly. Consider the interaction over a length L in the
degenerate case whereω1 = ω2. The fields amplitudes can be found by integrating fromz= 0 toL

A1(L) = A1(0)− iLΓg(∆kL)A3(0)A∗
1(0), (3.101)

A3(L) = A3(0)+ iLΓg∗(∆kL)A2
1(0), (3.102)

where the functiong(∆kL)[4] is a complex function of the phase matching parameter

g(∆kz) = sinc(∆kz/2)e−i∆kz/2. (3.103)

The real and imaginary components of the phase matching function are shown in figure 3.9. The
phase matching is crucial in determining the efficiency of the nonlinear interaction. The field evo-
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Figure 3.9: Real and imaginary components of the phase matching parameter,g(∆kL).

lutions depends on the initial field amplitudes and relativephases as well as their phase velocities
(the phase matching). It can be seen that, because the interaction of the fields depends on the
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relative phase of the interacting waves, a phase mismatch changes the interaction as a function
of length. In SHG, for example, a phase mismatch causes the direction of power flow from the
fundamental to harmonic field to reverse at an interaction length called thecoherence length. The
coherence length is defined by

lc =
π

k3−2k1
. (3.104)

The net power flow returns to zero over an interaction length of 2lc . This is shown as a phasor
diagram in figure 3.10 (a) and by curve (i) in figure 3.11. The phasor diagram show incremental
components of produced second harmonic field adding up phasorially. Each incremental compo-
nent represents the produced second harmonic field over a small length dl. As there is a phase
mismatch in the process, the component of second harmonic field produced betweendl and 2dl
has a phase shift with respect to the field produced between 0 and dl. As the process continues,
the power flow into the second harmonic field becomes cyclical.

Second harmonic generation which is phase matched is shown phasorially in figure 3.10 (c)
and by curve (iii) in figure 3.11. The power in the second harmonic field grows quadratically. Here
the power flow is only one way (from the fundamental frequencyfield to the harmonic frequency
field) as the interacting fields start in phase and maintain that phase relation.

Most dielectric materials are dispersive so the phase matching condition is not naturally sat-
isfied. Techniques must be employed to enable phase matchingto occur. There are two main
techniques used in the field of dielectric nonlinear mediums: birefringent phase matching (BPM)
(see for example [92, 93]) and quasi phase matching (QPM) [94, 95]. Both techniques were used
(in different nonlinear media) in experiments presented inthis thesis. In magnesium doped lithium
niobate (Mg:LiNbO3) we used type I BPM, and in periodically poled potassium titanyl phosphate
(KTiOPO4), or PPKTP for short, we used QPM.
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Figure 3.10: Phasor representation of the resultant second harmonic field (E2ω(z)) for: (a) a phase mis-
matched material, (b) a quasi phase matched material, and (c) a phase matched material. (reproduced
from [4] and [5])
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Figure 3.11: The power in the second harmonic vs the interaction length. Curve (i) shows a phase mis-
matched material with∆kz= π/2. Curve (ii) is the quasi phase matched material with∆kz= π/2 and
domain periodΛ = lc. Curve (iii) represents the phase matched case (∆kz= 0).

Birefringent phase matching

Phase matching can be achieved in birefringent media by polarizing the interacting waves along
different axes of the medium. There are predominantly two ways to satisfy the phase matching
condition using BPM called type I and type II phase matching.

Type I BPM

In type I phase matching in a uniaxial crystal, the high energy field is polarized along the extraor-
dinary (z) axis of the crystal and low energy modes along the ordinary axis (x or y ) (↑ω3=→ω1

+ →ω2). Type I phase matching is often used in LiNBO3 which is a uniaxial crystal. The low
energy modes can be polarized along either thex or y axes and maintain nonlinear interaction.
This is called non-critical phase matching.

The temperature and wavelength dependence of the phase-matching condition for MgO:LiNbO3

is described by the Sellmeier equation [96], which can be approximated around the optimum tem-
peratureT0 and wavelengthλ0 to

∆k = ϕ(T −T0)−ψ(1− λ
λ0

), (3.105)

whereϕ andψ are constants whose value depends on the crystal’s properties,T is the crystal’s
temperature, andλ is the fundamental wavelength.

Type II BPM

In type II phase matching the high energy mode and one of the low energy modes are polarized
along the extraordinary axis of the crystal, and the other low energy mode is polarised along the
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ordinary axis. (↑ω3=↑ω2 +→ω1). Type II phase matching is often used in nonlinear media such as
potassium titanyl phosphate (KTiOPO4 or KTP for short).

Quasi-phase matching

Quasi-phase matching (QPM) is fundamentally different BPM. Thequasipart of the name refers
to the fact that the phase velocities of the interacting waves are not matched, rather the phase of
the already generated field is approximately matched with newly created field. This is achieved by
periodically modulating the nonlinear medium with an appropriate structure. The most common
technique is periodic poling. A periodically poled crystalhas the sign of the nonlinear suscepti-
bility inverted periodically at a distancem times the coherence length, which is called the grating
period

Λn = mlc, (3.106)

wherem is called the QPM order. The diagram in figure 3.10 (b) shows the phasor representa-
tion of QPM in SHG. At the coherence length (where destructive interference starts in non-QPM
materials), the sign of the nonlinear susceptibility of themedium is flipped so the newly created
fields constructively interfere with the already generatedfields. The power converted to second
harmonic as a function of nonlinear medium length is plottedin figure 3.11 (ii). It can be seen
that the power generated in the first coherence length matches that of the non phase matched case,
curve (i).

For the same nonlinear susceptibility, QPM is not as efficient as a non-QPM systems. The
efficiency formth order QPM system relative to perfect phase matching is

ηQPM(m) =
1

m2

4
π2 . (3.107)

thus for first order QPM, the efficiency is reduced by 4/π2.
The use of QPM materials, which have advantages over BPM materials, has increased in the

last two decades as the crystal production technologies improve. In QPM, the interacting modes
can share the same polarization, thus nonlinear coefficients inaccessible to BPM can be used.
Some of these nonlinear coefficients are much greater than those where different polarizations are
used. QPM can also be used in isotropic media such as GaAs, in which BPM is not possible. Inter-
estingly, the invention of QPM preceded BPM [94, 95], thoughBPM was the dominant technique
until mid 1980’s [97].

3.5 χ(2) nonlinearity in an optical cavity

The efficiency of nonlinear interaction can be greatly enhanced by placing the nonlinear medium in
an optical resonator. In this section the equations of motion for a cavity withχ(2) nonlinearity are
presented and the classical and quantum properties of a optical parametric amplifier are introduced.

3.5.1 Equations of motion

The Hamiltonian for a degenerateχ(2) nonlinear interaction describes the swapping of photons
between the fundamental and harmonic modes. The interaction Hamiltonian is [80]

Hint =
ih̄ε
2

(a†2b−a2b†), (3.108)
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Figure 3.12: A schematic of an OPA. The fundamental and harmonic cavity modes area andb. Extra-
cavity fields are denoted with capital letters. DC is a dichroic mirror.

where the interacting fieldsa andb are at the fundamental frequency and harmonic frequency,
respectively. The nonlinear coupling rate is given byε, which depends on the magnitude of the
χ(2) nonlinearity as well as experimental parameters such as beam waist, phase matching, and
medium length.

Consider a cavity which contains aχ(2) nonlinearity and resonates botha and b. The χ(2)

nonlinearity couples the cavity fields. The equations of motion are [98]

ȧ = −(κa + i∆a)a+ εa†b+
√

2κa
inAin +

√

2κa
outAout +

√

2κa
l Al , (3.109)

ḃ = −(κb + i∆b)b− ε∗a2

2
+
√

2κb
inBin +

√

2κb
outBout +

√

2κb
l Bl , (3.110)

where the terms proportional toε are responsible of the nonlinear dynamics. The parameters in
equations 3.109 and 3.110 are defined similarly to the parameters in the empty cavity in section 3.3
and are shown in the schematic of the cavity in figure 3.12. Theparameters are:κa andκb are the
total resonator decay rates for each field;Ain,Aout,Al andBin,Bout,Bl are the driving fields with
the respective coupling rates areκa

in,κa
out,κa

l andκb
in,κb

out, κb
l for the input, output, and roundtrip

loss; and the detunings of the fundamental and harmonic cavities are given by∆a and∆b.

3.5.2 Optical parametric amplification: a semiclassical approach

In degenerate OPA, energy from the second harmonic field, which is referred to as thepump
field, provides a phase dependent amplification of the fundamental field, which is referred to as
the seed field. In this section, degenerate OPA is introduced using a semi-classical approach,
where the pump field is taken to be a non-depletable classicalfield. Using this approximation, the
underlying dynamics of the OPA process can be illuminated with simple equations. In chapter 5
a more complex analysis is presented and the noise couplingsfrom the pump field, and other
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sources, are studied.
The cavity fields can be calculated in the same manner as in section 3.3.1. Withq = εb̄ the

equation of motion is

ȧ = −(κa + i∆a)a+qa† +
√

2κa
inAin +

√

2κa
outAout +

√

2κa
l Al . (3.111)

In compact form we have

ȧ = Maa+M inA in +MoutAout +M l A l , (3.112)

where the vectorṡa,a andA j are given in equation 3.61 and the matrices are

Ma =

[
−κa− i∆ q

q∗ −κa + i∆

]

, (3.113)

M in =
√

2κa
inI , Mout =

√

2κa
outI , M in =

√

2κa
inI , (3.114)

whereI is the 2×2 identity matrix.

3.5.3 Classical parametric gain

Using the equation of motion (equation 3.112) and the input-output relations (equations 3.69,3.70
and 3.71), the OPA dynamics can be calculated. The parametric gain of the seed field is given by
the ratio

Ptrans(q)

Ptrans(q = 0)
=

((κa)2 + |q|2 +2|q|κa cosφ))(κa)2

((κa)2−|q|2)2 , (3.115)

whereq = |q|eiφ with φ the relative phase of the pump and seed fields, we have chosenAin = A∗
in

and the the cavity detuning is set to zero.
Optical parametric threshold occurs when the round trip nonlinear gain equals the round trip

loss (|q| = κa). At this point, the parametric gain goes to infinity (in the limit of no pump deple-
tion). If the cavity is vacuum seeded, the light is produced.We can rewrite the parametric gain in

with the substitution
(

q
κa →

√
P

Pthresh

)

Ptrans(q)

Ptrans(q = 0)
=

1+ P
Pthresh

+2cosφ
√

P
Pthresh

(

1− P
Pthres

)2 , (3.116)

whereP is the pump power andPthresh is the pump power required to reach the optical parametric
oscillation threshold.

Equation 3.116 shows the phase dependence of the parametricprocess. The seed field can
be amplified or de-amplifed, depending on the phase relationof the pump and seed fields. The
parametric gain is plotted in figure 3.13 for (i)φ = 0 and (ii)φ = π, corresponding to amplification
and deamplification of the seed field, respectively. Near threshold the gain approaches infinity for
φ = 0 and 1/4 forφ = π.

Here we have only considered the below threshold case (P < Pthresh). There are many interest-
ing dynamics seen in both threshold and above threshold operation, though they are not studied in
this thesis. Below threshold operation offers favorable conditions for generating squeezed vacuum
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Figure 3.13: Parametric gain of the seed field given by equation 3.116. Amplification (φ = 0) and deam-
plification (φ = π) are shown in curves (i) and (ii).

states, which is done in experiments performed throughout this thesis.

3.5.4 Noise variances in parametric down-conversion

The quantum mechanical dynamics of the OPA mimic the classical dynamics. The phase sensitive
amplification of OPA leads to the simultaneous squeezing of the fluctuations in one quadrature
and anti-squeezing the fluctuations in the orthogonal quadrature. In this section the transmitted
quadrature amplitudesδX(trans)

1,2 , and the corresponding variancesV(trans)
1,2 , are determined to study

the squeezing and anti-squeezing. Using equations 3.112, 3.68, and 3.84 the transmitted field
amplitudes are given by

Atrans = Mouta−Aout,

= Mout(iΩI −Ma)
−1 [M inA in(Ω)+MoutAout(Ω)+M l A l (Ω)]−Aout(Ω).

(3.117)

To start with, consider the simplest case: a single ported (Ta
in = 0), lossless (Ta

l = 0), cavity on
resonance (∆a = 0) with a real gain parameter (q = q∗). Using equations 3.117, 3.68, and 3.84 the
transmitted amplitude and phase quadratures are found to be

δX(trans)
1 =

κa +q− iΩ
κa−q+ iΩ

δX(out)
1 , (3.118)

δX(trans)
2 =

κa−q− iΩ
κa +q+ iΩ

δX(out)
2 . (3.119)
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Figure 3.14: Variances of the transmitted field from an OPA plotted relative to the shot noise limit (SNL).
Figure (a) is plotted as a function of pump power, and figure (b) as a function of sideband frequency. Curves
(i) and (ii) show the variances neglecting intra-cavity losses and curves (iii) and (iv) show the variances
calculated with intra-cavity losses. In both figures the variances of the input fields have been set in the
vacuum state:V(in)

1,2 = V(out)
1,2 = V(l)

1,2 = 1. Cavity parameters:L = 2m, λ = 1µm, Ta
out = 0.10, q = κa/2. In

the lossless case:Ta
in = Ta

l = 0, with lossesTa
in = 0.001,Ta

l = 0.01.

In general the extra-cavity fieldAout, is the vacuum state. ThusV(out) = 1, and the variances are
simply

V(trans)
1 =

1
G

, (3.120)

V(trans)
2 = G , (3.121)

where

G =
(κa−q)2 + Ω2

(κa +q)2 + Ω2 =

(

1−
√

P
Pthresh

)2
+ Ω2/(κa)2

(

1+
√

P
Pthresh

)2
+ Ω2/(κa)2

. (3.122)

In this idealised case, the OPA produces a minimum uncertainty squeezed state. Ifq is positive
this is an amplitude squeezed state. Ifq is negative this is a phase squeezed state. Curves (i) and
(ii) in figure 3.14 (a) showV(trans)

1 andV(trans)
2 plotted as a function of pump power with positive

q andΩ = 0. In figure 3.14 (b)V(trans)
1 andV(trans)

2 are plotted in curves (i) and (ii), respectively,
with and P = 0.25Pthresh as a function of sideband frequency. This is a minimum uncertainty
amplitude squeezed state. The noise amplification (deamplification) is constant below the cavity
pole and rolls-off above the cavity pole. Well above the cavity pole the noise variances approach
the vacuum state.

Next we calculate the OPA output including intra-cavity losses. If we continue to assume
∆a = 0 andq = q∗, the amplitude and phase quadratures can be found using equations 3.68 and
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§3.5 χ(2) nonlinearity in an optical cavity

3.84

δX(trans)
1 =

2
√

κa
inκa

outδX(in)
1 +(2κa

out− iΩ−κa+q)δX(out)
1 +2

√
κa

l κa
outδX(l)

1

iΩ+ κa−q
, (3.123)

δX(trans)
2 =

2
√

κa
inκa

outδX(in)
2 +(2κa

out− iΩ−κa−q)δX(out)
2 +2

√
κa

l κa
outδX(l)

2

iΩ+ κa+q
, (3.124)

and the variances are

V(trans)
1 =

4κa
inκa

outV
(in)
1 +((2κa

out−κa+q)2 + Ω2)+4κa
l κa

out

Ω2 +(κa−q)2 , (3.125)

V(trans)
2 =

4κa
inκa

outV
(in)
2 +((2κa

out−κa−q)2 + Ω2)+4κa
l κa

out

Ω2 +(κa +q)2 . (3.126)

If the seed field is in the coherent state equations 3.125 and 3.126 can be written as

V(trans)
1 = 1+ ηesc

4κaq
Ω2 +(κa−q)2 , (3.127)

V(trans)
2 = 1−ηesc

4κaq
Ω2 +(κa+q)2 , (3.128)

whereηesc is the cavity escape efficiency given by

ηesc=
κa

out

κa
=

Tout

Tout +Tin +Tl
. (3.129)

The escape efficiency is a measure of the maximum obtainable quantum noise suppression from
the OPA cavity. At the optical parametric oscillation threshold (q = κa) the maximum squeezing
is found and given by

V(trans)
Sqz|Max = 1−ηesc. (3.130)

Curves (iii) and (iv) in figures 3.14 (a) and (b) showV(trans)
1 andV(trans)

2 calculated with losses. The
figures show that the intra-cavity loss limits the magnitudeof the squeezed that exits the cavity.
This is a result of a fraction of the squeezed field being replaced by the vacuum field due to loss.

3.5.5 Optical parametric amplification verses optical parametric oscillation

In chapters 5, 6, and 7 an investigation into squeezing produced from parametric down conversion
processes of optical parametric amplification and optical parametric oscillation is presented. Al-
though the difference between the two modes of operation is subtle, the difference in the squeezing
produced from the two processes is substantial. This short section is written to clarify the defini-
tion of optical parametric amplification and optical parametric oscillation used here.

• The seed field of an OPA contains optical power (〈A†
inAin〉 6= 0). Thus the seed field can be

amplified and it can be used as a classical device. The squeezed states produced from a OPA
are bright squeezed states.

• The seed field an OPO containsnooptical power (〈A†
inAin〉= 0). That is, the seed field is the

vacuum field. When operated below threshold, an OPO producesa squeezed vacuum state
and has no classical output.

43



Quantum optics and nonlinear devices
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Figure 3.15: (a) Schematic of the OPA process. In OPA the seed field has a coherent amplitude and the
squeezed state produced is a bright squeezed state. (b) Schematic of the OPO process operated below
threshold. The seed field in OPO is the vacuum state and the squeezed state produced is a squeezed vacuum
state.

These two processes are shown schematically in figure 3.15 (a) and (b). The definitions used here
is used widely in the literature (for example, see [15, 21, 99]), but is not the exclusive definition.
In references [100–105] a single pass parametric interaction an is referred to as an ‘OPA’ and a
parametric interaction in a cavity is called a ‘OPO’, with both generally consider to be vacuum
seeded.

3.6 Chapter summary

This chapter has introduced some quantum optics notation, some devices used in quantum optics,
and introduced theχ(2) nonlinearity. We have introduced

• states of light

• detection

• losses

• cavities

• theχ(2) nonlinearity

• phasematching

• optical parametric amplification

These are the basics needed to understand the theory and experiments in this thesis.
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Chapter 4

Quantum noise and squeezing in
interferometric gravitational wave
detectors

This chapter provides background into the quantum noise limit in interferometric detectors and
introduces possible squeezing enhancements. This provides context and motivation for the devel-
opment of audio-frequency squeezed states. We show that squeezed states can improve the quan-
tum noise limited strain (or displacement) sensitivity by up to 1/

√
e−2R, whereR is the squeezing

factor. For example, for a 10dB squeezed state (e−2R = 0.1), the strain sensitivity can be improved
by a factor of 3.16 in the ideal lossless case.

4.1 Overview

In section 4.2 the quantum noise of a simple Michelson interferometer is introduced using the
description and formalism of Kimble, Levin, Matsko, Thorne, and Levin from reference [38].
This calculation verifies that it is the vacuum fluctuations that enter the photodetector port, or
antisymmetric port, of the Michelson interferometer that give rise to the quantum noise limit. In
section 4.3 the discussion is then extended to include the injection of squeezed vacuum into anti-
symmetric port of the Michelson interferometer to illustrate the enhancement that squeezed states
can provide. Following this, the quantum noise for the conventional interferometer, a power recy-
cled Michelson interferometer with Fabry-Perot arm cavities, and the power and signal recycled
interferometer with arm cavities are presented, along withthe possible quantum noise enhance-
ments that can be obtained using squeezed states.

4.2 Quantum noise limits

The Michelson interferometer is a natural choice for gravitational wave detection1. A perpendicu-
lar arm interferometer is ideal for detecting the quadrapole signal of gravitational waves. Operating
the interferometer on a dark fringe, the Michelson interferometer offers considerable immunity to
classical laser noise, reduces the power on the primary photodiodes, and offers the optimal shot
noise performance [50]. For a lossless, ideal interferometer operating at a dark fringe, all of the
laser light that enters the symmetric port reflects back towards the laser2. The same situation is

1Sagnac interferometers also offer many of the advantages ofthe Michelson interferometer, see for example [106],
in addition they are naturally ‘speedmeter’ interferometers [107]

2Except for a very small component that couples to the asymmetric port due to the gravitational-wave signal.
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true with the vacuum field that enters from the antisymmetricport - it too returns back towards
the antisymmetric port photodetector with a phase shift, and with the electric field induced by the
gravitational wave signal. Of course, if the laser classical amplitude and phase noise couple to
the dark port only very weakly, so too does the quantum mechanical noise on the laser field. It
can thus be seen that the quantum noise in gravitational wavedetectors does not come from the
laser. Caves published the first complete conceptual explanation of the origin of the quantum noise
in interferometric gravitational wave detection [31], suggesting that the quantum noise (radiation
pressure noise and shot noise) originates from the vacuum field that enters the inteferometer from
the antisymmetric port. More recently, Braginskyet al. confirmed that the quantum noise limits in
gravitational wave detectors liessolely in the quantum noise of the electromagnetic fieldand not
in the test mass quantization [32].

4.2.1 Input-output relations of a Michelson interferometer

A derivation of the the input-output relation of a lossless Michelson interferometer is presented in
Appendix A, following the derivation presented in the Appendix B of reference [38] and in the
diploma thesis of Harms [108]. In this chapter we simply present the results. For the Michelson

ai bi

I0

Laser

Photodetector

I0

Laser

Photodetector

ai
bi

ai

bi

(a) (b)

Circulator

Figure 4.1: (a) A Michelson interferometer. The asymmetric port input and output fields are denotedai

andbi . The laser power at the symmetric port isI0. (b) A Michelson interferometer with a squeezed state
injected into the asymmetric port.

interferometer shown in figure 4.1 (a), and the more detailedfigure A.1, the outgoing field of
the asymmetric port,b, can be written terms of the ingoing field,a, and the gravitational wave
strain,h. The formalism in this chapter uses the two photon formalism[109, 110]. The amplitude
quadrature,b1, and phase quadrature,b2, of the outgoing fields are [38]

b1 = ∆b1, ∆b1 = a1e2iβ, (4.1)

b2 = ∆b2 +
√

2K
h

hSQL
eiβ, ∆b2 = (a2−K a1)e

2iβ, (4.2)

where∆b1 and∆b2 are the fluctuating terms of the outgoing quadratures which arise due to quan-
tum noise anda1 anda2 are the amplitude and phase quadratures of the field that enter the dark
port. The single pass phase shift that the field at sideband frequencyΩ experience relative to the
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§4.2 Quantum noise limits

carrier frequencyω0, is given byβ = ΩL/c, with L the arm length. Here

K =
4I0ω0

mc2Ω2 , (4.3)

is the radiation pressure coupling parameter, which has dependence on the input laser power at the
beamsplitter,I0, and the mass,m, of the cavity mirrors, which are considered as free masses.The
(single sided) strain sensitivity standard quantum limit (SQL) of a Michelson interferometer is

hSQL=

√

4h̄
mΩ2L2 . (4.4)

The standard quantum limit is the optimal sensitivity achievable without the use of quantum non
demolition (QND) techniques [33]. HerehSQL is

√
2 larger than the SQL for an individual test

mass [33] because the difference of the Michelson interferometer test masses behaves like a free
particle with reduced massm→ m/2 (see footnote 3 in reference [38]).

The outgoing amplitude quadrature,b1, (equation 4.1) is simply the ingoing amplitude quadra-
ture,a1, with an uninteresting phase shift due to propagation. The outgoing phase quadrature,b2,
(equation 4.2) contains a term due to quantum noise plus the gravitational wave signal. The quan-
tum noise term,∆b2, has two components: one originating from the ingoing phasequadratures
fluctuations,a2, which gives rise to shot noise; and one from the ingoing amplitude quadratures
fluctuations,a1, which gives rise to radiation pressure fluctuations. The radiation pressure noise
is driven by the amplitude quadrature fluctuations that enter from the dark port,a1, and scaled
by −K . Note that the amplitude quadrature fluctuations from the laser port are common in both
arms (see equation A.21 and A.22 in the Appendix A) and as suchdrives a common-mode ra-
diation pressure which does not couple to the photodetectorport. The shot noise contribution is
frequency independent whereas the radiation pressure termscales as 1/Ω2 due to the mechanical
susceptibility of the mirror suspensions.

INPUT TO DARK PORT 

Vacuum

State

OUTPUT IN RPNL REGIME OUTPUT IN SNL REGIME

SIGNAL
SIGNAL

a2

a1

b2

b1

b2

b1

Figure 4.2: Phasor representation of the input-output relations of a Michelson interferometer. The input
field is shown in the leftmost column, and the outputs in the middle column and the rightmost column. The
output contains a classical gravitational wave signal and the fluctuations of the outgoing field. In the radia-
tion pressure noise limited (RPNL) regime, the output phasenoise is dominated by the amplitude induced
phase fluctuations, whereas in the shot noise limited (SNL) regime, it is simply the phase fluctuations of the
vacuum input field.

The transfer function from input vacuum field,a, to output field,b, of the Michelson interfer-
ometer is illustrated in figure 4.2. This shows the vacuum field input to the dark port (leftmost col-
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Quantum noise and squeezing in interferometric gravitational wave detectors

umn) and the output in two frequency bands corresponding to the radiation pressure noise limited
(RPNL) frequency band (middle column) and the shot noise limited (SNL) frequency band (right
column). The output shows a classical (gravitational wave)signal vector in the phase quadrature
and the superimposed noise ellipse. The relative size of thesignal to the noise ellipse in the mea-
sured quadrature is proportional to the quantum-limited signal to noise ratio of the interferometer.
The ball on stick representation is figure 4.2 shows that the magnitude of the fluctuations in the
amplitude quadrature remains unchanged from the input to output (equation 4.1). However, in
the RPNL regime, the magnitude of the phase quadrature fluctuations is increased due to radi-
ation pressure noise (equation 4.2). In the SNL regime, the magnitude of the phase quadrature
fluctuations is unchanged from the input.

4.2.2 Quantum noise limited sensitivity

The quantum noise limited sensitivity of the interferometer can be found by looking at the signal
to noise ratio, given by

h =
hSQL√

2K
∆bζe−iβ, (4.5)

where∆bζ = ∆b1sinζ+ ∆b2 cosζ, with ζ the detection phase. The power spectral density for the
phase quadrature measurement (ζ = π/2) is then [38],

Sh =
h2

SQL

2

(
1
K

+ K

)

, (4.6)

and the strain sensitivity is
√

Sh.
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Figure 4.3: (a) Quantum noise limited strain sensitivity of a Michelsoninterferometer. (b) Michelson
interferometer strain sensitivity with 10dB of squeezing injected into the dark port, with different squeezing
angles.

The strain sensitivity normalized to the SQL,hSQL(ΩSQL), is plotted in figure 4.3 (a). Shot
noise and radiation pressure noise are shown as well as the total quantum noise and the SQL.
Modifying the input laser power affects the sensitivity in the shot noise and radiation pressure noise
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§4.3 Gravitational wave detectors with quantum correlations

regimes inversely. The shot noise limited sensitivity improves as square root of the power, whereas
radiation pressure noise limited sensitivity degrades as the square root of the power. Without QND
schemes, the optimal sensitivity for each sideband frequency is reached when the shot noise and
radiation pressure noise are equal - the SQL. Raising or lowering the laser power maps out the
SQL at different sideband frequencies.

4.3 Gravitational wave detectors with quantum correlations

The quantum noise limited sensitivity of gravitational wave interferometers can be improved by
using QND schemes. Examples are speed-meter designs [111–113], variational output detec-
tion [38, 114], and the injection of squeezed states into theinterferometer’s dark port, first pro-
posed by Caves [34]. Caves showed that the shot noise (or radiation pressure noise) could be
reduced by the replacement of vacuum state that enters the asymmetric port by a phase (or am-
plitude) squeezed state. Unruh [35], and later Jaekel and Reynaud [36], built on this proposal,
showing that a squeezed state with an intermediate quadrature (neither phase nor amplitude) could
reduce the quantum noise below the SQL.

The injection of a squeezed state into the asymmetric port can be acheived using a optical
circulator (for example, see [115, 116]) as illustrated in figure 4.1 (b). The spectral density of the
quantum noise of a simple Michelson with squeezing is given by [38]

SSQZ=
h2

SQL

2

(
1
K

+ K

)

[cosh2R−cos(2λ+2Φ)]sinh2R, (4.7)

whereR is the squeeze factor,λ the squeeze angle, andΦ = arccot(K ). The quantum noise of a
simple Michelson inteferometer with 10dB of squeezing (e−2R = 0.1) at various squeeze angles
is shown in figure 4.3 (b). A phase squeezed state (λ = π/2) offers quantum noise reduction in
the shot noise limited regime and increased noise in the radiation pressure noise limited regime.
An amplitude squeezed state (λ = 0) has the opposite effect, radiation pressure noise is reduced
whereas shot noise is increased. The input-output transferfunctions of the squeezed states is
illustrated in figure 4.4.

In the lossless case, injecting a phase squeezed state withe−2R = x into the asymmetric port
gives the same quantum noise performance improvement as an increase in the laser power by

√
x.

Similarly, an amplitude squeezed state improves noise performance by the same factor a reduction
in the laser power by

√
x.

Orienting the squeeze ellipse at 45o (λ =−π/4) correlates the amplitude and phase quadratures
and enables sub-SQL performance to be achieved [35, 36], butdegrades performance in the shot
noise and amplitude noise limited regimes. It can be seen that for an interferometer that is limited
by radiation pressure at low frequencies and shot noise at high frequencies, a frequency dependent
squeezed state is required to give the optimal noise reduction over all sideband frequencies. For
a simple Michelson the optimal frequency dependent squeezed state would have a phase rotation
such that it would be amplitude squeezed at low frequencies,where radiation pressure noise is
dominant, squeezed at 45o degrees at the SQL, and phase squeezed at high frequencies, where
shot noise is dominant. The optimal phase rotation of the squeezed state is given by [38]

λopt(Ω) = −arccotK (Ω). (4.8)
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Figure 4.4: Phasor representation of the input-output relations of a Michelson interferometer with (a) phase
squeezing and (b) amplitude squeezing. For comparison, theinput-output relations are also plotted for the
vacuum state, indicated by the circle and ellipses with dashed lines.

With λ = λopt(Ω) equation 4.7 reduces to

SSQZ|OPT =
h2

SQL

2

(
1
K

+ K

)

e−2R, (4.9)

which is equivalent to equation 4.6 multiplied bye−2R. Thus, with an optimal frequency dependent
squeezed state, the quantum noise limited strain sensitivity of an interferometer is shifted down by
e−R. This result is also shown in figure 4.3 (b).

The reader may wonder if there is something suspect about improving the quantum noise
limited sensitivity in the amplitude and phase quadraturessimultaneously. There is no violation
of Heisenberg uncertainty relation since frequency dependent squeezed states satisfies the HUP at
each frequency.

4.3.1 Quantum noise of conventional interferometers

‘Conventional interferometers’ are Michelson interferometers with arm cavities (without squeezed
states), the configuration of TAMA, LIGO and VIRGO3. The input-output relations of a conven-
tional interferometer are identical to equations 4.1 and 4.2, except the radiation pressure coupling
parameter and standard quantum limit are different. In a conventional inteferometer the radiation

3Recall that GEO has signal recycling and no arm cavities.
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Figure 4.5: (a) Strain sensitivity of a conventional interferometer. (b) Strain sensitivity of a conventional
inteferometer with 10dB of squeezing injected into the darkport, with different squeezing angles.m= 40kg
L = 3995m,T = 0.033,ω0 = 1.77×1015rads andI0 = ISQL.

pressure coupling parameter is

Kc =
2(I0/ISQL)γ4

Ω2(γ2 + Ω2)
, (4.10)

where the arm cavity half bandwidth isγ = Tc/(4L) andT is the transmission of the input test
mass mirror.ISQL is the input laser power required for a conventional inteferometer to reach the
standard quantum limit.

ISQL=
mL2γ4

4ω0
. (4.11)

The (single sided) SQL of a conventional interferometer is

hc
SQL(Ω) =

√

8h̄
mΩ2L2 . (4.12)

The quantum noise limited strain sensitivity of a (lossless) conventional inteferometer is given
by the square root of equation 4.6, with the radiation pressure coupling constant and SQL strain
replaced by equations 4.10 and 4.12 (K → Kc, hSQL→ hc

SQL). Figure 4.5 (a) shows the strain
sensitivity of the conventional interferometer withζ = π/2. With the parameters used in the figure
(listed in the figure caption), below 100Hz, the sensitivityis limited by radiation pressure noise,
whereas above 200Hz it is limited by shot noise. The shot noise limited sensitivity is shaped by
the frequency response of the arm cavities. Above the arm cavity linewidth the signal response
decreases, and so the shot noise limited strain sensitivityis degraded.

Figure 4.5 (b) shows the sensitivity modification to quantumnoise of a the conventional inte-
ferometer when injecting 10dB of squeeing at various squeeze angles. The improvement is iden-
tical to the simple Michelson case and the optimal frequencydependent squeeze angle is given by
equation 4.8 with the radiation pressure couplingKc substituted forK .
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Table 4.1: Signal recycled Michelson interferometer parameters
Parameter Symbol Value Units
Laser frequency ω0 1.77×1015 radians/s
Mirror mass m 40 kg
Laser power at beamsplitter5 I0 2100 W
ITM transmittance (power) T 0.005 -
Arm length L 3995 m
Transmission of signal recycling mirror (amplitude) τ

√
0.07 −

Reflectivity of signal recycling mirror (amplitude) ρ 1− τ2 −
Sideband frequency Ω
Signal recycling cavity length l 10 m
Signal recycling cavity detuning φ (π−0.08)/2 radians
Signal recycling cavity single pass phase shift Θ mod2π(lΩ/c) radians

4.3.2 Signal recycled gravitational wave detectors

Buonanno and Chen [117] showed that the quantum noise of detuned signal recycled interferom-
eters could be lower than the free mass SQL without additional input or output optics. This is
because the correlations in the quantum noise of the amplitude and phase quadratures created by
radiation pressure coupling are recycled in the signal recycling cavity. The free mass SQL no
longer applies to this system and sub SQL sensitivity can be obtained. An additional sensitivity
peak to the optical resonance is created, called the opto-mechanical resonance, in reference to its
origin from radiation pressure coupling4.

The quantum noise power spectral density of a (lossless) signal recycled Michelson interfer-
ometer with arm cavities is given by [117]

Sζ
hSR

=
h2

SQL

2Kc

(C(1)
11 sinζ+C(1)

21 cosζ)2 +(C(1)
12 sinζ+C(1)

22 cosζ)2

τ2|D(1)
1 sinζ+D(1)

2 cosζ|2
, (4.13)

with

C(1)
11 = (1+ ρ2)

(

cos2φ+
Kc

2
sin2φ

)

−2ρcos[2β+2Θ], (4.14)

C(1)
22 = C(1)

11 , (4.15)

C(1)
12 = −τ2(sin2φ+ Kcsin2 φ), (4.16)

C(1)
21 = τ2(sin2φ−Kccos2φ), (4.17)

D(1)
1 = −(1+ ρe2i(β+Θ))sinφ, (4.18)

D(1)
2 = −(−1+ ρe2i(β+Θ))cosφ, (4.19)

whereτ and ρ are the (amplitude) reflectivity and transmission of the signal recycling mirror,
respectively, andφ andΘ are the microscopic signal recycling cavity detuning and macroscopic
single pass phase shift of the signal recycling cavity. Figure 4.6 (a) shows the quantum noise
limited sensitivity of a lossless SR interferometer with parameters similar to those expected in

4Another way of looking at this is the optical spring effect [118]
5This number is derived using 125W laser power times the recycling gain of 16.8.
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Figure 4.6: (a) Quantum noise of a signal recycled Michelson interferometer with arm cavities. (b) Quan-
tum noise with 10dB (R= 1.15) andζ = π/2 for differentλ. Interferometer parameters can be found in
Table 8.1

Advanced LIGO, as detailed in Table 4.1. Both the amplitude and phase quadrature sensitivities
are shown, labeled Quadratureb1 andb2, respectively, along with the quantum noise of a conven-
tional interferometer and the free mass SQL. Unlike conventional interferometers the gravitational
wave signal is not entirely in a single quadrature in a signalrecycled inteferometer.

4.3.3 Squeezing in a signal recycled interferometer

The QND schemes such as variational readout and squeezed states can also be applied to signal
recycled inteterferometers. The use of squeezed states to improve the quantum noise limited sen-
sitivity of signal recycled interferometers has been examined in [37, 39, 40]. The lossless spectral
density of a quantum noise limited signal recycled interferometer is given by [40]

Sζ
hSQZ

=
h2

SQL

2Kc

e−2R(Cλ
11sinζ+Cλ

21cosζ)2 +e2R(Cλ
12sinζ+Cλ

22cosζ)2

τ2|D(1)
1 sinζ+D(1)

2 cosζ|2
, (4.20)

with

Cλ
11 = C(1)

11 cosλ+C(1)
12 sinλ, (4.21)

Cλ
12 = C(1)

12 cosλ−C(1)
11 sinλ, (4.22)

Cλ
21 = C(1)

21 cosλ+C(1)
22 sinλ, (4.23)

Cλ
22 = C(1)

22 cosλ−C(1)
21 sinλ, (4.24)

recall R is the squeeze factor andλ the squeeze angle. Figure 4.6 (b) shows the quantum noise
limited strain sensitivity of a signal recycled interferometer with squeezing at different, frequency
independent squeeze angleλ, and the readout quadrature set tob2 (ζ = π/2). Like conventional
interferometers the optimal squeeze angle is a function of frequency. The frequency dependence
of the signal recycled interferometer is more complex than the conventional interferometer. If a
squeezed state with the optimal frequency dependence (λ = λopt(Ω)) is injected into a lossless
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signal recycled interferometer, the spectral density is the unsqueezed spectral density multiplied
by a factore−2R [39].

4.4 Chapter summary

We have discussed the origin of quantum noise and how it couples to interferometric measure-
ments. The possible improvements obtainable with the injection of squeezed states has been pre-
sented assuming a lossless interferometer.

This chapter concludes the background materials of this thesis. Next, we describe the devel-
opment of audio-frequency squeezed states.
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Part II

Development of Audio Frequency
Squeezing
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Overview: Audio frequency squeezing for gravitational wave detectors

A short history of squeezed states

The first measurement of squeezed light was in 1985 by Slusheret al. [6]. Using a four wave
mixing experiment they observed 0.3dB (or 7%) of quantum noise reduction. Since then, many
processes have been used to generate squeezed states, such as: OPO; SHG; and Kerr media. Tech-
nology advancements and new nonlinear materials mean that it is now routine to measure more
than 3dB (50%) of quantum noise suppression. Figure 4.7 shows the progression to larger amounts
of quantum noise suppression since 1985. Points denoted by a‘� ’ indicate experiments where the
squeezed quadrature is controlled or locked for the measurement time (‘•’ indicate uncontrolled
squeezed quadrature measurements). The largest amount of quantum noise suppression observed
in 2007 is 10dB (90%), achieved by Valhbruchet al. [18] using a monolithic LiNbO3 cavity OPO
with a Nd:YAG laser operating at 1064nm. The largest locked squeezing measurement reported to
date is 9dB (87%) by Takenoet al. [20] who used a PPKTP based OPO system of using a Nd:YAG
laser at 860nm.
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Figure 4.7: Reported squeezing level over the last two decades in continuous-wave experiments (except for
Bergmanet al. which was pulsed). All results except for Slusheret al. and Bergmanet al. were produced
by parametric down-conversion processes. The ‘∗’ denotes experiments where the noise contribution of
electronic noise was not subtracted from the data. References are: Slusheret al. [6]; Wu et al. [7]; Grang-
ier et al. [8]; Xiao et al.[9]; Polzik et al.[10]; Breitenbachet al.[11]; Schneideret al. (1) [12] and (2) [13];
Lam et al. [14]; Buchleret al. [15]; Suzukiet al. [16]; McKenzieet al. (1) [this thesis]; Valhbruchet al.
(1) [17] and (2) [18]; Godaet al. [19]; and Takenoet al. [20].

In terms of generating large amounts of quantum noise suppression the most successful pro-
cesses have been OPO and OPA processes. As pointed out by Buchler [15], since the first demon-
stration of OPO squeezing in 1986 by Wuet al. [7], either OPA or OPO experiments have con-
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tinually held the record for the largest amount of quantum noise reduction, except for a period
between 1991-1992. In the period 1991-1992 the record was held by Bergman and Haus [120]
who produced 5dB (68%) noise suppression from a pulsedχ(3) nonlinearity experiment in optical
fibre. OPO or OPA are natural choices for producing large squeeze magnitude because, in theory,
they can produce perfect quantum noise suppression (at threshold) and produces a minimum un-
certainty state. This is unlike singly resonant SHG, for example, which produces a non-minimum
uncertainty state and is limited in theory to 9.5dB (89%) of quantum noise suppression [89]. In
this thesis an OPO operated below threshold is used to generate squeezed states.

The point labeled McKenzieet al. (1) in Figure 4.7 is the quantum noise reduction demon-
strated in this thesis. The measured noise suppression of 5.5dB (72%)6 can be compared with other
the locked squeezing of similar magnitude at 1064nm of 6.5dB(78%) by Vahlbruchet al. [17] and
7.4dB (82%) by Godaet al. [19].

The development of audio frequency squeezed states

In 1981 Caves [34] proposed the use of squeezed states to improve the quantum noise limited
noise performance of gravitational wave detectors. To offer quantum noise reduction at the grav-
itational wave signal frequencies (10Hz-10kHz), as Caves envisaged, squeezing is required at the
same sideband frequencies. The task of producing squeezed states at these frequencies differs
significantly from producing it at RF frequencies, where squeezing was initially produced. The
reason for the difference between producing squeezing at audio and RF frequencies is purely tech-
nical, there is no fundamental reason to expect nonlinear processes, such as theχ(2) processes,
to not produce squeezed states in the audio band. Generally,at audio frequencies, classical noise
sources are large enough to obscure the quantum noise properties and squeezing is ‘buried’. For
this reason, until recently, squeezed states were generally measured at sideband frequencies of a
few MHz or higher. Figure 4.8 shows the lowest reported sideband frequency of squeezed states
as a function of time. It shows that only in the last few years have squeezed states been measured
in the audio gravitational wave detection band.

The noise sources that limit the production of squeezed states to RF sideband frequencies are:
the classical amplitude and phase fluctuations of the laser [100, 103, 104]; acousto-mechanical
noise coupled via cavity length fluctuations; and photothermal noise [121]. There were thought to
be two solutions to overcome these classical noise limitations, to enable production of squeezed
states at low sideband frequencies [89]. These were:

• Reduce the limiting noise sources. This is the brute force method of working to eliminate
any noise sources that limits the production of a squeezed state. This means stabilizing
the laser amplitude and phase fluctuations to near the quantum noise limit and reducing
environmental noise sources.

• Recover buried squeezing. The underlying squeezed state statistics are recovered by cancel-
ing the classical noise by either optical or electronic means.

Reduction of the limiting noise sources to produce squeezing has not yet been attempted at
audio sideband frequencies, perhaps due to the enormity of the task. It has been proven to be suc-
cessful in the MHz regime. For example, in an SHG squeezing experiment by Whiteet al. [122],
the lowest sideband frequency squeezing was observed at moved from∼ 15MHz without any

6Without electronic noise subtraction. If the effect of electronic noise is taken into account 6.5dB of quantum noise
reduction could be inferred.
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Figure 4.8: Reported sideband frequency vs time. (Left) is a depiction of classical laser noise as a function
of frequency. References (some are given in the caption of figure 4.7.), Bowenet al. [21], Schnabelet
al. [22] Lauratet al. [23] McKenzieet al. (2) [24],(3) [25], Vahlbruchet al. (3) [26].

noise reduction, to∼ 5MHz by using a mode cleaner cavity for passive noise reduction of pump
field.

Recovery of buried squeezing was proposed and proven effective in 1991 by Bergman and
Haus [120], who recovered pulsed squeezing down to 35kHz, inthe same experiment that held
the record for squeezing amplitude at that time. They generated squeezed states in the counter-
propagating directions of a Sagnac interferometer. The idea was that the common classical noise
of the squeezed states would interfere destructively toward the dark port, leaving only squeezed
vacuum to exit the dark port. They commented that below 35kHz, the laser noise no longer
cancelled. It is hard to know why the laser noise did not cancel at low frequencies, but it would
seem likely to be due to one of two reasons: either the level ofcancellation was not sufficient to
cancel the noise at those frequencies or other uncorrelatednoise sources were present which did
not cancel. After this experimental demonstration, a proposal to recover buried squeezing was
made by Laiet al. [123] from bright amplitude squeezed states produced by diode lasers and a
similar one by Ralph and White [124] from squeezed states using the SHG process.

Recovery of buried squeezing was extended to bright squeezed states produced from two near
identical OPA’s by Bowenet al. [21]. They recovered continuous wave squeezing at 220kHz.
When measured individually, the spectra of the two squeezedstates showed classical intensity
noise (much greater than the quantum noise limt) at frequencies below a few MHz, and squeezing
only above 1.9 MHz. The technique to obtain low frequency squeezing was to combine the two
states on a beamsplitter, cancel the correlated classical noise sources in one output, and leave a
squeezed vacuum state in the other. In 2004, a similar classical noise cancellation experiment by
Schnabelet al. [22] resulted in squeezing to 80kHz. The main difference wasthat only one OPA
was used.

The concept of the recovering buried squeezing seemed to work well down to a few tens
of kHz. The two apparent limitations to this technique are: firstly, only the correlated classical
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noise in the squeezed beam could be cancelled, so uncorrelated noise would always remain; and
secondly, the level of cancellation of correlated noise is limited by experimental parameters such
as mode-matching, usually to about a factor of 100. To produce (low frequency) vacuum squeez-
ing from intensity dependent processes such as Kerr media and SHG classical noise cancellation
seems like the only option. However, optical parametric down-conversion has an important differ-
ence: vacuum squeezing can be produced readily, without requiring any post processing. An OPO
operated below threshold produces a squeezed vacuum state,which, as we detail over the next few
chapters, is naturally immune to classical noise sources.

Sub-threshold OPO for low frequency squeezing

In a 2004 paper [24] we presented the first measurement of squeezing in the audio gravitational
wave detection band using an alternate technique to the two described above. Our techniquepre-
vents classical noise sources from coupling to the squeezedfield. This was achieved by operating
the parametric down-converter as a vacuum seeded sub-threshold OPO. It was shown that the vac-
uum squeezed state produced from a sub-threshold OPO was immune to classical noise sources
to first-order, enabling broadband vacuum squeezing to be measured from 280Hz to 100kHz.
Also shown was that, in OPA experiments, it was the beating with the coherent amplitude of the
intra-cavity field at the fundamental frequency which coupled the classical noise sources into the
squeezed state, thereby obscuring the squeezing. By operating the parametric down-conversion
as a sub-threshold OPO, the coupling mechanism in the down-conversion process was removed,
and low frequency squeezing could be obtained. We note that our work was not the first time
that below threshold OPO has been used to produce squeezed states. It is therefore possible that
squeezing has been produced at low frequencies before now, even if it wasn’t measured.

In an experiment also performed in 2004, Lauratet al. [23] measured squeezing down to
50kHz from a type II OPO system operating below threshold. The authors of the paper do not
mention if they knew of the cause of the the low frequency limit.

Since this first demonstration of low frequency squeezing from an OPO, this mode of operation
has been the standard of all low frequency squeezing experiments OPO [17, 25, 26, 125, 126]7.

Current status of audio frequency squeezing

The first report of locked audio frequency squeezed states was by McKenzieet al. [25] using
a doubly resonant OPO8. Squeezing was measured down to 100Hz. The low frequency limit
was thought to be imposed by excess noise in the homodyne detection system. Since then the
Valhbruchet al. measured locked squeezing down to 10Hz [26] . More recently,Vahlbruchet
al. were able to identify and mitigate the low frequency limiting noise source in their homodyne
detection system and measure squeezing at 1 Hz [17]. This is the current low frequency record.

In 2007, Godaet al. [128] measured squeezing enhancement in a suspended, signal-recycled
Michelson at the Caltech 40m prototype interferometer [129]. This was the first measurement of

7Recently McCormicket al. [127] produced squeezing down to 5kHz from a four wave mixingexperiment.
8In this thesis ‘singly resonant’ is defined to mean the nonlinear medium is placed in an optical cavity for the

fundamental frequency field (lower frequency mode), but notfor the harmonic frequency field (higher frequency mode),
which is single passed or double passed through the nonlinear medium. A doubly resonant OPO then would have both
the the nonlinear medium in a cavity where both the fields at the fundamental and harmonic frequencies are resonant. In
this thesis only degenerate OPO considered, hence we refer to SROPO and DROPO. In a non degenerate OPO, where
signal and idler frequencies have the relation:fs = f0 +∆, fi = f0−∆ singly resonant may mean resonant for only the
signal, idler or pump, doubly resonant for two of the three and a triply resonant optical parametric oscillator (TROPO)
would be resonant for all three different frequencies.
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squeezing enhancement of a suspended interferometer, and represents a significant step toward
squeezing enhancement in a long baseline interferometric detector.
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Chapter 5

Noise couplings in parametric
down-conversion

In this chapter noise couplings in the optical parametric down-conversion processes of optical
parametric oscillation and optical parametric amplification are analysed theoretically. Transfer
functions for different noise sources are derived with a view to understanding how they couple
into the squeezed field produced in the parametric down-conversion processes. The calculation in
this chapter is similar to that in the journal article

Photothermal Fluctuations as a Fundamental Limit to Low-Frequency Squeezing in a
Degenerate Optical Parametric Amplifier.
K. Goda, K. McKenzie, E. E. Mikhailov, P. K. Lam, D. E. McClelland and N. Mavalvala,
Phys. Rev. A72, 043819 (2005)

5.1 Introduction

Though the production of squeezed states using OPO or OPA1 is now standard practice in many
quantum optics laboratories, there have been relatively few investigations into the coupling of
noise sources that can limit the production of squeezing. The reason is partially because exper-
imentalists have often chosen to operate at RF sideband frequencies, where lasers are quantum
noise limited and there is negligible environmental noise.There have been theoretical investi-
gations into the limits imposed by fluctuations of the pump field, in single pass parametric am-
plifiers [100–103] and in OPO’s [104, 105]2. These investigations show that both amplitude and
phase fluctuations provide a limit to the level of vacuum squeezing, and that the effect of amplitude
fluctuations is generally small compared to those of phase fluctuations [103–105]. In both single
pass and resonant systems, amplitude fluctuations of the pump field impose a limit to squeezing
because they modulate the nonlinear gain. The simplest manifestation of pump phase noise is
to cause the squeezed quadrature to fluctuate. If the detection phase were to be held constant,
the apparent squeezing will be reduced as the detected quadrature will be a time dependent mix-
ture of the squeezed and anti-squeezed quadratures. This effect can be negated if the detected
quadrature is locked to the squeezed quadrature, which is done in most squeezing experiments.
Gea-Banachloche and Zubairy [104] pointed out that when thenonlinear medium is placed in a
cavity, the quadrature mixing due to pump phase noise happens in the cavity and this effect cannot

1Recall the subtle difference of the OPO and OPA processes is that the OPA has a coherent seed field, whereas the
OPO process has only a vacuum field as a seed field.

2Note that references [100–105] call a single pass parametric interaction an ‘OPA’ and a parametric interaction in a
cavity an ‘OPO’ and generally consider both to be vacuum seeded.
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be negated by controlling the detected quadrature. These theoretical investigations ([100–105])
show that pump noise represents a fundamental limit to vacuum squeezing, but, in practice, it is a
second order effect. To the best of our knowledge, pump noisehas not limited vacuum squeezing
in any OPO experiment. Instead the limit to the amount of quantum noise reduction has been
linear absorption and nonlinear absorption, such as blue light induced infrared absorption (BLI-
IRA) [130]; the green light counterpart, GRIIRA [131]; and grey tracking [132, 133].

In OPA experiments, squeezing has often been limited to highfrequencies by first order cou-
pling of classical noise sources. An example of a first order noise coupling is seed noise, which
couples to the squeezed beam via a simple cavity transfer function (cf. equations 3.125, 3.126).
There exists a similar transfer function for the pump noise,and other environmental noise sources.
The aim in this chapter is to derive these transfer functionsin an effort to understand how to min-
imise or decouple these noise sources from the squeezed state. Noise sources that are important at
low frequencies are: amplitude and phase noise in the pump and seed fields; the fluctuations in the
nonlinearity; and cavity detuning. It is shown that noise inthe pump field, the nonlinear coupling,
and the cavity detuning all couple to the squeezed field via a beat with the mean intra-cavity field at
the fundamental wavelength, ¯a. It follows that, by operating a below threshold OPO, where ¯a= 0,
there is no first order coupling of these noise sources. This is an important result, which provides a
path to produce squeezed states at low frequencies without requiring laser or environmental noise
stabilization, or noise cancellation techniques. This result is contained in the standard equations
of motion and, perhaps surprisingly, has not been studied inthis context prior to this work.

The calculation in this chapter follows the framework laid out in reference [121]. In sec-
tion 5.2, the linerarized equations of motion are used to calculate the fluctuations of the intra-cavity
fields in terms of: the extra-cavity fields; the fluctuations in the cavity detuning; and fluctuations
in the nonlinear coupling. In section 5.3 the amplitude and phase quadrature fluctuations of the
transmitted field are determined. These quadratures contain any squeezing and anti-squeezing,
plus classical noise sources. In section 5.4 the variances of the transmitted fields are calculated.
Finally, in section 5.5, noise budgets of the for the squeezed field are presented using parameters
similar to those in experiments detailed in later chapters.

5.2 Equations of motion and cavity fields

For convenience, the equations of motion for degenerateχ(2) nonlinear interactions presented in
section 3.5 are rewritten here. The cavity modes at the fundamental frequency,a, and harmonic
frequency,b, are

ȧ = −(κa + i∆a)a+ εa†b+
√

2κa
inAin +

√

2κa
outAout +

√

2κa
l Al , (5.1)

ḃ = −(κb + i∆b)b− ε∗a2

2
+
√

2κb
inBin +

√

2κb
outBout +

√

2κb
l Bl , (5.2)

whereκa andκb are the total resonator decay rates for each field andε is the nonlinear coupling
parameter.Ain,Aout,Al andBin,Bout,Bl are the driving fields with the respective coupling rates are
κa

in,κa
out,κa

l andκb
in,κb

out, κb
l for the input, output and roundtrip loss (see figure 5.1). Theangular

frequency detuning of the fundamental and harmonic cavities with respect to the driving field
frequencies are given by∆a and∆b. The equations of motion can be solved using a linearized
approach [87]. Each operator can be separated into average and fluctuating parts. That is

s= s̄+ δs, s† = s̄∗ + δs†, (5.3)
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for s= a,b,Ain,Aout,Al ,Bin,Bout,Bl ,∆a,∆b,ε. 3

The fluctuations of the extra-cavity fields can be of classical or quantum mechanical origin.
Fluctuations in cavity detuning are often due to such sources as acousto-mechanical noise and pho-
tothermal noise and fluctuations of the nonlinearity maybe due to fluctuations in the phase match-
ing condition. Unlike the calculation in [121], the photothermal noise is not explicitly included,
though the fluctuations in cavity detuing and nonlinearity strength could be from photothermal
noise.

Equations 5.1 and 5.2 with expanded operators become

d
dt

(ā+ δa) = −(κa + i(∆̄a+ δ∆a))(ā+ δa)+ (ε̄+ δε)(ā∗ + δa†)(b̄+ δb)

+
√

2κa
in(Āin + δAin)+

√

2κa
outδAout +

√
2κa

l δAl , (5.4)
d
dt

(b̄+ δb) = −(κb + i(∆̄b+ δ∆b))(b̄+ δb)− 1
2
(ε̄∗ + δε∗)(ā+ δa)2

+
√

2κb
in(B̄in + δBin)+

√

2κb
outδBout +

√

2κb
l δBl , (5.5)

where we have made the assumption that the cavity loss and output ports have vacuum state inputs
soĀout = Āl = B̄out = B̄l = 0.

The classical amplitudes of equations 5.4 and 5.5 are given by

dā
dt

= −(κa + i∆̄a)ā+ ε̄ā∗b̄+
√

2κa
inĀin, (5.6)

db̄
dt

= −(κb + i∆̄b)b̄− ε̄ā2

2
+
√

2κb
inB̄in. (5.7)

In the experiments performed as part of this thesis, the parametric process is operated below thresh-
old in a regime where the pump field is not significantly depleted by down-conversion (̄εā2/2≪
√

2κb
inB̄in). The steady state intra-cavity field amplitudes are found by settingdā

dt = 0, db̄
dt = 0,

ā =

√
2κa

in(κa− i∆a+ ε̄b)

(κa)2 +(∆a)2−|ε̄b|2 Āin, b̄≈

√

2κb
in

κb + i∆b B̄in, (5.8)

where, without the loss of generality,̄Ain has been chosen to be real.

The linearised fluctuating components of equations 5.4 and 5.5 along with their Hermitian
conjugates are given by

δȧ = −κaδa− i(∆̄aδa+ āδ∆a)+ ε̄b̄δa† + ε̄ā∗δb+ ā∗b̄δε+∑
j

√

2κa
j δA j , (5.9)

δȧ† = −κaδa† + i(∆̄aδa† + ā∗δ∆a)+ ε̄∗b̄∗δa+ ε̄∗āδb† + āb̄∗δε∗ +∑
j

√

2κa
j δA†

j , (5.10)

δḃ = −κbδb− i(∆̄bδb+ b̄δ∆b)− ε̄∗āδa− 1
2

ā2δε∗ +∑
j

√

2κb
j δB j , (5.11)

δḃ† = −κbδb† + i(∆̄bδb† + b̄∗δ∆b)− ε̄ā∗δa†− 1
2

ā∗2δε+∑
j

√

2κb
j δB†

j , (5.12)

where the equations and the fluctuating components of the extra-cavity fields have been denoted

3Note: the detuning parameters,∆a and∆b, are real numbers andε is a complex number.
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Figure 5.1: A schematic of the parametric down-converter. The fundamental and harmonic cavity modes
area andb, respectively. Cavity inputs and output are denoted with capital letters.

by the sum overj, with { j = in,out, andl}. That is

∑
j

√

2κa
j δA j =

√

2κa
inδAin +

√

2κa
l δAl +

√

2κa
outδAout, (5.13)

∑
j

√

2κb
j δB j =

√

2κb
inδBin +

√

2κb
l δBl +

√

2κb
outδBout. (5.14)

The system of four differential equations 5.9-5.12 can be rewritten in a more succinct form

Ẋc = M cXc +M inXin +MoutXout +M l Xl + X∆ + Xε, (5.15)

which will allow a solution for the fluctuations of the cavityfields to be found with relative ease.
The vectors for the fluctuating terms in equation 5.15 are

Xin =








δAin

δA†
in

δBin

δB†
in








, Xout =








δAout

δA†
out

δBout

δB†
out








, Xl =








δAl

δA†
l

δBl

δB†
l








, (5.16)

Xc =







δa
δa†

δb
δb†







, X∆ =







−iāδ∆a

iā∗δ∆a

−ib̄δ∆b

ib̄∗δ∆b







, Xε =







ā∗b̄δε
āb̄∗δε∗

−1
2ā2δε∗

−1
2ā∗2δε







, (5.17)
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and the matrices are

Mc =







−κ− i∆̄a ε̄b̄ ε̄ā∗ 0
ε̄∗b̄∗ −κa+ i∆̄a 0 ε̄∗ā
−ε̄∗ā 0 −κb− i∆̄b 0

0 −ε̄ā∗ 0 −κb + i∆̄b







, M j = diag











√

2κa
j

√

2κa
j

√

2κb
j

√

2κb
j











, (5.18)

where “diag” represents the diagonal matrix. Equation 5.15can be solved for the cavity fields by
taking the Fourier transform and rearranging. The Fourier transform of equation 5.15 is

iΩX̃c = M cX̃c +M inX̃in +MoutX̃out +M l X̃l + X̃∆ + X̃ε, (5.19)

whereΩ is the sideband frequency and the tildes on the vectors indicate frequency domain opera-
tors (X̃c ⇌ Xc, etc.). The solution for the fluctuations on the intra-cavity fields is

X̃c = (iΩI −M c)
−1(M inXin +MoutXout +M l Xl + X̃∆ + X̃ε

)
, (5.20)

whereI is the 4×4 identity matrix. We now have the fluctuations of the intra-cavity fields in terms
of the fluctuations of the extra-cavity fields, the cavity detuning, and the nonlinear coupling.

5.3 Quadratures of the transmitted fields

The fluctuations of the transmitted fields are found by applying the cavity boundary conditions to
equation 5.20. The transmitted field is

X̃trans = MoutX̃c− X̃out,

= Mout(iΩI −Mc)
−1M inX̃in +

[
Mout(iΩI −Mc)

−1Mout− I
]

X̃out +

Mout(iΩI −Mc)
−1M l X̃l +Mout(iΩI −Mc)

−1X̃∆ +Mout(iΩI −M c)
−1X̃ε,

(5.21)

where

X̃trans =








δÃtrans

δÃ†
trans

δB̃trans

δB̃†
trans








. (5.22)

The amplitude and phase quadratures of the transmitted fieldcan be calculated from equation 5.21
in the standard way. This can be done by conveniently by writing

δX̃trans
= ΛX̃trans, (5.23)

where

δX̃trans
=









δX̃(Atrans)
1

δX̃(Atrans)
2

δX̃(Btrans)
1

δX̃(Btrans)
2









, Λ =







1 1 0 0
i −i 0 0
0 0 1 1
0 0 i −i







. (5.24)
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Similarly, the quadratures of the other extra-cavity fieldscan be found by

δX̃in
= ΛX̃in, δX̃out

= ΛX̃out, δX̃l
= ΛX̃l , (5.25)

where

δX̃ in
=









δX̃(Ain)
1

δX̃(Ain)
2

δX̃(Bin)
1

δX̃(Bin)
2









, δX̃out
=









δX̃(Aout)
1

δX̃(Aout)
2

δX̃(Bout)
1

δX̃(Bout)
2









, δX̃ l
=









δX̃(Al )
1

δX̃(Al )
2

δX̃(Bl )
1

δX̃(Bl )
2 .









.

(5.26)

The solution for the quadratures of the transmitted fields is

δX̃trans
= ΘinδX̃in

+ ΘoutδX̃out
+ ΘlδX̃ l

+ Θ∆ + Θε, (5.27)

whereΘin,Θout,Θl are given by the following 4×4 matrices

Θin = ΛMout(iΩ−Mc)
−1M inΛ−1, (5.28)

Θout = Λ
[
Mout(iΩ−Mc)

−1Mout− I
]

Λ−1, (5.29)

Θl = ΛMout(iΩ−Mc)
−1M l Λ−1. (5.30)

Θ∆ andΘε are 1×4 column vectors given by

Θ∆ = ΛMout(iΩ−Mc)
−1X̃∆, (5.31)

Θε = ΛMout(iΩ−Mc)
−1X̃ε. (5.32)

The equation 5.27 is a complete solution for the quadraturesof the transmitted fields from an OPO
or OPA.

5.4 Variances of the transmitted fields

The variances of the transmitted fields are given by,

Ṽ(Atrans)
1 =

〈∣
∣
∣δX̃(Atrans)

1

∣
∣
∣

2
〉

, Ṽ(Atrans)
2 =

〈∣
∣
∣δX̃(Atrans)

2

∣
∣
∣

2
〉

,

Ṽ(Btrans)
1 =

〈∣
∣
∣δX̃(Btrans)

1

∣
∣
∣

2
〉

, Ṽ(Btrans)
2 =

〈∣
∣
∣δX̃(Btrans)

2

∣
∣
∣

2
〉

. (5.33)

Here, we consider all fluctuating components to be of independent origin4, thus, all cross terms of
fluctuating components vanish. The variances of the transmitted fields are then

Ṽtrans
= |Θin|2Ṽin

+ |Θout|2 + |Θl |2 + |Θ∆|2 + |Θε|2, (5.34)

4The noise terms of the detuning and nonlinear coupling can becorrelated if the same mechanism is driving them
both, as is the case is photothermal noise in the nonlinear crystal, see reference [121].
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where

Ṽtrans
=









Ṽ(Atrans)
1

Ṽ(Atrans)
2

Ṽ(Btrans)
1

Ṽ(Btrans)
2









, Ṽin
=









Ṽ(Ain)
1

Ṽ(Ain)
2

Ṽ(Bin)
1

Ṽ(Bin)
2









, (5.35)

and we have set:̃V(Aout)
1 = Ṽ(Aout)

2 = Ṽ(Bout)
1 = Ṽ(Bout)

2 = Ṽ(Al )
1 = Ṽ(Al )

2 = Ṽ(Bl )
1 = Ṽ(Bl )

2 = 1, since
the fields due to intra-cavity loss and from the output port are vacuum states. The variances
of the transmitted fundamental field (first and second columns of equation 5.34) contain the
squeezing/anti-squeezing plus any classical noise. Theseare given by

V(Atrans)
1 = |Θ(11)

in |2Ṽ(Ain)
1 + |Θ(12)

in |2Ṽ(Ain)
2 + |Θ(13)

in |2Ṽ(Bin)
1 + |Θ(14)

in |2Ṽ(Bin)
2

+
4

∑
m=1

[

|Θ(1m)
l |2 + |Θ(1m)

out |2
]

+ |Θ(1)
∆ |2 + |Θ(1)

ε |2, (5.36)

V(Atrans)
2 = |Θ(21)

in |2Ṽ(Ain)
1 + |Θ(22)

in |2Ṽ(Ain)
2 + |Θ(23)

in |2Ṽ(Bin)
1 + |Θ(24)

in |2Ṽ(Bin)
2

+
4

∑
m=1

[

|Θ(2m)
l |2 + |Θ(2m)

out |2
]

+ |Θ(2)
∆ |2 + |Θ(2)

ε |2. (5.37)

Here, the|Θ(..)
j |2 are the transfer functions of the noise terms. The transmitted quadratures of the

harmonic field (third and fourth columns of equation 5.34) are not of interest here, though they too
can be squeezed, and even entangled with the fundamental field [134].

5.4.1 A simplified case

The dynamics of equations 5.36 and 5.37 are hidden in theΘ matrix elements, which are too large
to write in full here. To provide some insight to the dynamics, a simplified case can be considered.
In section 5.5.3 the case without simplifying assumptions is considered.

The first assumption made is that the fundamental and harmonic field cavities are held on
resonance. That is

∆̄a = ∆̄b = 0, (5.38)

Secondly, the nonlinear coupling is assumed to be real

ε̄∗ = ε̄, (5.39)

which corresponds to operating at the phase matched condition. Finally, the interacting field are
assumed to be real

ā∗ = ā, b̄∗ = b̄. (5.40)

If the first two assumptions are met and the relative phase of the input fieldsĀin, B̄in locked to
amplify or deamplify the coherent seed field, settingB̄in = ±|B̄in| (+ for amplification,− for
deamplification) the fieldsa andb will be real.

With the three above assumptions, the calculation for the variances is vastly simplified. As the
fluctuations well within the cavity linewidth are of interest we assumeΩ ≪ κa. The coefficients
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for theΘ j for the amplitude quadrature are then

Θ(11)
in =

2
√

κa
outκa

in

κa− ε̄b̄+ ε̄2ā2

κb

, Θ(12)
in = 0, Θ(13)

in =
2ε̄ā
√

κa
outκb

in

κb
(

κa− ε̄b̄+ ε̄2ā2

κb

) , Θ(14)
in = 0, (5.41)

Θ(11)
out =

2κa
out−κa+ ε̄b̄− ε̄2ā2

κb

κa− ε̄b̄+ ε̄2ā2

κb

, Θ(12)
out = 0, Θ(13)

out =
2ε̄ā
√

κa
outκb

out

κb
(

κa− ε̄b̄+ ε̄2ā2

κb

) , Θ(14)
out = 0, (5.42)

Θ(11)
l =

2
√

κa
outκa

l

κa− ε̄b̄+ ε̄2ā2

κb

, Θ(12)
l = 0, Θ(13)

l =
2ε̄ā
√

κa
outκb

l

κb
(

κa− ε̄b̄+ ε̄2ā2

κb

) , Θ(14)
l = 0, (5.43)

and there is no coupling of fluctuations in the detuning or nonlinearity to the amplitude quadrature

Θ(1)
∆ = 0, Θ(1)

ε =

√
2κa

outā
(

2b̄− ε̄2ā2

κb

)

ℜ[δε]

κa− ε̄b̄+ ε̄2ā2

κb

≈ 0, (5.44)

whereℜ[δε] is the real part ofδε, which is negligible whenε = ε∗.
The coefficients for theΘ j for the phase quadrature are

Θ(21)
in = 0, Θ(22)

in =
2
√

κa
outκa

in

κa + ε̄b̄+ ε̄2ā2

κb

, Θ(23)
in = 0, Θ(24)

in =
2ε̄ā
√

κa
outκb

in

κb
(

κa+ ε̄b̄+ ε̄2ā2

κb

) , (5.45)

Θ(21)
out = 0, Θ(22) =

2κa
out−κa− ε̄b̄− ε̄2ā2

κb

κa + ε̄b̄+ ε̄2ā2

κb

, Θ(23)
out = 0, Θ(24)

out =
2ε̄ā
√

κa
outκb

out

κb
(

κa+ ε̄b̄+ ε̄2ā2

κb

) , (5.46)

Θ(21)
l = 0, Θ(22)

l =
2
√

κa
outκa

l

κa + ε̄b̄+ ε̄2ā2

κb

, Θ(23)
l = 0, Θ(24)

l =
2ε̄ā
√

κa
outκb

l

κb
(

κa + ε̄b̄+ ε̄2ā2

κb

) , (5.47)

and the coupling of fluctuations in the detuning and nonlinearity into the phase quadrature are
given by

Θ(2)
∆ =

2ā
(

δ∆a + ε̄b̄
κb δ∆b

)√
2κa

out

κa+ ε̄b̄+ ε̄2ā2

κb

, Θ(2)
ε =

√
2κa

outā
(

2b̄+ ε̄2ā2

κb

)

ℑ[δε]

κa + ε̄b̄+ ε̄2ā2

κb

, (5.48)

whereℑ[δε] is the imaginary part ofδε.
The features to note from this simplified case are:

1. Noise from the seed field couples to the squeezed beam via the simple cavity transfer func-
tions: |Θ(11)

in |2 for the amplitude quadrature;|Θ(22)
in |2 for the phase quadrature.

2. There is no cross quadrature coupling. i.e.Θ(12)
j = Θ(14)

j = Θ(21)
j = Θ(23)

j = 0. This means
that phase noise does not couple to the amplitude quadrature, and vice versa.

3. Fluctuations in the cavity detuning do not couple to the amplitude quadrature to first order
(Θ(1)

∆ = 0). This is because the amplitude response of a cavity goes through a turning point
at resonance.

4. Fluctuations in the nonlinear coupling do not couple to the amplitude quadrature (Θ(1)
ε = 0).
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At the phase matched condition the real part of the phase matching curve is a turning point
(see figure 3.9).

5. The fluctuations of the pump field, cavity detuning, and thenonlinearity all couple to the
squeezed state proportional to ¯a2 in variance5.

Points 3,4 and 5 indicate that amplitude quadrature squeezing offers advantages over phase squeez-
ing in terms of noise performance. The amplitude quadratureis not sensitive to fluctuations in
cavity detuning and nonlinearity (points 3 and 4). Also, in amplitude squeezing, the coherent part
of the seed field is de-amplified, so ¯a2 is less than in the case of phase squeezing, where it is
amplified.

Point 5 is the most important for the work in this thesis. It shows that vacuum squeezing, where
ā = 0, is optimal in terms of minimising noise coupling. With ¯a = 0 all classical noise sources do
not couple to first order, which is a remarkable result. To re-emphasize the dependence of ¯a2 on
the coupling of noise sources, equations 5.36 and 5.37 can berewritten with the assumptions in
equations 5.38, 5.39, and 5.40. They are

V(Atrans)
1 = |Θ(11)

in |2Ṽ(Ain)
1 + |Θ(11)

out |2 + |Θ(11)
l |2

︸ ︷︷ ︸

(⋆)

+ |Θ(13)
in |2Ṽ(Bin)

1 + |Θ(13)
l |2 + |Θ(13)

out |2
︸ ︷︷ ︸

(⋆⋆)

,

(5.49)

V(Atrans)
2 = |Θ(22)

in |2Ṽ(Ain)
2 + |Θ(22)

out |2 + |Θ(22)
l |2

︸ ︷︷ ︸

(⋆)

+

|Θ(24)
in |2Ṽ(Bin)

2 + |Θ(24)
l |2 + |Θ(24)

out |2 + |Θ(2)
∆ |2 + |Θ(2)

ε |2
︸ ︷︷ ︸

(⋆⋆)

.

(5.50)

where, the terms which have no dependence on ¯a are denoted by (⋆) and the terms that scale
proportional to ¯a2 are denoted by (⋆⋆). Thus, the (⋆⋆) noise couplings (pump noise, detuning, and
nonlinear coupling fluctuations) can be switched off by setting ā = 0.

5.5 Noise budget of a OPA

In this section the variances of the transmitted fields are plotted as a function of seed power with
model parameters similar to those found in experiments in the following two chapters. The total
noise of the squeezed field is plotted along with the individual noise sources that make a noise
budget.

5.5.1 Model parameters

Before the noise budgets are plotted, it is useful to examinethe parameters used in the model.

5The termsε̄2ā2

κb are much smaller than the rest of the parameters at the type ofseed powers used here, and can be
ignored.
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Cavity parameters

The parameters used in the models here were chosen to be similar to the experimental values of
the experiments presented in chapter 7. The cavity is a doubly resonant cavity with mirror reflec-
tivities, nonlinear gain, and cavity losses were chosen to be close as possible to the experimental
parameters.

Cavity detuning

The variance of the cavity detuning can be written in terms a cavity length change,δx̃, via a
conversion factor [90]

〈|δ∆̃a|2〉 =

(
2πc
λaL

)2

〈|δx̃(a)|2〉, 〈|δ∆̃b|2〉 =

(
2πc
λbL

)2

〈|δx̃(b)|2〉, (5.51)

whereλa is the wavelength of the fundamental field,λb the wavelength of the harmonic field, and
L the cavity optical path length. Here, the assumptionδx̃(a) = δx̃(b) is made since the fundamental
and harmonic cavities share the same physical path.

Nonlinear coupling

The noise in the nonlinear coupling strength considered here comes from deviation from the phase
matching condition due to temperature fluctuations of the nonlinear medium. To deriveδε we first
write the nonlinear coupling constant,ε, as a function of the phase mismatch parameter,∆k,

ε = γ0zei ∆kz
2 sinc

∆kz
2

, (5.52)

whereγ0 is a constant depending on the crystal properties, the beam wasit, etc., andz is the crystal
length. Around the optimal phase matching temperature,T0, the phase matching parameter can be
written as

∆k = ϕ(T −T0), (5.53)

whereT is the crystal’s temperature andϕ is a constant whose value depends on the crystal’s
properties. Fluctuations in the crystal’s temperature,δT, cause fluctuations in the nonlinearity,δε̄,
via the photo-refractive effect

δε̄ =
∂ε̄

∂∆k
δ∆k,

=

(
∂ε̄

∂∆k
d∆k
dT

)

δT,

=

(
∂ε̄

∂∆k

)

ϕδT, (5.54)

where the substitutiond∆k
dT = ϕ has been made. In reference [121]δε,δ∆(a), andδ∆(b) are consid-

ered to originate only due to the photothermal effect and aretherefore correlated with each other
and with the intra-cavity fields. Here, a more general case isconsidered, whereδε is not corre-
lated with the detuning parameters. This is the case in typical experiments, becasue the fluctuating
detuning will be dominated by acousto-mechanical sources.
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Figure 5.2: The noise budget of an amplitude squeezed state, plotted as afunction seed power. (a) shows
the amplitude quadrature, and (b) the phase quadrature.

Variable seed power

To vary the seed power in the model (and in the experiments) a variable transmission optic is used
which has transmissionηatt, as shown in figure 5.1. The seed power,P̄Ain, and the variance of the

seed fieldṼ(Ain)
1,2 vary according to

P̄Ain = ηattP̄A0, (5.55)

Ṽ(Ain)
1,2 = ηattṼ

(A0)
1,2 +1−ηatt. (5.56)

The variance of the input seed field is set toṼ(A0)
1,2 = 103 (relative to the quantum noise limit) for

P̄A0 = 0.1mW.

Other parameters

In general, the variances of the fieldsṼ(Ain),Ṽ(Bin) and 〈|δ∆̃a|2〉,〈|δ∆̃b|2〉, 〈|δε̃|2〉 will have fre-
quency dependence. For simplicity, a single sideband frequency (sayΩ/2π = 100Hz) is consid-
ered with typical values of the parameters for this frequency.

Also set isṼ(Bin)
1 = Ṽ(Bin)

2 = 5×105 (relative to the quantum noise limit),δx = 10−12m, δT =

10−5K, and a parametric gain of 12dB (P= 0.35Pthres). All parameters used in the model are listed
in table 5.1.

5.5.2 A simplified case

To begin with, consider the noise budget of the amplitude andphase quadratures with the assump-
tions used for equations 5.49 and 5.50. Figure 5.2 shows the noise budget of (a) the amplitude
quadrature and (b) the phase quadrature as a function of seedpower for an amplitude squeezed
state. The solid black curve indicates the variance of the transmitted field, whereas the coloured
dashed curves indicate the noise contributions of individual terms of equations 5.49 and 5.50.

For seed power less than 10−6W, the squeezing level (figure (a)) is limited by intra-cavity
losses (dashed blue curve). At higher seed powers the squeezed quadrature becomes degraded
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Figure 5.3: Noise budget of an phase squeezed state, plotted as a function seed power. (a) shows the
amplitude quadrature, and (b), the phase quadrature.

by classical noise on the seed field (dashed red curve, the first term in equation 5.49) and the
pump field (dot-dashed red line, the fourth term in equation 5.49). With the assumptions made in
equations 5.49 and 5.50 there is no coupling of detuning noise or nonlinear coupling noise into the
amplitude quadrature.

At very low seed powers (less than 10−10W) the anti-squeezed quadrature, figure 5.2 (b), is
limited by the quantum noise from the output port. At these low powers the squeezed state is a
near minimum uncertainty state. At larger seed powers, the detuning noise (dotted pink curve)
dominates all other noise sources in the phase quadrature, whilst the amplitude quadrature re-
mains squeezed. Large anti-squeezing is not desirable as the requirements for the locking and
measurement stability are increased.

Figure 5.3 (a) and (b) shows the amplitude and phase quadrature with the pump set to squeeze
the phase quadrature. The phase quadrature is below the shotnoise limit for only very low seed
powers as the detuning noise (dotted pink curve) degrades the squeezing as the seed power in-
creases. A comparison of the noise budgets figures 5.2 and 5.3shows that producing amplitude
squeezing rather than phase squeezing has advantages. Also, very low seed power is optimal
because the coupling of classical noise sources into the squeezed beam is minimised.

5.5.3 Including cavity detuning

Amplitude squeezing is now studied without the simplifyingassumptions from the previous sec-
tion. That is we consider the case where

∆̄a 6= 0, ∆̄b 6= 0,

ε 6= ε∗,
ā∗ 6= ā, b̄∗ 6= b̄

Figure 5.4 (a) and (b) shows the noise budget of an amplitude squeezed state with a constant
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Figure 5.4: The noise budget of an amplitude squeezed state plotted as a function seed power with different
cavity detunings. In (a)̄∆a/(2π) = ∆̄b/(2π) = 0.05%FWHM, in (b)∆̄a/(2π) = ∆̄b/(2π) = 0.5%FWHM.

offset in the cavity detuning at both frequencies. The values used were

∆̄a/(2π) = ∆̄b/(2π) = 0.05% FWHM [in figure 5.4 (a)],

∆̄a/(2π) = ∆̄b/(2π) = 0.5% FWHM [in figure 5.4 (b)].

These are typical values that might be expected in a laboratory due to residual offsets in the cavity
error signal. Also included is an offset from phase matchingby setting6

∆T = 10mK.

Figures 5.4 (a) and (b) show that a constant offset in detuning causes the detuning noise to cou-
ple to the amplitude (squeezed) quadrature. The phase quadratures are not plotted here but they
closely resemble the noise budget of figure 5.2. With the cavities detuned by 0.05% of their re-
spective FWHM’s, the detuning noise (dotted pink curve) is similar magnitude to noise due to the
input fields (solid red curve). With the cavity detuned by 0.5% of their respective FWHMs, the
cavity detuning fluctuations increase to become the dominant classical noise source, limiting the
squeezing at seed powers above 10−8W. Thus, although amplitude quadrature squeezing offers
some immunity to detuning fluctuations, they can be significant and may still limit squeezing.

5.6 Discussion of the squeezing from a parametric down-converter

The noise budgets in figures 5.2 and 5.3 show that amplitude quadrature squeezing is easier to
obtain in the presence of classical noise than phase quadrature squeezing, but given realistic con-
ditions, amplitude quadrature squeezing can still be degraded by laser noise in the seed field, and
pump field (figure 5.4). More importantly, the coupling of theclassical noise sources into the
squeezed beam can beturned offby setting ¯a2 to 0. ā2 = 0 can be readily achieved experimentally
by ensuring the input seed field has zero coherent amplitude (Āin = 0) and operating below the

6Note that, in this chapter we consider the effect of cavity detuning and phase mismatch separately. In chapter 10
phase mismatch is considered to be a source of detuning.
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OPO threshold. Below threshold OPO quadrature variances given in equations 5.36 and 5.37 re-
duce to those given by the semi-classical analysis of an OPA presented in the background chapter,
i.e. equations 3.125 and 3.126. In this case, the only fluctuations that enter the squeezed field are
from the input port, the intra-cavity loss, and the output port. Since these three fields are all the
vacuum fluctations withV( j)

1,2 = 1, the quadrature variances become much simpler

V(Atrans)
1 = |Θ(11)

in |2 + |Θ(11)
out |2 + |Θ(11)

l |2, (5.57)

V(Atrans)
2 = |Θ(22)

in |2 + |Θ(22)
out |2 + |Θ(22)

l |2. (5.58)

The result that the classical noise sources can be preventedfrom coupling into the squeezed state,
to first order, is important. It essentially means that the classical noise sources such as pump noise
and cavity detuning, which are typically large at low frequencies, do not need to be reduced in
order to produce low frequency squeezed states as long as ¯a2 = 0 is maintained. In the following
chapters experimental evidence is presented that confirms this result.

In this simple study, relatively small values for cavity detunings were chosen and only very low
seed powers were plotted. In many experiments seed powers are on the order of 10-60mW (e.g.
[22, 135]). It can be seen that for 10mW seed power, and the values chosen forδε,δ∆(a),δ∆(b),

V(Ain)
1,2 ,V(Bin)

1,2 , there will be no squeezing produced at 100Hz. One other point to note from the noise
budgets is that often more than one noise source degrades thesqueezed state. This may be why
the classical noise cancellation techniques in experiments [21, 22, 120] were not able to recover
squeezing below 10kHz.

Table 5.1: Parametric down converter parameters

Parameter Symbol Value Units

Fundamental Wavelength λa 1064 nm
Harmonic Wavelength λb 532 nm
Input mirror Transmission (atλa) Ta

in 0.0005 -
Input mirror Transmission (atλb) Tb

in 0.025 -
Output mirror Transmission (atλa) Ta

out 0.1 -
Output mirror Transmission (atλb) Tb

out 0.0005 -
Round Trip Loss (atλa) Ta

l 0.0085 -
Round Trip Loss (atλb) Tb

l 0.022 -
Average detuning (atλa) ∆̄a/(2π) 0−0.5% FWHMa

Average detuning (atλb) ∆̄b/(2π) 0−0.5% FWHMb

Seed power P(A0) 0.1 mW
Pump power P(Bin) 0.35Pthres W
Transmission of Attenuator ηatt 1−10−8 -

Variance of seed field before att. V(A0)
1,2 103 rel SNL

Variance of pump field V(Bin)
1,2 5×105 rel SNL

Nonlinear coupling parameter ε̄ 150 1/s
Optical Path Length L 0.67 m
Cavity length Fluctuation δx 10−12 m
Phase mismatch constant ξ 150 1/m/K
Offset From phase matched temp ∆T 0−10 mK
Crystal Temperature Fluctuations δT 10 µK
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§5.7 Summary

5.7 Summary

A calculation of noise sources that can limit the productionof squeezing has been presented. The
calculation showed that noise on the pump field; the cavity detuning; and the nonlinear coupling
are all coupled to the squeezed field via a beat term with the average intra-cavity field ¯a, and as
such can be decoupled from the squeezed beam by setting ¯a = 0. Thus, vacuum squeezing in an
OPO is decoupled from these major noise sources.
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Chapter 6

Squeezing in the audio gravitational
wave detection band

In this chapter presents an experimental comparison of the squeezing produced from an optical
parametric amplifier, and from an optical parametric oscillator operated below threshold. The
results confirm the linear dependence of noise coupling on the intra-cavity power of the funda-
mental field and that sub-threshold OPO offers advantages interms of producing squeezing at low
frequencies. This chapter culminates with the demonstration of squeezing measured over much of
the audio gravitational wave detection band. This chapter is based on the work presented in the
paper:

Squeezing in the audio gravitational wave detection band
K. McKenzie, N. Grosse, W. P. Bowen, S. E. Whitcomb, M. B. Gray, D. E. McClelland and
P. K. Lam.
Phys. Rev. Lett.93, 161105 (2004).

6.1 Introduction

Many previous experiments and proposals to produce squeezed states at low sideband frequencies
were based on cancellation of classical noise to recover buried squeezing [21–23, 120, 123, 124].
In this chapter an alternate technique, the suppression of the coupling of classical noise sources, is
shown to be extremely effective. We compare OPO and OPA operation of the parametric down-
converter and confirm that the presence of a coherent seed field (OPA operation) leads to dramatic
degradation of the squeezing at low sideband frequencies due to classical noise coupling. The sys-
tem operating as a sub-threshold OPO displays immunity to the same technical noise that degrades
OPA squeezing. This result is the experimental demonstration of the theory described in chap-
ter 5. We report the generation of high purity broad-band squeezing from a sub-threshold OPO
at sideband frequencies from 280Hz to well above 100kHz, covering a large fraction of the audio
gravitational wave detection band. The squeezing level measured at 11kHz was 4.0dB±0.6dB
below the shot noise limit.

This chapters is laid out as follows: section 6.2 details theexperimental setup; sections 6.3
and 6.4 present and compare measurements of squeezed statesfrom OPA and sub-threshold OPO;
and section 6.5 presents the conclusions drawn from this experiment.

6.2 Experiment Details

The experimental setup is shown in figure 6.1. The laser was a 1.5 Watt continuous-wave Nd:YAG
Non planar ring oscillator operating at 1064nm. This is the same type of laser and wavelength cur-
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Figure 6.1: Schematic of the experiment. The parametric down-converter (labeled OPA/OPO) was pumped
with light from the SHG and was seeded with a bright field/vacuum field. The squeezed state (SQZ) was
detected on a homodyne detection by interfering it with the local oscillator (LO). The control electron-
ics are indicated with dashed lines. VA-variable attenuator, MC-Modecleaner cavity, PZT-Peizo-electric
transducer, BPF-band pass filter, ED-envelope detector, G-gain stage, PM-phase modulator, M-mixer, DC-
dichroric mirror, PD-Photodetector, SPD-Spit photodetector, FI-Faraday isolator.

rently used in all gravitational wave detectors, though they use amplified versions to give higher
power. The majority of the laser power was frequency doubledin a second harmonic generator
(SHG) to produce a pump beam of up to 350 mW for the parametric down conversion processes.
The SHG was constructed from a type-I phase-matched, 5% doped MgO:LiNbO3 hemilithic crys-
tal and an external mirror of reflectivityRa = 96% at 1064nm andRb < 4% at 532nm. The curved
surface of the crystal was coated for high reflectivity (HR) and the flat surface coated for anti-
reflectivity (AR) at both 532nm and 1064nm. A small fraction of the laser field was split-off and
spatially filtered using a mode-cleaner cavity [85], to provide a local oscillator field for the homo-
dyne detection system, and to use as a seed beam when required. Though the laser, modecleaner
and SHG are essential components, the details of these devices were not critical for the success of
this experiment. Further details on the SHG can be found in [135].

The cavity of the parametric down-converter had similar construction to the SHG. The nonlin-
ear medium was a type-I phase-matched, 5% doped MgO:LiNbO3 hemilithic crystal. The curved
surface of the crystal was coated for HR and the flat surface ARcoated at both 532nm and 1064nm.
A singly resonant standing-wave cavity was formed at 1064nmbetween the HR surface of the
crystal and an external mirror of reflectivityTa

in = 4%,Tb
in = 96%. The parametric down-converter

was pumped with 100mW of 532nm light that double passed through the crystal, resulting in para-
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Table 6.1: Experimental parameters of the parametric down-converter

Parameter Value Parameter Value

λa 1064nm Seed power 1-6000nW
λb 532nm Pump power 100mW
Cavity type Linear - Standing Wave Ta

out 4%
Resonance condition Singly Resonant La

RT 0.7%
Nonlinear medium MgO:LiNbO3 5% ηesc 85%
Crystal dimensions 7.5×2.5×5 mm ηhom 93%
Crystal geometry Hemilithic ηdet 93(±2)%
Finesse (at 1064nm) 133 ηtot (without FI) 73(±2)%
FSR 3718MHz ηtot (with FI) 66(±2)%

metric gain of 7dB. Results were taken in OPA operation with seed powers varying between 1nW
and 6µW and in sub-threshold (unseeded) OPO operation. The cavitywas not actively controlled
during the measurements presented in this chapter. The broad cavity linewidth and stability of the
laboratory environment was such that, once tuned to resonance manually, the cavity would stay on
resonance for approximately 10 seconds, which was sufficient time to take results.

The squeezed state was detected using a balanced homodyne detection system which had
a common mode rejection of 55dB. The homodyne photodetectors were built around ETX 500
photodiodes with quantum efficiencyηdet = 93(±2)%1. The cavity escape efficiency wasηesc=

85%. The homodyne fringe visibility wasvis = 96.5%, giving ηhom = vis2 = 93%. The total
detection efficiency was thereforeηtot = ηescηhomηdet = 73(±2)%. Whilst in OPO operation,
a Faraday isolator (FI) was inserted between the OPO cavity and the photodetectors to reduce
local oscillator backscattered light. The Faraday isolator introduced an additional 9% loss and so
the total detection efficiency with the Faraday isolator wasηtot = 66(±2%). A summary of the
parameters used in the experiment is contained in table 6.1.

The control electronics in the experiment are indicated by dashed lines in figure 6.1. The
Tilt Locking technique [136] was used to lock the modecleaner cavity, and transmission dither
locking to lock the SHG. The dither for the SHG control loop was imposed by applying electro-
optic modulation to the SHG nonlinear crystal. Quantum noise locking (see chapter 9) was used
to lock the homodyne detection phase. The quantum noise locking error signal was generated
by dithering the local oscillator phase and demodulating the difference photocurrent noise power.
The noise power was detected using a spectrum analyzer (Agilent-E4407B, zero span at 2MHz,
RBW=300kHz, VBW=30kHz) then demodulated with a lock-in amplifier (Stanford Research Sys-
tems (SRS)-SR830) and filtered before being fed back to PZT1.The stability of the homodyne
detection phase enabled results to be taken without lockingthe parametric down-converter cavity.
All spectra were taken on a SRS SR785 signal analyser and timedomain data were taken on an
Agilent-E4407B spectrum analyser.

1Errors for the detection efficiency were estimated from the power meter calibration uncertainty. Recently,
Vahlbruchet al. [18] inferred the detection efficiency of the ETX500 photodiodes to be 95±2% using a measurement
of squeezing. In the the Vahlbruchet al. measurement the protective window of the photodiode had been removed,
unlike this experiment.
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Figure 6.2: (Best viewed in colour) The OPA spectrum 2kHz-100kHz with different seed powers. The
variance of the seed beam with power 6µW was less than 4dB above the SNL across the spectrum.
RBW=128Hz. Electronic noise (at -12dB) was subtracted fromall traces.

6.3 Squeezing from an OPA

Spectra of the squeezed states generated from the experiment operated as an OPA are shown in
figure 6.2. Spectra were taken for six different seed powers between 1nW and 6µW, and are
plotted relative to the shot noise limit (SNL). At seed powerof 1nW the spectrum is essentially
flat at -3.5dB with the exception of a feature at 34kHz and a peak at 20kHz which was due to the
quantum noise locking modulation. At the seed power of 80nW,the spectrum shows the feature
at 34kHz has increased in amplitude and additional noise is present below 15kHz, degrading the
squeezing amplitude to modest levels below 10kHz. The new feature in the spectrum at 8kHz
was also present in the pump intensity noise spectrum and wasexpected to have coupled into the
squeezed field via the nonlinear interaction with the intra-cavity fundamental field. As the seed
power was increased further, the noise floor and features in the spectra continued to increase. By
6µW of seed power, squeezing below 40kHz was no longer observable. These results clearly show
contamination of the squeezed state by classical noise sources at high seed power. Whilst this data
was taken, no experimental parameters other than the input seed power were varied, indicating it
was the noise coupling that was changing with seed power, rather than the noise sources.

The noise power increase of the squeezed state in proportionto the seed power is evident in
figure 6.3, which shows the integrated noise power of the datain figure 6.2 between 5-6kHz as
a function of seed power. The experimental points indicatedby ‘x’ can be compared with: a
fitted line which is the sum of classical and quantum noise, curve (i); squeezed quantum noise,
curve (ii), and a classical noise source which has linear dependence on seed power, curve (iii).
Large uncertainties in the experimental data were expectedfor a number of reasons. Firstly, the
OPA cavity length was not actively controlled because the seed power was insufficient to obtain
a cavity error signal. Instead the cavity was simply tuned toresonance manually, and left there
whilst data was taken. Secondly, the seed power had uncertainties. The seed power was inferred
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Figure 6.3: The average noise power from 5-6kHz as a function of seed power, experimental data indicated
by ‘x’, model fit given by curve (i). Electronic noise (at -12dB) was subtracted from all data.

by attenuating a beam of known power (measurable on a power meter) using a neutral density
filter wheel (New Focus 5214-B). As the neutral density filters were changed, misalignment of the
seed beam to the cavity could occur, which changes the amountof seed light that is coupled into
the cavity. Finally, the relative phase of the seed and pump field was not controlled. This meant
that the intra-cavity power of the fundamental field could vary significantly depending if the seed
field was amplified or deamplified. Even with the large uncertainties expected, the data roughly
follows the linear trend predicted by the theory in equations 5.49 and 5.50.

Further evidence of the seed field enabling contamination ofthe squeezed state can be seen
from the data in figure 6.4. Curve (i) was taken with the seed field blocked in an attempt to operate
the experiment as a sub-threshold OPO, to produce vacuum squeezing. Large peaks between
300Hz and 700Hz were observed. This low frequency contamination was attributed to light from
the local oscillator field backscattered from the photodetectors and seeding the OPO cavity. Note
that even with the photodetectors tilted at an angle to prevent retro-reflection, the scattering from
the front face of the detectors, which was estimated to be of the order of 1pW2, was sufficient
to seed the parametric process and cause parametric amplification and interaction with classical
noise sources. A Faraday isolator was placed between the cavity and the detection system to
reduce the backscattered light. With the isolator in place the noise coupling via in the parametric
amplification process was reduced to an immeasurable level,as shown by curve (ii). The residual
peaks at 150Hz and 250Hz in both the detection system noise floor and the squeezed spectra were
due to pick up from the electronic mains (not shown in this figure).

In figure 6.3, a single red ‘x’ has been placed to indicate the data point where the OPA cav-

2The power of the backscattered light could be quantified by tuning the OPO cavity off resonance, so it acted
like a HR mirror reflecting the backscattered seed to the homodyne detection system, then measuring the interference
of the backscattered seed with the local oscillator. From the fringe visibility and known local oscillator power the
backscattered seed power could be obtained.
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Figure 6.4: The OPO spectrum from 100Hz to 3.2kHz without (i) and with (ii) the Faraday isolator between
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ity was (unintentionally) seeded through the output coupler by backscattered light from the pho-
todetector of order 1pW. The power value of the red x has been scaled to accommodate for the
difference in coupling from the HR side of the cavity (black x’s) and the output coupler (red x).

6.4 Squeezing from an OPO

The spectrum of the squeezed state produced using an OPO is shown by curve (ii) in figure 6.5.
Squeezing continues to tens of MHz, as reported in [135]. Curve (i) shows the spectrum of the
homodyne detection system3 without squeezed input. This indicates that the measurement is shot
noise limited at frequencies above 1kHz and is contaminatedat frequencies below 1kHz. Curve
(iii) is the electronic noise of the detection system. Broadband squeezing was measured from
280Hz to 100kHz, with the exception of a locking signal peak at 20kHz. Squeezing could not
be measured at 150Hz and 250Hz due to power supply harmonics.Squeezing data at frequencies
lower than 100Hz could not be taken since the stability of thesqueezing was insuffient for mea-
surements on the required time scale (because the OPO cavitylength was not actively controlled)
and because the homodyne detection noise floor was above the shot noise limit. The roll-up in
noise power in the homodyne and squeezed light traces below 1kHz was due to excess noise in
the homodyne detector system. This is likely due to noise sources such as scattered light [17]. A
detailed investigation into these noise sources is presented in section 7.5.

Evidence that classical noise is not coupling to the squeezed vacuum state can be obtained by
comparing the measured purity to the purity calculated taking into account the parametric gain
and the losses. If no classical noise sources are present then the squeezed and anti-squeezed

3In this thesis we have chosen to use the term ’homodyne detection noise floor’ or ’detection noise’ rather than
the more common ’shot noise’ for describing the noise power as measured by the homodyne detector. This is because
although at high frequencies the detection system is indeedshot noise limited, at low frequencies the noise deviates
away from the calculated shot noise.
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Figure 6.5: Measured noise spectra for the homodyne, curve (i), the squeezed light, curve (ii), and the
electronic noise of the homodyne detection system, curve (iii).The traces are pieced together from three
FFT frequency windows: 100Hz-3.2kHz, 1.6kHz-12.8kHz, and3.8kHz-100kHz. Each point is the averaged
RMS value of 500, 1000 and 2000 measurements made in the respective ranges. The RBW of the three
windows was 8Hz, 32Hz and 128Hz, respectively. The electronic noise was -12dB below the quantum noise
from 10kHz-100kHz. The 20kHz peak arises from the homodyne modulation locking signal and is labeled
(m). Peaks at 50Hz harmonics are due to electrical mains supply, labeled (e).

quadratures are given by

Vsqz =
ηtot

G
+1−ηtot, (6.1)

Vasqz = ηtotG +1−ηtot, (6.2)

where the gain parameter,G , is given in equation 3.122. The purity of the squeezed stateis given
by the product

VsqzVasqz =

[(
1
G

+ G

)

−2

]

ηtot(1−ηtot)+1, (6.3)

Figure 6.6 shows the OPO squeezed state at 11.2kHz as the detection phase was varied. This
data was taken without the Faraday Isolator between the OPO cavity and detection system. The
measured and calculated squeezed state purities are

VsqzVasqz = 1.6(±0.2) (Measured), (6.4)

VsqzVasqz = 1.6(±0.1) (Calculated). (6.5)

which agree, confirming that there is no excess noise at this measurement frequency.

For the above measured value we have usedVsqz= 0.43(±0.04), Vasqz= 4.55(±0.04) (with
errors due to standard deviation of noise), and calculated value we usedG = 5 (i.e. 7dB),ηtot =
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Figure 6.6: The squeezed state at 11.2kHz as the phase of the homodyne is varied. RBW=1kHz,
VBW=30Hz. Electronic noise (9dB below SNL) was subtracted from the data.

73(±2)%.

6.5 Chapter summary

In this chapter the parametric down conversion process of OPA and sub-threshold OPO were
compared experimentally. It was shown that excess noise coupled to the squeezed field in direct
proportion to the seed field power, agreeing with the result derived in chapter 5. By eliminating
the seed field from the parametric down conversion process, the coupling of the excess noise could
be ‘switched off’. This resulted in broadband squeezing down to 280Hz.

The experiment presented here was not suited to producing squeezing at very low sideband
frequencies, or over long time scales, because the OPO cavity length was not actively controlled.
In the following chapter we introduce an experiment that produced stable squeezed states.
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Chapter 7

Stable audio frequency squeezing from
a doubly resonant OPO

This chapter documents the production of stable, low frequency squeezing from a doubly reso-
nant OPO experiment, and examines the limitations of squeezing measurement imposed by the
detection system. Much of the work presented in this chapterwas published in the journal articles:

Squeezed State Generation for Interferometric Gravitational-Wave Detection
K. McKenzie, M. B. Gray, S. Goßler, P. K. Lam, and D. E. McClelland,
Class. Quant. Grav.23, S245 (2006)

Technical limitations to homodyne detection at audio frequencies
K. McKenzie, M. B. Gray, P. K. Lam, and D. E. McClelland,
Appl. Opt. 46, 3389 (2007)

7.1 Introduction

The first experimental demonstration of squeezing in the audio gravitational wave detection band
was presented in the previous chapter. That work showed thatthe OPO intra-cavity power at the
fundamental frequency was the coupling mechanism for many noise sources into the squeezed
field. By eliminating the seed field, vacuum squeezing at low sideband frequencies could be
obtained. That simple insight has been the cornerstone of all subsequent low frequency OPO
squeezing experiments [17, 25, 26, 125, 126].

Elimination of the intra-cavity power at the fundamental frequency meant removing the co-
herent seed field and reducing backscattered light, which could act as a spurious seed field. By
removing the coherent seed field, the only coherent phase reference for the singly resonant OPO
cavity resonance was also removed and therefore no cavity length control signal could be obtained.
Without active cavity length control, the squeezing was stable for only tens of seconds, insufficient
length of time for low frequency applications. Two solutions were proposed to allow stable, low
frequency squeezing to be produced from OPO’s without a coherent seed field1. These are:

1. Add a frequency shifted sub-carrier field to sense the singly resonant OPO cavity resonance
condition.

2. Use a doubly resonant OPO cavity and the pump field to sense the cavity resonance condi-
tion.

1The quantum noise locking technique could also be used to obtain a cavity error signal, however it may be difficult
to obtain the required stability using this technique.
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Both of the above techniques have proven successful. The useof frequency shifted subcarrier
field for cavity control in singly resonant OPO has been demonstrated by Vahlbruchet al.[26, 137]
and Godaet al. [19]. Using the pump field in a doubly resonant OPO to obtain a cavity control
signal has also been successfully demonstrated previouslyby Laurat [23]. This was the method
chosen for the experiment described here.

7.2 OPO design considerations

7.2.1 Doubly resonant OPO vs. singly resonant OPO

The primary advantage of doubly resonant OPOs over singly resonant OPOs for producing (low
frequency) vacuum squeezing is the simplicity of obtaininga cavity error signal. The pump field
can be used to readout the cavity length error signal and no sub-carrier field is required. There are
also other advantages of doubly resonant OPOs, three important ones are:

• The pump field amplitude is resonantly enhanced, giving a higher nonlinear gain for the
same input pump power. This allows the possibility of increasing the transmission of the
output coupler at the fundamental frequency to increase theescape efficiency.

• The doubly resonant cavity naturally assures perfect mode matching of the interacting fields.
Since the harmonic and fundamental fields share the same optical cavity, the ratio of the
waist sizes is

√
2 (the fundamental waist is larger than the harmonic) which is exactly the

optimal relative waist sizes forχ(2) nonlinear interaction [138].

• Any spatial component of the pump field that is not matched to the cavity mode will be
rejected from the cavity. This means photothermal effects induced by the pump light and
nonlinear effects like GRIIRA [131] are minimised because only interacting light enters.

There are also disadvantages associated with doubly resonant OPO, which require mitigation
to operate effectively. These are:

• The intra-cavity dispersion of the fundamental and harmonic fields causes the resonance
frequencies to be offset. In this case, when co-resonace does not occur, nonlinear inter-
action is interferometrically suppressed. There are two sources of dispersion that need to
be considered: dispersion from the dichroic mirror coatings and dispersion introduced from
phase mismatch in the nonlinear medium. Dispersion from mirror coatings has a static value
and can be negated using a tunable dispersive element, as shown in appendix C.2. The dis-
persion introduced by phase mismatch is the more problematic. A doubly resonant cavity
modifies the temperature dependence of the phase matching curve from the single pass non-
linearity, significantly narrowing the phase matching FWHMtemperature, see chapter 10
and figure 10.2. This means there are more stringent temperature stability requirements2.

• The photothermal effect [76] associated with absorption ofthe pump field in the nonlinear
crystal. This can cause length instabilities such as optical bi-stability.

2Dispersion of the interacting fields is also seen in singly resonant systems where the pump field makes double pass
through the nonlinear medium and dispersion is present as isdetailed in Andrew White’s thesis [89], however this effect
is generally much smaller.
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7.2.2 Traveling-wave vs. standing-wave cavity

Another design consideration is whether to use a traveling-or standing-wave cavity. A traveling-
wave cavity offered an advantage for producing low frequency squeezed states: the traveling-wave
OPO has inherent isolation to backscattered light from the local oscillator of the detection system
(or light from the gravitational wave detector dark port), which can spuriously seed the OPO.
The isolation of the traveling-wave cavity to backscattered light occurs as the backscattered light
occupies the mode which propagates in the opposite direction to the squeezed beam. In low
frequency squeezing experiments that use standing wave cavities, Faraday isolators were required
to reduce backscatter and prevent spurious seeding of the OPO (see section 6.3 and also [24, 26,
128]). The use of Faraday isolators can add considerable optical loss, typically 5-10% single
pass [139]. With some effort, considerably less loss (∼1%) should be achievable [140].

With the above design considerations in mind, a bow-tie traveling-wave doubly resonant OPO
cavity was chosen for this experiment. Details of the experiment are presented in section 7.3.
In section 7.4 we present measurements of stable, audio frequency vacuum squeezing with up to
5.5±0.2dB of quantum noise reduction. In section 7.5 an investigation into excess low frequency
noise in homodyne detection systems is presented.

7.3 The experiment

The experimental setup is shown in figure 7.1. The basic setupfor the experiment was similar to
that presented in chapter 6, although details of the laser, SHG, and mode-cleaner were different.
Details of these three devices can be found in appendix C. Thedoubly resonant OPO was a bow-
tie cavity with an optical path length of 756mm. The geometryis shown in detail in figure 7.2. The
cavity was formed from a flat input/output mirror, a flat HR/HR(at 532nm/1064nm) mirror and
two concave HR/HR mirrors with ROC = -150mm. The two cavity waists were located midway
between the flat mirrors and midway between the concave mirrors with sizes at 532nm ofω1 =

150µm andω2 = 50µm, respectively. The nonlinear medium was a periodically poled (quasi-
phase matched) potassium titanyl phosphate (KTiOPO4) (called PPKTP hereafter) crystal from
Raicol Crystals [141] which was placed at the smaller of the two waists. This was a rectangular
prism 10mm in length with end faces polished and AR coated at both wavelengths. The crystal
was housed in custom built peltier (thermo-elecrtic cooler) driven oven, which was held at 35.0oC
using a commercial temperature controller (Newport 3040).

Both MgO:LiNbO3 and PPKTP crystals were trialed in the doubly resonant OPO. PPKTP was
chosen for these experiments due to the higher nonlinearity, broader phase matching temperature,
and smaller photothermal effect. A comparison of the performance of the doubly resonant OPO
with two nonlinear media is presented in appendix B.

The cavity input/output coupling mirror (input coupler forthe pump field,output coupler for the
squeezed field) had transmissionTb

in = 3%,Ta
out = 10%. Transmissivities were chosen to: maximise

the circulating pump power, by matching the transmission atthe pump wavelength to the expected
round trip loss and impedance match the pump cavity; and to give high escape efficiency for the
squeezed field. The round trip losses of the cavity wereLa

RT = 0.9(±0.1)%, Lb
RT = 2.2(±0.1)%

determined by measurements of the cavity linewidths. The linear loss at 1064nm is consistent with
the losses expected from the AR coatings and non unity reflectivities of the HR mirrors, plus the
linear absorption of PPKTP measured in previous experiments (0.1-0.3% per cm) [19]. The round
trip losses with output coupler transmission gave the cavity escape efficiency ofηesc= 92(±1)%.

An additional optic was placed in the cavity to compensate for dispersion introduced by the
dichroic mirror and crystal coatings, labeled DCW for dispersion compensation window. This
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Figure 7.1: Schematic of the experiment. The OPO was pumped with the SHG and was seeded with
vacuum. The bow-tie OPO cavity was resonant for both fundamental and harmonic frequencies, containing
a PPKTP crystal and a dispersion compensation window (DCW).Control electronics are indicated with
dashed lines. SQZ- squeezed state, LO-local oscillator, MC-Modecleaner, PZT-peizo-electric transducer,
BPF-band pass filter, ED-envelope detector, G-gain stage, SHG-second harmonic generator, PM-phase
modulator, PZT-piezo electric transducer, DC-dichroic mirror, PD-Photodetector, M-mixer. Modematching
optics are not shown.

was a 1/4 inch thick, flat-flat AR/AR coated BK7 optic. The round trip cavity dispersion was
nulled (to the nearest 2π integer) by varying the angle of the DCW, which due to the dispersion
in glass, gives a differential phase shift between the fundamental and harmonic frequencies. This
ensured both fundamental and harmonic cavities were resonant simultaneously, giving the optimal
nonlinear gain. See appendix C.2 for additional details.

The cavity was locked using the PDH technique [142, 143], with the error signal derived from
the reflected pump field. The error signal was fed back to a PZT bonded to a cavity mirror,
to stabilize the cavity length. The PZT was single layer element which was glued on a custom
built mount and reaction mass. The primary piston-mode resonance frequency was approximately
200kHz, enabling a unity gain frequency of approximately 50kHz in the length control loop. The
design and characteristics of the PZT mounted mirror are detailed in section C.3. The OPO was
pumped with approximately 75mW of 532nm light which, due to the cavity enhancement, gave
an effective pump power of∼2.8W, resulting in a parametric gain of 15dB. The OPO cavity was
vacuum seeded and operated below threshold for reasons previously described, thus a squeezed
vacuum field was produced.

The squeezed vacuum was steered to a balanced homodyne detector using four dichroic beam-
splitters which separated it from the reflected pump field. Weestimate the small loss (≈ 1%)
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from the dichroic beamsplitters to give a transmission efficiency of ηopt = 99(±0.5)%. The lo-
cal oscillator power was 380µW and fringe visibility was 98.5(±0.5)%. The photodetectors used
ETX500T photodiodes which had the protective windows removed. The common mode rejection
of the homodyne detector was over 60dB. The detection phase was controlled using the quantum
noise locking technique, with the error signal generated bydithering the local oscillator phase and
demodulating the homodyne photocurrent noise power. This error signal was fed back to PZT2.

The values of the experimental efficiencies:ηesc = 92(±1)%, ηopt = 99(±0.5)%, ηhom =

97(±1)%, andηdet = 93(±2)%, give an estimate for the total efficiency:ηtot = 84(±2)%.

Table 7.1: Experimental parameters of the doubly resonant OPO

Parameter Value Parameter Value

Nonlinear medium PPKTP Cavity type Traveling-wave
λa 1064nm λb 532nm
Seed power - Pump power <70mW
Ta

out 10% Tb
in 3%

Finesse (at 1064nm) 55 Finesse (at 532nm) 117
La

RT 0.9(±0.1)% FSR 397MHz
ηesc 92(±2)% ηhom 97(±1) %
ηdet 93(±2) ηtot 84(±2)%

7.4 Squeezed state measurements

Curve (i) in figure 7.3 is a measurement of the squeezed vacuumspectra. Curve (ii) shows the
noise power of the homodyne detection system, which coincides with the calculated shot noise
limit (curve (iii)) at high frequencies and has additional noise below 1kHz. Curve (iv) is the
measured electronic noise floor of the detection system. Broadband quantum noise reduction can
be seen, with the maximum reduction of 5.3(±0.3)dB in the 2kHz-100kHz band. The squeezed
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Figure 7.3: Measured noise spectra for the homodyne noise limit; the squeezed light; the electronic noise
of the homodyne detection system; and the calculated shot noise limit (SNL).The curves are pieced together
from three FFT frequency windows 100kHz-1.024kHz, 3.2kHz-160Hz, and 200Hz-10Hz. The RBW of the
three windows was 128Hz, 4Hz, and 1/2Hz, respectively. Peaks at 50Hz harmonics are due to electrical
mains supply.

vacuum curve is below the calculated shot noise limit at sideband frequencies above 70Hz, with
the exception of the power supply harmonics in the electronic noise (at 50Hz multiples). The
roll-up in noise power in the detection and squeezed spectrabelow 1kHz is partly attributable the
increase of the electronic noise at these frequencies, but is also a result of excess noise sources in
the detection system. Noise sources in the homodyne detection system are discussed in section 7.5.

Figure 7.4 shows spectra of the squeezed state, curve (i), and homodyne detector, curve (ii),
with electronic noise subtracted and plotted relative to the calculated shot noise limit. At frequen-
cies above 1kHz, the squeezed curve is 6.3(±0.2)dB below the shot noise limit, and below 1kHz
the squeezed amplitude reduces with reducing frequency. The squeezed curve is below the cal-
culated shot noise limit at frequencies above 50Hz. Over theentire measurement band, the noise
power of the squeezed curve is lower than that of the detection system, though the separation be-
tween the two curves reduces at low frequencies. It may be thought that this is a measurement
of squeezing across this entire frequency band. This is not necessarily the case, since classical
correlations or a reduction in the excess noise of the homodyne detector could be responsible for
a reduction in the noise power. Thus we consider the measurement of squeezing to be below the
calculated shot noise limit, not the noise limit of the detection system.

The high frequency spectra of squeezed and anti-squeezed quadratures are shown in fig-
ure 7.5 (a). The magnitude of the squeezed and anti-squeezedquadratures reduces at high frequen-
cies due to the cavity pole (FWHM=7.2MHz). At frequencies approaching 10MHz, the quadra-
tures tend to the vacuum state. This data shows that the relatively low OPO cavity linewidth does
not suit high frequency squeezing measurements. In the gravitational wave detection band the
attenuation due to the cavity pole is negligible (less than 0.01%).

Figure 7.5 (b) shows a measurement of the squeezed state at 100kHz as a function of time.
Here the shot noise, curve (i), the locked squeezed noise, curve (ii), and the electronic noise, curve
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Figure 7.4: Measured noise spectra for: (i) the squeezed state; (ii) thehomodyne detection noise limit;
(iii) the calculated shot noise limit; and (iv) the electronic noise of the detection system. The curves are
pieced together from three FFT frequency windows 100kHz-1.024kHz, 3.2kHz-160Hz, and 200Hz-10Hz.
The RBW of the three windows was 128Hz, 4Hz, and 1/2Hz, respectively.

(iii), have been averaged 10 times. The locked squeezed curves is an average of 5.4(±0.2)dB
below the shot noise limit. Curve (iv) shows the noise power of the squeezed state as the detection
phase was varied. This shows that the anti-squeezed quadrature is approximately 14dB above the
shot noise limit, and the squeezed quadrature at 6.2(±0.5)dB below the shot noise limit. The
difference between the magnitude of the squeezed quadrature in the locked and unlocked curves
may be due to phase noise added to the system when using quantum noise locking, or statistical
variation.

With the electronic noise floor subtracted from all of the curves, the measured magnitude of
squeezing can be compared with that expected from the nonlinear gain and the total detection
efficiency. The measured squeezing (taken from the locked data) and calculated values are

6.5±0.2dB, (Measured) (7.1)

7.3±0.4dB, (Calculated) (7.2)

where the calculated value was obtained from equation 6.1. The difference in these values could
be explained by an either an extra 3% loss. or by an rms phase jitter in the detection phase of 0.035
radians, which couples a fraction of the anti-squeezed quadrature noise into the measurement [20].
The measured and calculated (equation 6.3) squeezed state purity was

VsqzVasqz = 5.6±0.3, (Measured) (7.3)

VsqzVasqz = 4.7±0.3. (Calculated) (7.4)

The squeezing at the output of the OPO can be inferred by taking into account the photodetec-
tion and homodyne efficiencies and optics loss. The inferredmagnitude of the squeezing out of
the OPO is of interest when modeling the squeezing enhancement of interferometers, such as in
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Figure 7.5: (a) The frequency dependence of the squeezed and anti-squeezed quadratures from the OPO.
This show the reduction of squeezing and anti-squeezing amplitude outside the cavity linewidth. Also
shown are theory curves with parametric gain of 12dB, and total detection efficiency ofηtot = 0.74. Exper-
imental parameters:ηhom= 0.89, RBW = 100kHz, VBW = 1kHz. (b) The time domain measurement taken
at 100kHz of: (i) the shot noise limit, (ii) the squeezed state with detection phase locked, (iii) the electonic
noise of the detection system, and (iv) the squeezed state with the detection phase varied. RBW=1kHz,
VBW=30Hz.

chapter 8, since this is the value that would be injected intothe interferometer and the losses of
the interferometer and detection can be taken into account explicitly. The inferred squeezing out
of the OPO cavity can be found from

Vin f =
Vmeas+ ηoptηhomηdet−1

ηoptηhomηdet
, (7.5)

= 9.2(±0.4)dB, (7.6)

whereVmeasis the measured squeezing level (with electronic noise subtracted).
The long term stability of the production of squeezing is crucial for application to gravitational

wave detectors. Squeezing data taken over 34 minutes is shown in figure 7.6 to demonstrate the
stability of the experiment. The data was taken at 100kHz. The average noise power level was
5.5(±0.2)dB below the shot noise floor (curve (i)) over this time, not taking into account data at
the 18 minute mark, where the PZT used to lock the detection phase ran out of range, requiring
re-locking to an adjacent fringe. The OPO cavity, and all degrees of freedom except the detection
phase, maintained lock for many hours at a time. Although only a quarter of an hour of continuous
measurement was obtained, the squeezing magnitude was consistent. It is thought that an actuator
with larger range and/or a more accurately temperature controlled environment would yield lock
times on the order of many hours.

7.5 Limits to balanced homodyne detection at low frequencies

The low frequency measurements of squeezing in this thesis were impeded by excess noise in the
homodyne detection system. This excess noise can be seen at the low frequency end of the spectra
in figures 7.3 and 7.4. In this sections seven potential candidates of the excess noise are discussed
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Figure 7.6: Measurement of squeezing at 100kHz, curve (ii), as a function of time. Also shown: (i) the
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in an attempt to understand the mechanisms responsible. Thecandidates for excess noise are:

1. Local oscillator intensity noise

2. Beam jitter noise

3. Photodetector electronic noise

4. Scattered light

5. 1/f photodiode noise

6. Temperature noise of the photodiode

7. Non-stationary noise

7.5.1 Balanced homodyne detector noise budget

The contribution of some of the noise sources in the above list to the homodyne detection spectra
could be measured directly or inferred. Figure 7.7 shows theinferred contribution of three noise
sources: curve (i) is derived from the local oscillator intensity noise; curve (ii) from beam jitter
noise; and curve (iii) from electronic noise of the homodynedetection system. Also shown is
the measured homodyne spectrum, curve (iv), and the sum of the local oscillator intensity noise,
electronic noise, beam jitter noise and shot noise, curve (v), which is labeled ‘total’.

The total noise curve is significantly lower than the measured spectrum at frequencies below
100Hz. This indicates the three noise sources included in the noise budget are not sufficient to
explain the measured spectrum. Thus, an additional noise source, or noise sources, need to be
taken into account to understand the measured spectrum fully. In the following sections we detail
each noise source, starting with the three that could be quantified.

1. Local oscillator intensity noise

The balanced homodyne detector delivers immunity to local oscillator intensity noise to the level
of the common mode rejection. The local oscillator intensity noise and common mode rejection
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Figure 7.7: An incomplete noise budget for the homodyne detector. Shownare contributions due to:
(i) local oscillator intensity noise, (ii) beam jitter noise, (iii) photodetector electronic noise, and (iv) the
measured homodyne spectrum. The ‘total’ noise, curve (v), is the quadrature sum of curves (i), (ii), (iii)
and the calculated shot noise.

were measured individually (see figures D.2 (a) and (b)) and their product was taken to give the
local oscillator intensity noise curve in the noise budget.The intensity noise of the local oscillator
field was measured by direct detection and found to be∼40dB above the SNL at 100Hz. The
common mode rejection was found by measuring the transfer function of amplitude modulation
from the local oscillator field to the homodyne photocurrent. With the variable electronic gain
optimized we found up to 80dB of common mode rejection. This was sufficient to require no
intensity noise stabilization.

2. Beam-jitter noise

Beam jitter of the local oscillator beam can couple into the photocurrent via spatial inhomogenities
of photodiode efficiency. Beam jitter is generally largest at low frequencies due to air currents and
acousto-mechanical coupling. Spatial variations in the photodiode efficiency arise in the manufac-
turing process and also from dust particles that land on the diode or the protecting window [144].
The spatial variations in efficiency of silicon diodes have been previously measured to be between
0.1% rms [144] and 1.3% rms [145]. Up to a 1.5% deviation from peak sensitivity was measured
and attributed to dust particles on the photodiode window [144].

The beam jitter curve plotted in figure 7.7 was found by measuring the beam jitter displacement
spectrum,∆x( f ), on a quad-photodiode (see figure D.3 (a)) and inferring its contribution to the
homodyne detector photocurrent. The beam jitter can be converted to equivalent relative intensity
noise (RIN) by

√

RINBJ( f ) = A∆x( f ), (7.7)

where the coupling constant,A, has units 1/m, and∆x( f ) =
√

∆xH( f )2 + ∆xV( f )2, where∆xH( f ),
is the horizontal displacement spectrum and∆xV( f ) is the vertical displacement spectrum. The
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constantA was found by fittingRINBJ to common features in the measured RIN of the photocur-
rent. This process was done with the laboratory air conditioning on, which increased the low
frequency beam jitter, and gave rise to noise peaks in the homodyne photocurrent spectrum that
could be matched to the beam jitter spectrum. For details seeAppendix D.1.2.

3. Photodetector electronic noise

Photodetector electronic noise typically has the spectralproperties of 1/f noise at low frequencies
due to the capacitive nature of PIN photodiodes and broadband Johnson noise. The electronic noise
of the detection system came primarily from the photodetectors. It was largest at low frequencies,
being 2dB below the calculated shot noise limit at 10Hz then rolling down to -12dB at 10kHz (for
380µW local oscillator power). The peaks at 50Hz and harmonics were pickup from the mains.
Below 100Hz electronic noise was a significant noise source,but as figures 7.4 and 7.7 demonstate,
not the major source of excess noise.

4. Scattered light

Recently Vahlbruchet al. [17] made a measurement of squeezing across the entire gravitational
wave detection band and down to 1Hz, the current record for low frequency squeezing. Instru-
mental to this measurement was a homodyne detection system which was shot noise limited down
to 1Hz. They determined that scattered light [71, 146] had been the limiting noise source in their
balanced homodyne detection system below 100Hz in previouswork [26]. Scattered light from
beam dumps and dust on the optics was thought to contaminate the homodyne measurement by
interfering with the local oscillator at the beamsplitter and the photodiode. Henning Vahlbruch
suggested that, in their experiment, diffuse scattering from dust on the optics was the larger source
of scattered light [147] and that the optics had to be cleanedextremely well to reduce the scatter.
The frequency dependence of the scattered light noise source comes from movement of scattering
centres at audio and sub-audio frequencies, due to thermal expansion, seismic motion and acoustic
noise, thus creating modulation sidebands at these frequencies and higher harmonics [17].

Similar measures were applied to this experiment. All unused laser beams and reflections from
AR coatings were carefully dumped. Lenses were tilted from normal incidence and optics were
carefully cleaned. However, even with this considerable effort, no low frequency improvement in
the noise spectrum was obtained. We were unable to verify if scattered light was a source of the
excess low frequency noise seen in the homodyne spectrum.

5. 1/f Photodiode noise

1/f photodiode noise [148] was thought to be a low frequency limit to a measurement near the shot
noise of the laser intensity, in a laser stabilization experiment performed by Seifertet al. [149].
This noise scales proportional to the photocurrent [150], thus, if the electronic noise of the pho-
todetector is measured (by blocking the incident light) 1/fphotodiode noise is not seen. Because
the optical power detected, and therefore the photocurrent, in the experiment of Seifertet al.
(110mW) was vastly different to that detected in this experiment (190µW per photodiode) we
expect it to be insignificant in the measurements here.

6. Temperature noise of the photodiode

The quantum efficiency of photodiodes is temperature dependent. Thus photodiode temperature
fluctuations results in photocurrent noise. A typical temperature dependence of InGaAs photodi-
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odes is∆ηdet=0.039% / K [151]. Thus a temperature fluctuation of∆T ≈ RINSNL
∆ηdet

≈ 10µK would
result in photocurrent noise equivalent to shot noise. It isunknown if this was a limiting noise
source in this experiment.

7. Non-stationarity of the photocurrent

The difference photocurrent behaved in a non-stationary manner, resulting in excess noise at low
frequencies. A separate balanced homodyne experiment was setup to characterize the contribution
of the non-stationary noise3. Non-stationary noise was not included in the noise budget as it does
not have a spectral distribution in the traditional sense.
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Figure 7.8: Schematic of the non-stationary noise characterisation experiment. PD - photodetector, BD -
beam dump, L - lens

The mechanism driving the non stationarity of the photocurrent was thought to be dust particles
passing though the beam path in the homodyne detector arms. This would scatter light out of the
beams in the two arms in an uncorrelated manner, causing an impulse signal to the difference
photocurrent.

A schematic of the experiment setup to characterize this noise is shown figure 7.8. The 300mW
laser was attenuated to provide a local oscillator field withpower of 300µW. The homodyne detec-
tor was similar to that described in section 7.3 and beam dumps were used to minimize scattered
light. The entire experiment was enclosed in a sealed black perspex box to reduce air currents
and external stray light. A second, smaller black perspex box enclosed the homodyne detector to
isolate it from scattered light from the beam-dumps.

To investigate if dust was a cause of non-stationary noise two sets of measurements of the
homodyne photocurrent were taken and compared. Measurements were taken with the lids of the
boxes open so the experiment was exposed to the laboratory environment. These were compared
with measurements taken with the boxes closed and then left for two days so that the dust in the
air could settle. The non-stationary events that occurred in the ‘open’ experiment did not occur in
the ‘closed’ experiment. The spectra from the measurementsare shown in figure 7.9. Both spectra

3The author would like to acknowledge Sheon Chua who took the experimental results in this section as part of his
Honours thesis [152].
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Figure 7.9: Spectra from the balanced homodyne with the experiment; (i)open to the laboratory environ-
ment; and (ii) sealed in a black perspex box. The large peaks at 50Hz and harmonics were due to pick-up
of the mains power.

are the average of 100 curves, each with 20 rms averages. The noise floor of the open and closed
measurements have the same noise power at frequencies above100Hz, but below 100Hz the open
measurement shows excess noise, thought to be due to non-stationary events. The excess noise is
largest at 10Hz and reduces at frequencies approaching 100Hz. Note that, in the closed experiment
spectra, a low frequency roll-up is still present, indicating that the non-stationary noise is not the
only excess noise source.

To show the non-stationary nature of the photocurrent in theexperiment open to the labora-
tory environment, data from the spectra in figure 7.9 were plotted as the histograms, shown in
figure 7.10 (a) and (b). Each count in the histograms is the noise power of one frequency bin. The
data is made up from 30 different, 1Hz wide frequency bins from 60-90Hz, for the 100 different
curves, resulting in 3000 data points in each histogram. If the photocurrent were stationary, the
histogram would be expected to follow a Gamma distribution.The histograms for the open and
closed experiments have a Gamma distribution probability density function fitted to them using a
Matlab [153] distribution fitting tool. A Gamma distribution is expected because the noise power
of a gaussian photocurrent is a Rayleigh squared distribution [154], and a sum of independent
Rayleigh squared distributions (taken in the rms averagingprocess) is a Gamma distribution [155].

The fit of the closed experiment appears to be better than the open experiment. The closed
experiment had smaller standard deviation,σC = 5.3pW, than the open experiment, which had
σO = 6.4pW. The closed experiment also had a lower mean power of 22.2pW than the open ex-
periment, which had 24.1pW. One clear point of difference inthe two histograms is the number of
counts at bin powers above 50pW (shown by the inset in figures 7.10 (a) and (b)): 0 counts in the
closed experiment versus 26 counts in the open experiment. The large number of counts at high
bin power in the open experiment is an indication of non-stationary noise.

To quantify the excess of counts at high bin power, the percentage of the counts in the wings
of the distribution can be compared to the value expected from the probability density function
of the Gamma distribution. We chose a value at a noise power ofmean + 4σ and compare this
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to the expected value of 0.1%. In the closed experiment therewere 6 counts (0.2%) above the
meanC+ 4σC(43pW) compared to 28 counts (0.9%) above the meanO + 4σO (49pW) in the open
experiment.
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Figure 7.10: Histograms of the homodyne photocurrent with the experiment (a)closed to the laboratory
environment and (b) open to the laboratory environment. Theinsets are a zoomed look at the histogram at
high bin power.

7.5.2 Discussion of candidates for the low frequency excessnoise

Noise from the local oscillator intensity, photodetector electronics, and beam jitter are insufficient
to explain the measured low frequency roll-up of the homodyne photocurrent. We expect that non-
stationary noise is likely to partly reconcile the difference between the ‘measured’ and ‘total’ noise
spectra in the homodyne noise budget presented in figure 7.7.However, with non-stationary noise
removed (c.f. figure 7.9), the photocurrent spectra still showed excess noise at low frequency. At
least one additional noise source must therefore be present.

From the experiment performed by Vahlbruchet al., it seems likely that scattered light is the
excess noise source. Without further research, 1/f photodiode noise and photodiode temperature
noise can not be excluded as limiting noise sources.

7.6 Chapter summary

In this chapter we detailed an experiment designed to produce stable low frequency squeezing.
Quantum noise suppression down to sideband frequencies of 70Hz was measured with up to
5.5(±0.2)dB of locked suppression at higher frequencies. The stability of the experiment was
demonstrated by a measurement of squeezing over a 30 minute period. The limit to the low
frequency measurement of squeezing was attributed to excess noise in the homodyne detection
system. Measurements of different noise sources in the homodyne detection system were carried
out, including electronic, beam jitter, local oscillator intensity, and non-stationary noise. Of these
measured noise sources, electronic noise and non-stationary noise were responsible for a signif-
icant component of the excess noise. We speculate that scattered light was responsible for the
remaining excess noise, as Valhbruchet al. found to be the case in a similar system.
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Chapter 8

Squeezing in second generation
gravitational wave detectors

In this chapter a short theoretical investigation is undertaken into sensitivity enhancements to the
Advanced LIGO detector with the injection of squeezed states. Current best estimates of the
interferometer classical noise sources are used, obtainedfrom the interferometer noise modeling
program Bench 6.2 [1]. Quantum noise of the interferometer is then calculated, including the
expected optical losses in the interferometer and photodetection process.

8.1 Introduction

In chapter 4 squeezing enhanced gravitational wave interferometer configurations were introduced.
An idealised case was considered, where the losses in the interferometer and the detection process
were neglected. Furthermore, the interferometers classical noise sources, which we labeled hard-
ware and facility noise were neglected (see section 2.4.1).With such assumptions, a squeezed
state with optimal frequency dependence was shown to improve the quantum noise limited strain
sensitivity by e−R.

In this chapter, a more realistic case is considered. An investigation into the sensitivity en-
hancements that could be made to a second generation interferometric detector with the injection
of squeezed states is presented. Specifically, possible squeezing enhancements to Advanced LIGO
are considered quantitatively1. Included in the investigation are: the hardware and facility noise
sources; losses in the interferometer; and losses in the photodetection process.

A similar type of study has been performed by Buonanno and Chen in reference [40]. They
calculated improvements in the signal to noise ratio of specific gravitational wave sources using
squeezed states and a frequency dependent readout scheme, with the combination of the two called
the ‘fully optimal’ scheme. They included two estimates of coating thermal noise: the coating
thermal noise expected in Advanced LIGO, similar to that used here; and coating thermal noise
using ‘mesa beams’ [156], instead of TEM00 Gaussian beams, in the arm cavities. The use of mesa
beams offers lower coating thermal noise, but requires an upgrade of Advanced LIGOs mirrors to
‘Mexican hat’ shaped mirrors.

Here we analyze the improvement to strain sensitivity that can be made using only squeezed
states (i.e. we don’t consider a frequency dependent readout scheme or Buonanno and Chen’s
fully optimal scheme [40]). Two operating conditions of Advanced LIGO are considered: the
‘wideband’ configuration [157], where a high input laser power is used and a signal recycling

1Similar analysis would be interesting for the other next generation detectors: Advanced VIRGO [56], GEO HF [66],
and LCGT [67].
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cavity detuning is chosen to give good broadband sensitivity; and the ‘narrowband’ configuration,
where a low input laser power is used and the signal recyclingcavity detuning is set to optimize
low frequency sensitivity.

We start by writing down the total strain equivalent noise ofthe interferometer,htot(Ω), which
is given by the quadrature sum of the strain equivalent hardware and facility noise,hh f (Ω), and
the strain equivalent quantum noise,hqn(Ω). That is

htot(Ω) =
√

h2
h f (Ω)+h2

qn(Ω). (8.1)

Both hh f (Ω) andhqn(Ω) will be defined shortly. The methodology of the investigation is to con-
sider the improvements tohtot(Ω) by modifyinghqn(Ω) with the injection of squeezed states.

In section 8.2 models of the hardware and facility noise and the quantum noise are presented.
In section 8.3 we present results showing squeezing enhancements. We consider improvements to
the total noise with different squeezing magnitudes and different optical losses. Also considered
is the use of squeezed states with an intermediate input laser power. In section 8.4 we discuss the
parameters used in the models.

8.2 Models for noise

8.2.1 Hardware and facility noise

The hardware and facility noise is the quadrature sum of all the noise sources presented in sec-
tion 2.4.1, except the quantum noise component. The strain equivalent noise of the hardware and
facility sources is given by

hh f (Ω) =

√

x2
s(Ω)+x2

gg(Ω)+x2
rg(Ω)+x2

st(Ω)+x2
mt(Ω)

L
, (8.2)

whereL is the interferometer arm length. The displacement noise sources are:xs(Ω) from seismic
origin; xgg(Ω) from gravity gradient;xrg(Ω) from residual gas;xst(Ω) from suspension thermal;
andxmt(Ω) from mirror thermal. These displacement noise sources werecalculated using Bench
6.2.

8.2.2 Quantum noise

The quantum noise of the signal-recycled Michelson interferometer including losses is similar to
the lossless case (equation 4.13). Included are losses in the arm cavities, signal recycling cavity,
and the photodetection process. These are shown schematically in figure 8.1. The parameters used
to represent the losses are:

• Lac, which is the round trip loss in an arm cavity. The model assumes quantum noise from
this loss enters from the end test mass mirror. In the below equations,Lac is contained in
the parameterε = 2Lac/T, whereT is the transmission of the input cavity mirror.

• λSR, which is the loss parameter for the signal recycling cavity. The model assumes that all
of the loss, including beamsplitter loss, is all located on the signal recycling mirror.

• λPD, which is the loss parameter for the photodetection process.
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Figure 8.1: Layout of a the Advancd LIGO detector with squeezing injection. Also shown is the sources of
quantum noise considered in the model. They are labeled: (I)from the dark port, which is either a vacuum
state or a squeezed state; (II) vacuum noise due to loss on thesignal recycling mirror; (III) vacuum noise
due loss in the arm cavities; and (IV) vacuum noise due to photodetector loss.

The quantum noise spectral density with optical losses is derived in section V of reference [117].
We do not re-derive this here, as it is not the focus of the investigation. The quantum noise limited
strain is given by the square root of the spectral densitity (equation 5.13 in [117])

hqn(Ω) =

√

Sζ
L, (8.3)

where

Sζ
L =

(hc
SQL)

2

2Kcτ2|DL
1 sinζ+DL

2 cosζ|2 ×
[

|CL
11sinζ+CL

21cosζ|2 + |CL
12sinζ+CL

22cosζ|2
︸ ︷︷ ︸

(I)

+

|P11sinζ+P21cosζ|2 + |P12sinζ+P22cosζ|2
︸ ︷︷ ︸

(II)

+

|N11sinζ+N21cosζ|2 + |N12sinζ+N22cosζ|2
︸ ︷︷ ︸

(III)

+

|Q11sinζ+Q21cosζ|2 + |Q12sinζ+Q22cosζ|2
︸ ︷︷ ︸

(IV)

]

,

(8.4)
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where the parametersKc and hc
SQL and are given by equations 4.10 and 4.12 respectively and

inteferometer parameters are summarized in table 8.1. Notethat the phase gained by the sidebands
in the signal recycling cavity has been set to zero (Φ = 0). In equation 8.4, terms of similar origin
have been grouped together. These are: (I) due to the quantumfluctuations that enter the dark port
of the interferometer; (II) due to losses in the signal recycling cavity; (III) due to losses in Fabry-
Perot arm cavities; and (IV) due to losses in the photodetection process. These noise sources are
also labeled in figure 8.1.

Coefficients in equation 8.4 denoted by capital letters:CL
i j ,D

L
i j ,Pi j ,Ni j , andQi j are given by

equations 5.8 to 5.12 in reference [117]. The terms in the denominator of equation 8.4 are

DL
1 =

√

1−λPD

{

−(1+ ρe2iβ)sinφ+
ε
4
[3+ ρ+2ρe4iβ +e2iβ(1+5ρ)]sinφ+

λSR

2
e2iβρsinφ

}

,

(8.5)

DL
2 =

√

1−λPD

{

(1−ρe2iβ)cosφ+
ε
4
[−3+ ρ+2ρe4iβ −e2iβ(1−5ρ)]cosφ+

λSR

2
e2iβρcosφ

}

.

(8.6)

The coefficients for the quantum noise that enters the dark port are

CL
11 = CL

22 =
√

1−λPD

{

(1+ ρ2)

(

cos2φ+
Kc

2
sin2φ

)

−2ρcos2β− 1
4

ε[−2(1+e2iβ)2ρ

+4(1+ ρ2)cos2 βcos2φ+(3+ei2β)Kc(1+ ρ2)sin2φ]

+λSR

[

e2iβρ− 1
2
(1+ ρ2)

(

cos2φ+
Kc

2
sin2φ

)]}

, (8.7)

CL
12 =

√

1−λPDτ2
(

− (sin2φ+ Kcsin2 φ)+
1
2

εsinφ[(3+e2iβ)Kcsinφ+4cos2 βcosφ]

+
1
2

λSR(sin2φ+ Kcsin2φ)

)

, (8.8)

CL
21 =

√

1−λPDτ2
(

(sin2φ−Kcsin2 φ)+
1
2

εcosφ[(3+e2iβ)Kccosφ−4cos2 βsinφ]

+
1
2

λSR(−sin2φ+ Kccos2φ)

)

. (8.9)

Coefficients for the vacuum fluctuation that enter the signalrecycled cavity due to loss are

P11 = P22 =
1
2

√

1−λPD

√

λSRτ(−2ρe2iβ +2cos2φ+ Kcsin2φ), (8.10)

P12 = −
√

1−λPD

√

λSRτsinφ(2cosφ+ Kcsinφ), (8.11)

P21 =
√

1−λPD

√

λSRτcosφ(2sinφ−Kccosφ). (8.12)

Coefficients for the vacuum fluctuation that enter the arm cavities due to loss are

N11 =
√

1−λPD

√

ε
2

τ(Kc(1+ ρe2iβ)sinφ+2cosβ[e−iβ cosφ−ρeiβ(cosφ+ Kcsinφ)]),

(8.13)

N22 = −
√

1−λPD

√
2ετ(−e−iβ + ρeiβ)cosβcosφ, (8.14)
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N12 = −
√

1−λPD

√
2ετ(e−iβ + ρeiβ)cosβsinφ, (8.15)

N21 =
√

1−λPD

√

ε
2

τ(−Kc(1+ ρ)cosφ+2cosβ(e−iβ + ρeiβ)cosβsinφ). (8.16)

Finally, coefficients for the vacuum fluctuation that enter at the photodetector due to imperfect
detection efficiency are

Q11 = Q22 =
√

λPD

{

e−2iβ + ρ2e2iβ −ρ(2cos2φ+ Kcsin2φ)+
ε
2

ρ[e−2iβ cos2φ

+e2iβ(−2ρ−2ρcos2β+cos2φ+ Kcsin2φ)+2cos2φ+3Kcsin2φ]

−λSR

2
ρ(2ρe2iβ −2cos2φ−Kcsin2φ)

}

, (8.17)

Q12 = Q21 = 0. (8.18)

The spectral density of quantum noise with squeezing can be derived as it was in section 4.3.2.
The quantum noise with squeeze parameterR and angleλ is given by

Sζ
hSQZ

= D

[

e−2R|CL[λ]
11 sinζ+CL[λ]

21 cosζ|2 +e2R|CL[λ]
12 sinζ+CL[λ]

22 cosζ|2 +

|P11sinζ+P21cosζ|2 + |P12sinζ+P22cosζ|2 + |N11sinζ+N21cosζ|2 +

|N12sinζ+N22cosζ|2 + |Q11sinζ+Q21cosζ|2 + |Q12sinζ+Q22cosζ|2
]

,

(8.19)

with

D =
(hc

SQL)
2

2Kcτ2|DL
1 sinζ+DL

2 cosζ|2 , (8.20)

and

CL[λ]
11 = C(L)

11 cosλ+C(L)
12 sinλ, (8.21)

CL[λ]
12 = C(L)

12 cosλ−C(L)
11 sinλ, (8.22)

CL[λ]
21 = C(L)

21 cosλ+C(L)
22 sinλ, (8.23)

CL[λ]
22 = C(L)

22 cosλ−C(L)
21 sinλ. (8.24)

With optimal frequency dependence, equation 8.19 reduces to

Sζ
L|OPT = D

[

(
|CL

11sinζ+CL
21cosζ|2 + |CL

12sinζ+CL
22cosζ|2

)
e−2R+

|P11sinζ+P21cosζ|2 + |P12sinζ+P22cosζ|2 + |N11sinζ+N21cosζ|2 +

|N12sinζ+N22cosζ|2 + |Q11sinζ+Q21cosζ|2 + |Q12sinζ+Q22cosζ|2
]

,

(8.25)
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8.3 Results

The hardware and facility noise,hh f(Ω), is the dotted line in figure 8.2 (a) and (b), plotted us-
ing values from Bench 6.2. The quantum noise,hqn(Ω), and total noise,htot(Ω), are shown in
figures 8.2 (a) for the ‘wideband’ and in (b) the ‘narrowband’operations of Advanced LIGO re-
spectively. Without squeezed input the quantum noise and total noise are given byhqn andhtot

labeled ‘No Sqz’. The parameters used in this calculation were taken from Bench 6.2. A sum-
mary of the interferometer parameters that relate to the quantum noise are given in table 8.1. The
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Figure 8.2: The hardware and facility noise,hh f , the quantum noise,hqn, and the total noise,htot, for the
unsqueezed case (No Sqz.) and with squeezed input ofe−2R = 0.1,λ = λopt (10dB Sqz.). The parameters
used are those expected for Advanced LIGO. (a) Shows Advanced LIGO ‘wideband’ operation and (b)
narrowband operation.

wideband and narrowband operations differ in two parameters only: the input laser power and
the signal recycling cavity detuning. Wideband operation uses high input laser power of 125W
and a signal recycling cavity detuning ofφ = π/2−0.04, set to optimize the broadband response.
The narrowband operation is set to optimize low frequency sensitivity. This is done using a lower
input laser power of 5W (to reduce radiation pressure noise)and a detuning ofφ = π/2− 0.2.
Figure 8.2 also shows quantum and total noise curves with squeezed state injection. The squeez-
ing injected has optimal frequency dependence (λ = λopt), 10dB magnitude (e−2R = 0.1), and is
labeled ‘10dB Sqz’.The total noise in both the wideband and narrowband operation is reduced
significantly with the squeezed input. The gains are most significant where the quantum noise is a
substantial contributer to the total noise curve. With squeezed input, both the wideband and nar-
rowband operations become dominated by hardware and facility noise below the signal recycling
cavity optical resonance.

The proportion of quantum noise to total noise, the ratio
(
h2

qn(Ω)/h2
tot(Ω)

)
, is plotted in fig-

ure 8.3 for both the unsqueezed case (solid line) and squeezed case (dashed line). In the wideband
case, figure 8.3 (a), the quantum noise improvement with squeeze input is particularly substantial
between 10Hz and 30Hz, where the proportion of quantum noisereduces from a maximum of 80%
to less than 40%. The integrated proportion of quantum noisebetween the sideband frequencies of
Ω/2π = 5Hz and 1kHz was 47.8% of the total noise for the unsqueezed wideband case and 24.0%
of the total noise for the squeezed wideband case. For the narrowband case, betweenΩ/2π = 5Hz

106



§8.3 Results

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

10 100 1000
Frequency [Hz]

No Sqz.

10dB, λ=λopt

h
q

n
(Ω

)/
h

to
t(

Ω
)

2
2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

10 100 1000
Frequency [Hz]

h
q

n
(Ω

)/
h

to
t(

Ω
)

No Sqz.

10dB, λ=λopt

2
2

(a) (b)

Figure 8.3: The proportion of quantum noise in the total noise for the Advanced LIGO configuration
with unsqueezed input (No Sqz.) and squeezed input (10dB,λ = λopt). (a) Shows is the Advanced LIGO
wideband operation and (b) the narrowband operation.

and 100Hz, the proportion of quantum noise was 30.3% for the unsqueezed case and 11.1% with
squeezed state injection.

A comparison of the sensitivities in figure 8.2 (a) and (b) shows that the low frequency sen-
sitivity of the squeezed wideband interferometer is very similar to the (squeezed or unsqueezed)
narrowband inteferometer, however wideband operation retains and enhances the broadband sen-
sitivity. Thus, if Advanced LIGO were to operate wideband with squeezed input, the narrowband
operation would become redundant.

Only the wideband case is considered henceforth. Two parameters are varied: firstly, the am-
plitude of the squeezed input; and secondly, the optical losses in the interferometer and detection
process. In figure 8.4 (a), the quantum noise and total noise curves are plotted for the frequency de-
pendent squeezed inputs of: 6dB, 10dB, and 20dB. We see that the total noise curves for the three
squeeze inputs are very similar below 300Hz, where the facility and hardware noise dominates the
total noise. Above 300Hz, the total noise curves differ as the total noise curve is dominated by
quantum noise. The difference between the quantum noise curves for the three squeeze magnitude
is less than the difference in squeeze magnitude at the input, because the larger squeeze magnitude
are more sensitive to loss.

Figure 8.4 (b) shows quantum and total noise curves for 10dB squeezed input for three different
loss scenarios. The first case, labeled ‘Losses (a)’, the losses are those expected in Advanced
LIGO, as described previously. In the second case, labeled ‘Losses (b)’, the losses are a more
optimistic set of losses: the same arm cavity and signal recycling cavity losses, but a loss of 5%
in photodetection instead of 10%. The final case, for comparison, is the ‘Lossless’ case, which
has no losses in the interferometer or photodetection process. The total noise curves for the three
different losses are similar below 300Hz, where the hardware and facility noise dominates, and
differ most substantially above 300Hz.

For the final part of this investigation we examine a case withlower input laser power. We assume
the input laser power isI0 = 25W, one fifth of the baseline for Advanced LIGO. It is likely that
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Figure 8.4: The squeezing enhancement of Advanced LIGO operated in wideband mode for: (a) different
squeezed state amplitudes; and (b) different interferometer and detection losses.

the full baseline laser power will be available for AdvancedLIGO, given the high laser power
demonstrations from the Hannover University and Laser Zentrum Hannover [158]. However,
difficulties associated with high circulating powers, suchas thermal lensing [159] and parametric
instabilities [160, 161], may initially prevent the use of full laser power. An input ofI0 = 25W
is similar to that expected in Enhanced LIGO [162, 163]. Figure 8.5 shows baseline wideband
Advanced LIGO and wideband Advanced LIGO with lower input laser power, with and without
squeezed input. Above 50Hz, the total noise for the squeezedinput with lower laser power is
slightly higher than baseline wideband Advanced LIGO, whereas below 50Hz it is significantly
lower. It seems that with lower input power and squeeze input, near baseline sensitivity can be
retained in the mid to high sideband frequencies, and bettersensitivity is obtained in the low
sideband frequencies.

8.4 Discussion of assumptions and values

8.4.1 Squeezing magnitude and frequency dependence

In the above calculations a 10dB squeezed state input with the optimal frequency dependent
squeezed quadrature has been assumed. A 10dB squeezed statemagnitude seems realistic given 6
to 7dB of noise reduction is routinely measured at audio frequencies at 1064nm (see [17, 19] and
the results in chapter 7), and up to 10dB has been measured at RF sideband frequencies [18]. Note
that these measured squeezed state levels include the loss of at least 5% associated with non-unity
quantum efficiency of the photodiode, so the squeezing magnitude before measurement is actually
higher. It seems that less than 5% total injection loss should be achievable for Advanced LIGO.
Kimble et al. [38] suggest that the loss could conceivably be as low as 0.1%each for the circulator
and for the mode-matching. Fabry-Perot cavities used to apply a frequency dependent phase shift,
as proposed by Kimbleet al., could also be made to have a similar level of loss if the filtercavities
were to be long enough.
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Figure 8.5: Quantum and total noise curves for wideband Advanced LIGO with baseline input laser power
(I0=125W) and lower input power (I0=25W). Also shown is lower input laser power Advanced LIGO with
squeezed input of 10dB, optimally frequency dependent squeezing (I0=25W, 10dB).

8.4.2 Levels of optical losses in the interferometer and detection

In this investigation we have used the interferometer losses expected for Advanced LIGO. These
numbers (recall that we assumeLPD = 0.1 for the photodetection process,LSR= 0.0035 (per pass)
in the SR cavity andLAC = 75×10−6 (per round trip)) seem realistic and possibly conservative.
Better than 90% detection efficiency is routinely achieved in quantum optics labs2. One difference
that Advanced LIGO will have is an output modecleaner. In figure 8.4 (b), we also looked at the
lower level of photodetector loss of 5%. This may be achievable for Advanced LIGO given that it
can be achieved in benchtop experiments now.

8.4.3 Laser power

This short investigation has included two Advanced LIGO configurations - wideband and narrow-
band and three laser powers. Wideband configuration assumesthat full laser power can be used:
resulting in arm cavity circulating power of∼ 0.5MW (compared with 10kW for initial LIGO).
Initially, this may not be possible due to thermal lensing issues and parametric instabilities. A
better idea of the operating capabilities should be known inthe upgrade to Enhanced LIGO. Fig-
ure 8.5 showed that with lower laser power and squeezed states, Advanced LIGO may reach its
design sensitivity.

8.4.4 Hardware and facility noise

Current hardware and facility noise predictions have been used. More development and testing
will show if these prediction are accurate. Broadly speaking, higher hardware and facility noise
would reduce the improvements that squeezed states could offer, whereas lower hardware and
facility noise would increase the improvements. Techniques such as the ‘Mexican Hat’ mirrors
with the ‘Mesa’ beams open the possibility of a reduction in coating thermal noise, which would

2In chapter 7 the product of our homodyne efficiency and photodiode efficiency was 90(±2)%. The authors in
Reference [18] report detection efficiency of 95(±2)%.
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Table 8.1: Advanced LIGO interferometer parameters
Parameter Symbol Value Units
Laser Frequency ω0 1.77×1015 radians/s
Mirror mass m 40 kg
Laser Power at BS (wideband) I0 2100 W
Laser Power at BS (narrowband) I0 84 W
ITM transmittance (power) T 0.005 −
Transmission of signal recycling mirror (amplitude) τ

√
0.07 −

Reflectivity of signal recycling mirror (amplitude) ρ 1− τ2−LSR −
Sideband frequency Ω
Arm Length L 3995 m
Signal recycling cavity length l 10 m
Signal recycling cavity detuning (wideband) φ (π−0.08)/2 radians
Signal recycling cavity detuning (narrowband) φ (π−0.4)/2 radians
Efficiency of photodetection 1−λPD .9 −
Round Trip Arm Cavity loss λac 75×10−6 −
Signal recycling cavity loss LSR 0.0035 −
Detection phase ζ π/2 radians

allow the more benefits of squeezed states to be obtained and higher squeeze factors would be
useful.

8.5 Chapter summary

We have presented a simple study into possible improvementsin sensitivity obtainable with the
injection of squeezed states into Advanced LIGO. Realisticlevels of classical noise and optical
loss were included in these calculations, which show that Advanced LIGO might significantly
improve in sensitivity or power-handling requirements with the addition of squeezed light.
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Chapter 9

Quantum noise locking

In this chapter we present a detailed analysis of quantum noise locking, a technique that uses the
quantum noise of an optical field to derive a phase reference for control purposes. This chapter is
based on the work presented in the publication

Quantum Noise Locking
K. McKenzie, E. E. Mikhailov, K. Goda, P. K. Lam, N. Grosse, M.B. Gray, N. Mavalvala,
and D. E. McClelland.
J. Opt. B7, S421-S428 (2005)

9.1 Introduction

Squeezed states of light can offer quantum noise reduction to interferometric measurements [34]
and give rise to quantum mechanical phenomena such as entanglement [164, 165]. To be of prac-
tical use in these experiments, the squeeze angle must be actively controlled. For example, to
reduce the shot noise of an interferometric measurement, the squeezed angle needs to be actively
controlled to coincide with the phase quadrature of the measurement. Control of the squeeze angle
of ‘bright’ squeezed states has routinely been achieved using standard techniques such as dither
locking or PDH locking [12, 13, 15, 21]. Controlling the squeeze angle of a squeezed vacuum state
is more difficult. Standard locking techniques cannot be used as the squeezed vacuum state has no
carrier amplitude that can be used as a phase reference.

Vacuum squeezed states offer considerable advantages overbright squeezed states, particu-
larly at low sideband frequencies; a requirement for applications such as interferometric gravita-
tional wave detection (at sideband frequencies of 10Hz-10kHz) and atomic systems (at sideband
frequencies< 500kHz) [43, 125]. Squeezed vacuum states have inherent immunity to classical
noise, allowing squeezed states to be created across the audio frequency band (see references [24–
26] and chapters 5 and 7), whereas bright squeezed states typically exhibit squeezing only at high
frequencies (∼ MHz and above).

One solution to this apparent dichotomy would be to create a vacuum squeezed state over the
sideband frequency band of interest (say DC-100kHz) which had a ‘bright’ frequency shifted side-
band (at say, a few MHz) for use as a phase reference. Vahlbruch et al. [26] and Godaet al. [166]
have successfully demonstrated this type of operation. Vahlbruch et al. used two orthogonally
polarized frequency shifted sidebands; one to control the OPO cavity length, the other to control
the squeezed vacuum phase. To control the vacuum squeezed state, the phase of the frequency
shifted sideband was first locked to the squeezed quadrature, achieved by locking the phase of the
frequency shifted sideband and the pump field. It was then locked to the local oscillator phase,
thereby enabling stable measurement of the squeezed state.
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Figure 9.1: Setup of a balanced homodyne detector with input fields, ˆa(t) andb̂(t), interfering with relative
phase,θ, on a balanced beamsplitter. Here the local oscillator beamb̂(t) passes through a phase modulator
(PM) with applied sinusoidal modulation at frequencyΩm. The output fields,d̂(t) and ĉ(t), are incident
on the photodetectors, PDd and PDc. To derive the quantum noise locking error signal, the output of the
homodyne is bandpass filtered (BPF) then envelope detected (ED). The output of the envelope detector is
demodulated and low pass filtered (LPF).

An alternative solution to the frequency shifted sideband scheme is to use thequantum noise
lockingtechnique. To obtain a phase-sensitive readout, quantum noise locking relies on asymmetry
in the noise of the squeezed and anti-squeezed quadratures.A schematic of a homodyne detector
using the quantum noise locking technique is shown in figure 9.1 (b). Here the field ˆa(t) represents
a squeezed vacuum state andb̂(t) the local oscillator field for the balanced homodyne detector. The
quantum noise locking error signal can be derived by dithering the squeeze angle (at a frequency
Ωm) and demodulating thenoise powerof the homodyne detector photocurrent. This is analogous
to the more standard dither locking technique, where the relative phase of two coherent fields is
modulated and the photocurrent demodulated to obtain an error signal.

Quantum noise locking has been used to enable stable measurements of quantum correlations
by Schoriet al. [167] and Lauratet al. [23], and in the work presented in this thesis (first published
in [24] and [25]). Recently, Godaet al. [128] used quantum noise locking to lock the squeeze
angle for a squeezing-enhanced signal-recycled Michelsoninterferometer at the Caltech 40m pro-
totype gravitational wave detector [129]. Quantum noise locking is simpler experimentally than
a frequency shifted sideband scheme for two reasons. Firstly, no frequency shifted sidebands are
required, so the complexity of adding an extra phase locked laser or an acoustic optic modulator
is avoided. Secondly, two length degrees of freedom degenerate into one. In quantum noise lock-
ing, the only important degree of freedom is the squeeze angle at detection, as there is no other
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phase reference. For a squeezed vacuum state, the squeeze angle can be actuated with either the
pump phase or the detection phase, reducing the quantum noise locking control scheme to a single
degree of freedom. When using a coherent locking technique to control a squeezed state phase,
there are two degrees of freedom that must be controlled: thephase between the pump and the
frequency shifted sideband phase, and the detection phase.

Quantum noise locking is appealing due to it’s experimentalsimplicity. Here it is compared
with standard locking techniques in terms of robustness andnoise performance. We show that
quantum noise locking provides a robust and stable lock, however, its noise performance was
found to be inferior to the standard dither locking technique. We investigated quantum noise
locking in two different systems shown schematically in figure 9.1. The system we investigate
first is case I, shown in figure 9.1 (a). Case I is the control of the relative phase of two coherent
beams interfered on a beamsplitter. The quantum noise locking error signal for case I is derived
by demodulation of the noise power of a single photodetector. Case I shares quadrature dependent
noise power with case II, since the interference condition of the fieldsâ(t) and b̂(t) determines
the optical power at each beamsplitter port and the associated shot noise varies accordingly. There
is maximum shot noise at a bright fringe (analogous to the anti-squeezed quadrature in case II)
and minimum shot noise at the dark fringe (analogous to the squeezed quadrature in case II). The
purpose of the ‘coherent’ quantum noise locking experiment(case I) was threefold: to enable the
testing and ‘shaking down’ of electronics that were designed for use in quantum noise locking
in a simple experimental system; to provide an out of loop readout of the noise performance of
quantum noise locking, which was done by using the other portof the beamsplitter to readout a
dither locking error signal concurrently; and for a direct comparison of the displacement noise in
quantum noise locking and the standard dither locking technique.

The chapter is laid out as follows: in section 9.2 the quantumnoise locking error signals
for cases I and II are derived; in section 9.3 an experimentaldemonstration of quantum noise
locking in case I and II is presented; in section 9.4 the quantum noise limited noise performance of
quantum noise locking is calculated; finally, in section 9.5the experimental limitations of quantum
noise locking are discussed.

9.2 Derivation of the noise locking error signal

In this section an overview of the derivation of the quantum noise locking error signal is given.
The general experimental setup is the same for both cases I and II, however the input fields ˆa(t)
and b̂(t), and the photodetection processes are different. After detection the electronics used to
derive the error signal are identical (see figure 9.1). The photocurrent (from either the single
photodetector, or balance detector) is passed through a bandpass filter (BPF), then sent to an
envelope detector (see, for example [168]) which gives an output proportional to the real envelope
of the input photocurrent. In both cases, the BPF low frequency cut-off, Ωl f , is set such that
Ωm≪ Ωl f , so that any coherent beats (between the PM sidebands and thecarrier for example) are
not passed. Figure 9.2 shows a phasor diagram of the frequency distribution of the optical fields
and the BPF. The envelope detector LPF corner frequency was set higher than the modulation
frequency. The output of the envelope detector is demodulated and low pass filtered to give the
quantum noise locking error signal.

The fields ˆa(t) andb̂(t) have relative phase,θ, and interfere on a balanced beamsplitter. The
fields at the output ports of the beamsplitter are labeledd̂(t) andĉ(t). The field operators can be
decomposed into average (dc) and fluctuating (time-dependent) components, ˆs(t) = s̄+ δŝ(t), for
s = a,b,c,d. The operators satisfy the standard commutation relationsas laid out in chapter 3.
Average components are assumed to be real. The linearized photocurrents of PDd and PDc are
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Figure 9.2: Phasor diagram of the fields incident on the detectors showing the carrier atΩC modulation
sidebands atΩm, the quantum noise (small red vectors) and the frequency relation of the bandpass filter
frequencies (which has bandwidth∆Ω). Top figure shows the fields for case I, here the quantum noiseis
shot noise, and the two carrier fields atΩC represent the field amplitudes ofa andb with relative (dc) phase
of θ0. The bottom figure shows fields for case II. Here the quantum noise is squeezed vacuum and the phase
θ0 determines the measured quadrature.

proportional to (see equation 3.42)

i(d,c)
θ (t) =

hν
2

(

ā2 + b̄2±2āb̄sinθ

+δX(b)
1 (b̄± āsinθ)+ δX(a)

1 (ā± b̄sinθ)± (āδX(b)
2 + b̄δX(a)

2 )cosθ
)

, (9.1)

where the photocurrenti(d)
θ (t) is given by the top sign andi(c)θ (t) the lower sign. We have assumed

unity detection efficiency for simplicity.

9.2.1 Case I: Locking the phase of coherent fields

In case I the quantum noise locking error signal comes from the variation of shot noise as a function
of θ. In this section, the variance of the detected power is calculated on a single photodetector.
Once demodulated, this is the error signal1. The magnitude of the error signal depends on the BPF

1Either the output voltage or output power of the envelope detector can be demodulated to obtain a quantum noise
locking error signal. In this section we assume it is the noise power of the photocurrent which is demodulated. The
variance of the photocurrent is directly proportional to the noise power.
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bandwidth, However, this dependence is neglected here. Thedependence on the BPF bandwidth
is taken into account when the signal to noise ratio is calculated, in section 9.4.

The output noise power of the envelope detector is proportional to the variance of the pho-
tocurrent detected at PDd

V(i(d)
θ ) = 〈|δi(d)

θ |2〉,

=
h2ν2

4

(

V(b)
1 (ā2 + b̄2 sin2θ+2āb̄sinθ)+V(a)

1 (b̄2 + ā2sin2θ+2āb̄sinθ),

+(ā2V(b)
2 + b̄2V(a)

1 )cos2θ
)

, (9.2)

whereV(a)
1,2 andV(b)

1,2 are the quadrature variances of the fieldsa andb. Since these are shot noise

limited the substitutionV(a)
1 = V(a)

2 = V(b)
1 = V(b)

2 = 1 can be used. The variance of the photocur-
rent becomes

V(i(d)
θ ) =

h2ν2

2

(
ā2 + b̄2 +2āb̄sinθ

)
. (9.3)

In the experimental demonstration of case I presented in section 9.3.1, the fieldsa andb are the
fields in the two arms of a Mach-Zehnder interferometer. Consider that the input beamsplitter of
the Mach-Zehnder interferometer has amplitude reflectivity, r, and amplitude transmissivity,t. In
the lossless case where (r2 + t2 = 1)

ā2 = r2 Pin

hν
, b̄2 = t2Pin

hν
, (9.4)

wherePin is the power at the Mach-Zehnder input. Equation 9.3 can be rewritten

V(i(d)
θ ) =

1
2

hνPin (1+ V sinθ) , (9.5)

whereV = 2rt is the Mach-Zehnder fringe visibility. For later calculations it is convenient to
introduce a dc phase shift ofπ/2 to θ. Thus equation 9.5 becomes

V(i(d)
θ ) =

1
2

hνPin (1+ V cosθ) . (9.6)

The generation of noise locking error signals requires relative phase modulation of the input fields.
This is included by letting the phase difference of the inputfields vary as a function of time,θ =

θ0+βsinΩmt, whereθ0 is the average phase,β is the modulation depth, andΩm is the modulation
frequency. For small modulation depth (β ≪ θ0) we make the approximationeiβsinΩmt ≃ J0(β)+

J1(β)eiΩmt −J1(β)e−iΩmt . Expanding the phaseθ and neglecting theJ1(β)2 terms, we find

V(i(d)
θ ) =

1
2

hνPin (1+ V J0(β)cosθ0−2V J1(β)sinθ0 sinΩmt) . (9.7)

The error signal can be found by demodulation of equation 9.7. The demodulation process can be
described mathematically by multiplication by a sinusoid at the modulation frequency. The error
signal for case I is

ξI ∝ V(i(d)
θ )×sin(Ωmt + φD),

∝ −1
2

hνPinV J1(β)sinθ0, (9.8)
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Figure 9.3: (i) The power at PDd of a Mach-Zehnder interferometer with fringe visibility 0.8 and (ii) the
error signal as the relative phase is varied. The error signal’s zero crossing points indicate that the homodyne
angle can be locked to either a dark or bright fringe by choosing the appropriate feedback sign.

where we have discarded terms at frequencyΩm or higher and chosen the demodulation phase
φD = 0. Equation 9.8 reveals that the quantum noise locking errorsignal has zero crossings atθ0 =

0 andθ0 = π corresponding to the dark and bright fringes of the Mach-Zehnder interferometer.
Either the dark or bright fringes can be locked to by selecting the appropriate feedback sign. The
lock points are shown on the quantum noise locking error signal by×’s in figure 9.3, curve (ii).
The magnitude of the error signal depends linearly the fringe visibility, V . Of course, ifV = 0
there is no quadrature dependent noise and the error signal vanishes.

9.2.2 Case II: Locking a squeezed vacuum state

The quantum noise locking error signal is calculated in a similar manner to that of case I. Here
the input fields are considered to be a squeezed vacuum2 and a local oscillator field. The differ-
ence photocurrent from the balanced homodyne detector is given byi−θ (t) = i(d)

θ (t)− i(c)θ (t). The
fluctuating component is

δi−θ (t) = hν
(

āδX(b)
1 sinθ+ āδX(b)

2 cosθ+ b̄δX(a)
1 sinθ− b̄δX(a)

2 cosθ
)

. (9.9)

The variance of the difference photocurrent is

V(i−θ ) = 〈|δi−θ |2〉,
= h2ν2

(

ā2(V(b)
1 sin2 θ+V(b)

2 cos2θ)+ b̄2(V(a)
1 sin2θ+V(a)

2 cos2θ)
)

, (9.10)

The local oscillator condition implies ¯a≪ b̄, so the variance in equation 9.10 can be written

V(i−θ ) ≃ h2ν2b̄2(V(a)
1 sin2θ+V(a)

2 cos2 θ),

= hνP̄LOVθ, (9.11)

whereP̄LO = hνb̄2 is the power of the local oscillator andVθ is the variance relative to the shot
noise limit

Vθ = V(a)
1 sin2 θ+V(a)

2 cos2θ. (9.12)

2bright squeezing can also be locked using quantum noise locking.
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Figure 9.4: The noise variance of a phase squeezed beam relative to the shot noise limit and the quantum
noise locking error signal as the relative phase is varied. The error signal’s zero crossing points indicate
that the homodyne angle can be locked to observe both squeezing and anti-squeezing. The scale of the error
signal is arbitrary.

We can writeVθ as a function of time (θ → θ(t)) and in a similar form to equation 9.6

Vθ = V(a)
1 sin2 θ(t)+V(a)

2 cos2 θ(t),

=
1
2

(

V(a)
1 (1−cos2θ(t))+V(a)

2 (1+cos2θ(t))
)

,

= (V(a)
1 +V(a)

2 )/2
(
1+ γcosθ′(t)

)
, (9.13)

where

γ =
|V(a)

2 −V(a)
1 |

V(a)
1 +V(a)

2

, (9.14)

is a parameter which plays a similar roll to the fringe visibility in the Mach-Zehnder interferometer.
Here

θ′(t) = 2θ(t). (9.15)

Expandingθ′(t) = 2θ0 +2βsinΩmt to first order and discardingJ1(2β)2 terms we find

Vθ ≃ 1
2
(V(a)

1 +V(a)
2 )(1+ γJ0(2β)cos2θ0−2γJ1(2β)sin2θ0 sinΩmt) . (9.16)

Vθ can be substituted back into equation 9.11 to find the quantumnoise locking error signal

ξII = V(i−θ )×sin(Ωmt + φD),

= −1
2

hνPLO(V(a)
1 +V(a)

2 )γJ1(2β)sin2θ0,

= −1
2

hνPLO(V(a)
2 −V(a)

1 )J1(2β)sin2θ0. (9.17)

Again we have chosen the demodulation phaseφD = 0. The quantum noise locking error signal for
squeezed vacuum has zero crossings atθ0 = 0 andθ0 = π/2 corresponding to the anti-squeezed
and squeezed quadratures. The lock points are shown on the error signal by×’s in figure 9.4 curve
(ii) along withVθ, curve (i), for a minimum uncertainty phase squeezed state.Equation 9.17 also
reveals that the amplitude of the error signal depends the asymmetry of the quadrature variances
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Figure 9.5: An experimental schematic of the setup used to analyze noiselocking. In the optics section: FI
- Faraday isolator; PM - Phase modulator;λ/2 - half-wave plate; PBS - Polarizing beam splitter; PZT - peizo
electric transducer bonded onto a mirror; PDd,PDc - photodetectors. In the electronics section; Lock-in -
Lock-in amplifier; BPF - Band pass filter; ED - envelope detector; LPF - Low pass filter; and HV amp -
High voltage amplifier.

via the parameterγ or (V(a)
2 −V(a)

1 ), which plays the same roll as the fringe visibilityV in case
I. If there is no asymmetry in the quadrature variances, the phase reference is lost and the error
signal vanishes.

9.3 Experimental demonstration of quantum noise locking

In this section we present two experimental demonstrationsof the quantum noise locking tech-
nique. Firstly, we demonstrate case I, the locking of two coherent fields. Secondly, we present
case II, the locking of the detection phase of a squeezed state.

9.3.1 Experimental analysis of case I: Locking of coherent fields

Figure 9.5 shows a schematic of the quantum noise locking experiment. Approximately 2mW from
a Nd:YAG laser operating at 1064nm was injected into a Mach-Zehnder interferometer. Contained
in the lower arm of the Mach-Zehnder was a phase modulator (New-Focus 4004); used to dither
the interference condition of the Mach-Zehnder and a mirrormounted on a piezoelectric transducer
(PZT). The dither frequency wasΩm/2π=100kHz with a modulation depth ofβ ≈ 0.045 radians.
A variable attenuator consisting of aλ/2 plate and a polarizing beam-splitter (PBS) was placed in
the lower arm to allow the fringe visibility to be adjusted - to mimic changing the level of squeezing
and anti-squeezing. The fringe visibility was set toV = 0.6 to have 6dB noise power variation
on the fringe. Both output ports of the beamsplitter were detected on matched photodetectors
(PDd and PDc) with ETX500 photodiodes, but only one photodetector (PDd) was used to derive
the quantum noise locking error signal. A standard dither locking error signal was derived from
photodetector (PDc).

The quantum noise locking error signal was produced as follows: The output of PDd was
bandpass filtered, with low frequency cutoff ofΩl f /2π = 2MHz and a high frequency cutoff of
Ωh f/2π = 20MHz, giving a detection bandwidth of∆Ω = 18MHz. The low frequency corner was
designed to cut out any component of the coherent modulationsignal at 100kHz by employing
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Figure 9.6: (a) The DC voltage on PDc as the fringe is scanned (the photodetector is negatively coupled,
thus lower voltage corresponds to higher incident power). (b) (i) The corresponding dither locking error
signal and (ii) the quantum noise locking error signal. (c) Lock acquisition curve showing the quantum
noise locking error signal and the voltage on PDc. Initially, the control loop is open. At 0.4 seconds the
control loop is closed and the interferometer is locked to a bright fringe on PDc (dark fringe on PDd).
Lock-in amplifier settings; LPF Time constant = 10ms, 6dB/octave for the both dither locking techniques.

a low frequency corner with f3 roll up. Over the BPF frequency range, most of the spectrum
(5MHz - 20MHz) was shot noise limited, however below 5MHz there was some classical intensity
noise present. The BPF output was sent to an envelope detector, which had a series of amplifying
stages before a diode stage, giving an output voltage proportional to real envelope of the input
below the cut-off frequency, which in our case was 200kHz. The output of the envelope detector
was then demodulated using a low frequency lock-in amplifier(SRS-SR830) to give the quantum
noise locking error signal. The error signal was then low pass filtered (to remove components at
frequencies ofΩm and higher) sent to the servo, then to the PZT actuator. The dither locking error
signal was derived from PDc using an identical lock-in amplifier where it was demodulated and
low pass filtered.

Demonstration of locking using the quantum noise locking technique

Figure 9.6 shows: (a) the detected optical power on PDc (the photodetector is negatively coupled)
and (b) the error signals from (i) the standard dither locking technique and (ii) the quantum noise
locking error signal as the fringe was scanned. Note that thedemodulation phase of the two
techniques has a 180 degree difference to give the error signals the same sign in the figure, because
the signals are derived from different beamsplitter ports.It can be seen that both error signals have
zero crossing points at the bright and dark fringes. The noise of the quantum noise locking error
signal is noticably larger than that of the dither locking technique, which is not visible on this scale.
Also, the noise on the quantum noise locking error signal varies significantly over the fringe. The
noise on the quantum noise locking error signal is minimizedat the dark fringe for PDd (bright
fringe for PDc) and maximum at the bright fringe for PDd (dark fringe for PDc).

Lock acquisition using quantum noise locking is shown in figure 9.6 (c). The bottom curve
is the optical power on PDc and the top curve is the quantum noise locking error signal. Initially,
the control loop is open. At 0.4 seconds the control loop was closed. Here the quantum noise
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Figure 9.7: (a) Spectral densities of the error signals whilst the interferometer was locked using the dither
locking technique. Curves (i) and (ii) are the out-of-loop quantum noise locking error signal spectra of the
bright and dark fringes (on PDd). Curves (iii) and (iv) are the in-loop dither locking errorsignal spectra
of the bright and dark fringes (on PDc). (b) Spectral densities of the error signals whilst the interferometer
was locked using the quantum noise locking technique. Curves (i) and (ii) are the out-of-loop dither locking
error signal spectra of the bright and dark fringes (on PDd). Curves (iii) and (iv) are the in-loop quantum
noise locking error signal spectra of the bright and dark fringes (on PDc). The excess noise of the quantum
noise locking readout can be seen from the different amplitudes of the dither locking and quantum noise
locking error signal spectra. DF = dark fringe, BF = bright fringe.

locking error signal was quickly zeroed and the fringe on PDc reaches the maximum value. The
quantum noise locking system was found to provide a robust lock comparable to the dither locking
technique and was able to maintain lock indefinitely.

Noise performance of the quantum noise locking technique

The noise performance of quantum noise locking was able to bemeasured by, and compared with,
the dither locking technique. This comparison can be seen inthe spectral density of the error
signals recorded on a signal analyzer (SRS-SR785), shown inthe figure 9.7 (a) and (b). The data
in figure 9.7 (a) was taken with the Mach-Zehnder locked usingthe dither locking technique, and
in (b) when using the quantum noise locking technique. The data was calibrated from volts/

√
Hz

to m/
√

Hz by using the slope of the error signal in volts/m measured from the data in figure 9.6 (b).

The solid curves in figure 9.7 (a) are the in-loop dither locking error signals spectra whilst
locked to the dark (dark solid line) and bright fringes (light solid line). The dither locking control
loop had a unity gain frequency∼ 40Hz. The dashed curves are the corresponding out-of-loop
quantum noise locking error signal spectra taken for the dark fringe (on PDc - dark dashed line) and
the bright fringe (on PDc - light dashed line). The spectral densities of the in-loop dither locking
error signal show little difference for the dark and bright fringe, with a noise of approximately
1.5×10−11m/

√
Hz at 100Hz. Many acousto-mechanical noise sources in the interferometer couple

into the readout and can be seen in the structure shown in the dither locking error signal spectra.
The out-of-loop quantum noise locking error signal show white noise approximately 2 orders of
magnitude larger. These spectra bear no resemblance to the dither locking error signal spectra,
indicating the quantum noise locking technique has a much higher noise floor that buries the
interferometer noise source. The noise of the bright fringequantum noise locking readout is
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Figure 9.8: An schematic of the experiment to quantum noise lock a squeezed vacuum state. The box
labeled ‘SQZ’ represents the squeezing apparatus.

approximately a factor of 2 larger than the dark fringe quantum noise locking readout.

Because the dither locking technique was at least two ordersof magnitude more sensitive than
the quantum noise locking technique it could be used to make out-of-loop measurements of the
displacement noise of the quantum noise locking technique.Figure 9.7 (b) shows the spectral den-
sities of the error signals whilst the interferometer was locked using quantum noise locking. The
solid curves are the in-loop quantum noise locking error signals whilst locked to the dark fringe
(dark solid line) and bright fringe (light solid line). The dashed curves are the corresponding out-
of-loop dither locking error signal spectra used to readoutthe displacement noise of the quantum
noise locking technique. Below the unity gain frequency (∼ 40Hz) the in-loop error signals show
some suppression of noise, due to the loop gain. The out-of-loop (dither locking) signals at 10Hz
show displacement noise of 2.5×10−9m/

√
Hz and 5.5×10−9m/

√
Hz for the dark and bright fringe

locking signals, respectively. The displacement noise above the unity gain frequency can be seen
to roll off as 1/f which is the filter shape of the control loop.The origin of the noise peaking in the
dither locking spectra above 2kHz was thought to be a featureof the digital filters in the lock-in
amplifier.

The difference in the noise whilst locked to the bright and dark fringes shown here can also be
seen qualitatively in figure 9.6 (b). The factor of two difference in the noise floor is predicted by
the calculation of the noise performance presented in section 9.4.

The comparison of the error signal spectra of the dither locking and quantum noise locking
techniques indicates that, in this bench-top experiment, the noise performance of quantum noise
locking is significantly poorer than dither locking. The quantum noise locking error signal had
broadband white noise which increased the inteferometer noise over the frequency band measured
here. The white noise of the quantum noise locking techniquesuggests that low control bandwidth
would be desirable, to limit the amount of displacement noise imposed by the quantum noise
locking control loop into the system. The white noise of the quantum noise locking technique
is analogous to the shot noise limit of dither locking techniques, however it is many orders of
magnitude larger.
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9.3.2 Experimental analysis of case II: Locking of a squeezed vacuum state

Figure 9.8 shows a simplified schematic of experimental demonstration of quantum noise locking
of a squeezed vacuum state. Here the box labeled ‘SQZ’ in the upper arm of the Mach-Zehnder
indicates the experiment used to generate the squeezed vacuum state (SHG, doubly resonant OPO,
etc.) described in detail in chapter 7. Up to 6.5dB of squeezing was detected on a balanced homo-
dyne detector with a local oscillator power of 380µW. The photocurrent of the balanced homodyne
detector was demodulated to provide the quantum noise locking error signal and was simultane-
ously monitored on a signal or spectrum analyzer to measure quantum noise properties. The
electronics and processes used to derive the quantum noise locking error signal in this experiment
were identical to those in case I.

Demonstration of locking a squeezed vacuum state using the quantum noise locking tech-
nique

Figure 9.9 (a) shows the noise power out of the homodyne detector as the local oscillator phase
was scanned. The corresponding quantum noise locking errorsignal can seen figure 9.9 (b)3.
The error signal has zero crossings coinciding with the squeezed and anti-squeezed quadratures.
Figure 9.9 (c) shows curves of the locked squeezed and anti-squeezed quadratures as well as the
shot noise limit and electronic noise.
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Figure 9.9: (a) The noise power of squeezed field (i) and noise power of shot noise (ii). The noise power
units here are arbitrary, however the squeezed quadrature is approximately 3dB below the shot noise limit
and the anti-squeezed quadrature is approximately 9dB above the shot noise limit. (b) The corresponding
quantum noise locking error signal and PZT ramp. (c) Noise power of the squeezed and anti-squeezed
quadratures using quantum noise locking. The measured shotnoise and electronic noise are also shown.
Measurements taken with zero span at 1MHz, RBW = 100kHz, VBW =3kHz.

3The quantum noise locking signal here was viewed with a low pass filter (with corner frequencyfc = .5Hz )
immediately before the oscilloscope. This reduces the error signal amplitude and offsets the zero crossing point of the
error signal. In the calibration of the spectra of the in-loop error signal in figure 9.9, the low pass filter was accounted
for.
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§9.3 Experimental demonstration of quantum noise locking

The noise performance of quantum noise locking a squeezed vacuum on a homodyne detec-
tor

Figure 9.10 (a) shows the in-loop quantum noise locking error signal spectrum when the detection
phase was locked to the squeezed quadrature (solid line) andthe anti-squeezed quadrature (dashed
line). The unity gain frequency of the control loop was approximately 20Hz. Though an out-
of-loop measurement for the displacement noise was not recorded, it is reasonable to expect that
displacement noise spectrum of locked the squeeze angle would behave in the same fashion as
the coherent field quantum noise locking shown in figure 9.7. The displacement noise is expected
to be 1.3×10−9m/

√
Hz for the squeezed quadrature and 2.7×10−9m/

√
Hz for the anti-squeezed

quadrature, at frequencies below the unity gain frequency,and to roll off as 1/f above the unity
gain frequency.

The displacement noise difference for squeezed quadratureand anti-squeezed quadrature lock-
ing was a factor of two, as it was in case I. However, as shown infigure 9.9 (c), the noise power
variation (at 1MHz) on the fringe is 12dB, compared to 6dB in case I. If the displacement noise
limit scales in the same way for both cases (proportional to the square root of the noise power
difference), one may expect a factor of four difference in displacement on the squeezed and anti-
squeezed quadratures. The displacement noise sensitivitycalculation presented in section 9.4,
shows that the displacement noise does indeed scale proportional to the square root of noise power,
so there seems to be a discrepancy in the displacement noise measured in figure 9.10 (a). This dis-
crepancy can be accounted for by the frequency dependence ofthe magnitude of the squeezed and
anti-squeezed quadratures over the detection band, as shown in figure 7.5 (a). The difference of
the squeezed and anti-squeezed quadratures averaged over the detection band was∼6dB.

101 102 103

10
-9

10
-8

E
rr

o
r 

S
ig

n
a
l 
[m

rm
s
/s

q
rt

(H
z
)]

Frequency[Hz]

(i) - ASQZ

(ii) - SQZ

10
-10

0 5 10 15 20 25 30
 -8

 -7

 -6

 -5

 -4

 -3

 -2

 -1

0

Time [minutes]

M
e

a
s
u

e
d

 N
o

is
e

 P
o

w
e

r 
 R

e
l.
 S

N
L

 [
d

B
]

34

(a) (b)

Figure 9.10: (a) The quantum noise locking error signal spectra whilst locked to the squeezed quadrature,
curve (ii) and anti squeezed quadrature, curve (i). (b) Measurement of the squeezed quadrature over 34
minutes. The electronic noise at -11dB was not subtracted. Measurements taken with zero span at 100kHz,
RBW = 10kHz, VBW = 30Hz. ASQZ = anti-squeezed quadrature, SQZ= squeezed.
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Long term measurement

Squeezing data taken over 34 minutes is shown in figure 9.10 (b) to demonstrate the stability of
the apparatus and the quantum noise locking technique4. The figure shows the measured noise
power at 100kHz over 34 minutes. The average measured noise power level was 5.5dB below the
measured homodyne noise floor over this time, except for a short period starting at the 18 minute
mark, where the PZT actuator for the homodyne phase ran out ofrange, and was re-locked to an
adjacent fringe.

9.4 Analysis of the noise performance of quantum noise locking

In this section a theoretical calculation of the noise performance of quantum noise locking is
presented.

9.4.1 Case II: A squeezed vacuum state

Since it is the variance, or noise power of the detected squeezed state which is used to derive the
error signal, the noise performance of the lock depends on the variance of the variance, or the
noise on the noiseof the state. This can be found by taking the kurtosis5, which we label∆Vθ

a .
For the amplitude quadrature of the field,a, in the squeezed vacuum state, with variance in the
squeezed quadrature ofe−2R and in the anti-squeezed quadrature ofe2R, the kurtosis is given by

∆V(a)
1 =

√
〈(

δX(a)
1 −

〈

δX(a)
1

〉)4
〉

−
〈(

δX(a)
1 −

〈

δX(a)
1

〉)2
〉2

,

=
√

2V(a)
1 , (9.18)

and similarly for the phase quadrature,∆V(a)
2 =

√
2V(a)

2 . Note that the kurtosis is a factor of√
2 larger than the variance. As a measure of locking noise performance, the kurtosis of the

photocurrent,∆Vθ is expressed in terms of phase fluctuations,∆θ. The kurtosis is equated with the
variance due to phase fluctuation.Using a Taylor expansion of Ṽ(a)

θ to second order aroundθ = θ0

∆Ṽ(a)
θ (θ0) ≃

dṼ(a)
θ

dθ

∣
∣
∣
∣
θ0

∆θ+
1
2

d2Ṽ(a)
θ

dθ2

∣
∣
∣
∣
θ0

(∆θ)2. (9.19)

Expanding both sides, the equation becomes

√
2(Ṽ(a)

1 sin2θ0 +Ṽ(a)
2 cos2 θ0) =

∣
∣
∣(Ṽ

(a)
1 −Ṽ(a)

2 )sin2θ0∆θ+(Ṽ(a)
1 −Ṽ(a)

2 )cos2θ0(∆θ)2
∣
∣
∣ , (9.20)

4This data is reproduced from chapter 7 for convenience.
5The kurtosis is the fourth order moment of the distribution.
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Figure 9.11:Squeezing angle stability vs squeezing factor,R, for the cases of quantum noise locking to the
squeezed and anti-squeezed quadrature, for various levelsof detection loss,L.

which can be solved for the phase fluctuations,∆θ, at the two lock points (θ0 = 0,π/2). We find
the phase fluctuations are

∆θ|θ0=π/2 =

√
√
√
√

√
2Ṽ(a)

1

Ṽ(a)
2 −Ṽ(a)

1

, (9.21)

∆θ|θ0=0 =

√
√
√
√

√
2Ṽ(a)

2

Ṽ(a)
2 −Ṽ(a)

1

. (9.22)

Equations 9.21 and 9.22 can be rewritten in terms of squeezing factor,R, detection loss,L ; and
detection bandwidth,∆Ω. With detection loss included the variance is degraded and vacuum

fluctuations are introduced, i.e.V(a)′

1,2 → (1−L)V(a)
1,2 +L . The dependence on detection bandwidth

can be included by noting that the variance, which provides the signal for quantum noise locking,
is proportional to the detection bandwidth,∆Ω. The associated noise, which is proportional to the
kurtosis, is proportional to the square root of the detection bandwidth,(∆Ω)1/2. The phase noise
of the squeezed and anti-squeezed quadratures are given by

∆θ|θ0=π/2 ∼

√

1+ L
1−L e2R

e4R−1

(
2

∆Ω

)1/4

, (9.23)

∆θ|θ0=0 ∼

√

1+ L
1−L e−2R

1−e−4R

(
2

∆Ω

)1/4

, (9.24)

where we have taken the case of amplitude quadrature squeezing. The stability of the two lock
points are plotted as a function of squeezing factor in figure9.11 (the detection bandwidth has
been normalised out). The noise performance of the squeezedand anti-squeezed quadratures
improves as the squeezing factor is increased. This is not surprising since it is from the quadrature
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asymmetry that the error signal is derived. Perhaps more surprising is the different behavior of
the two quadratures. The noise performance of the squeezed quadrature lock becomes perfect in
the limit of perfect squeezing, since the noise of the variance becomes infinitely small. Note that
losses and detector inefficiency mean that this will never beproduced experimentally. The residual
phase noise of the anti-squeezed quadrature lock point approaches 21/4 at high squeezing factor,
and is always worse than the squeezed quadrature lock stability. The noise performance of the
lock for both quadratures improves as the detection bandwidth is increased, albeit with a weak
dependence (∆Ω(1/4)).

To compare the predictions of equations 9.23 and 9.24 to the experimental measurements, we
converted the phase noise to displacement noise with units of m/Hz1/2. This is done using

∆θ
∆x

=
2π

λ/2
, (9.25)

so

∆x =
λ
4π

∆θ, (9.26)

Using the experimental values (R= 0.46,L = 1−ηtot = 0.26, ∆Ω/2π = 18MHz, andλ = 1064nm)
the displacement noise is predicted to be

∆x|θ0=π/2 ∼ 1.2 nm/Hz1/2, (9.27)

∆x|θ0=0 ∼ 2.3 nm/Hz1/2, (9.28)

which are very close to the measured values of 1.3 nm/Hz1/2 and 2.6 nm/Hz1/2 for the squeezed
and anti-squeezed quadrature, respectively. Here we have used the average squeeze factor over the
detection band.

9.4.2 Case I: Locking coherent fields

The calculation of the noise performance of the locking of coherent fields can be calculated in
similar fashion to case II. The phase fluctuations when locking to the dark (θ0 = π) and bright
(θ0 = 0) fringes are

∆θ|θ0=π ∼

√√
2(a−b)2

ab

(
1

∆ω

)1/4

, (9.29)

∆θ|θ0=0 ∼

√√
2(a+b)2

ab

(
1

∆ω

)1/4

. (9.30)

Note that kurtosis in this case has the same dependence on variance as in case of squeezed state.
Equations 9.29 and 9.30 can be rewritten in terms of fringe visibility of the Mach-Zehnder.

∆θ|θ=π ∼
√

1−V√
2V

(
1

∆ω

)1/4

, (9.31)

∆θ|θ=0 ∼
√

1+ V√
2V

(
1

∆ω

)1/4

. (9.32)
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§9.5 Discussion

The functional form is the same for the dark fringe stabilityand the squeezed quadrature stability,
equations 9.31 and 9.23, respectively. Similarly for the bright fringe and anti-squeezed quadrature
stabilities, equations 9.30 and 9.24 respectively. The dependence on detection bandwidth is found
to be identical in the two cases.

Again, to compare the predictions of equations 9.31 and 9.32to the experimental measure-
ments, we convert the phase noise to displacement noise withunits of m/Hz1/2. This is done
using

∆θ
∆x

=
2π
λ

, (9.33)

so

∆x =
λ
2π

∆θ. (9.34)

Note the factor of two difference between equations 9.26 and9.34. This factor two difference
arises because the required change in optical path length tocycle dark and bright fringes is∆x= λ,
whereas the change in path length required to cycle squeezedand anti-squeezed quadratures is
∆x = λ/2. Using the experimental values (V = 0.6, ∆Ω/2π = 18MHz, andλ = 1064nm) we
predict

∆x|θ=π ∼ 2.3 nm/Hz1/2, (9.35)

∆x|θ=0 ∼ 4.6 nm/Hz1/2, (9.36)

which is again close to the measured values of 2.5 nm/Hz1/2 and 5.5 nm/Hz1/2 of the dark and
bright fringes.

9.5 Discussion

Although the noise performance of quantum noise locking wasfound to be inferior to dither lock-
ing in this experiment, in the absence of coherent fields, thequantum noise locking technique
remains a good candidate for extracting error signals to control quadrature phases. With moderate
detection bandwidth (∆Ω/2π = 18MHz and fringe visibility (V = 0.6), the noise performance of
quantum noise locking was on the order of 100 times worse thandither locking technique. The
noise floor for locking squeezed vacuum had similar performance. From a theoretical point of
view, the noise performance of quantum noise locking a squeezed vacuum can be improved by
two avenues. The first is to increase the detection bandwidth, the second is to increase the squeez-
ing amplitude. The detection bandwidth dependence of the noise performance is weak, it goes
as(1/∆Ω)1/4. The detection bandwidth used here was∆Ω/2π = 18MHz, it would be difficult to
make this significantly larger. The best way to improve the noise performance of this experiment
would be to increase the squeeze factor. The squeeze factor averaged over the detection band was
just R = 0.46 (4dB). This was low because the squeezing/anti-squeezing magnitude reduced as
a function of frequency due to the cavity pole. An OPO with a larger linewidth would translate
readily into an increase the squeeze factor and stability. For example if the squeeze factor was to
increase the value measured at 1MHzR= 1.15 (10dB) the stability would improve by a factor of
2.6.
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9.6 Chapter summary

In this chapter we have analyzed the quantum noise locking technique and compared it with dither
locking. Quantum noise locking was found to have inferior noise performance to dither locking.
The stability of quantum noise locking was analyzed and it was found the stability improves with
squeezing amplitude and detection bandwidth and the squeezed quadrature lock stability is always
superior to the anti-squeezed quadrature lock stability. Detector inefficiencies and losses were
found to degrade the stability of quantum noise locking, since uncorrelated vacuum fluctuations
are coupled into the signal.
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Chapter 10

Phase matching locking via optical
readout

In this chapter a technique developed to readout the phase matching condition of a nonlinear
medium is introduced. In this technique, the phase matchingcondition is readout interferometri-
cally using the interacting fields. We describe this technique theoretically and demonstrated it in
an experiment. This research is based on the publication:

Nonlinear phase matching locking via optical readout.
K. McKenzie, M. B. Gray, P. K. Lam, and D. E. McClelland
Optics Express14, 11256-11264 (2006).

10.1 Introduction

An elementary requirement for efficientχ(2) nonlinear interaction is the conservation of momen-
tum, also referred to as the phase matching condition (see section 3.4). In birefringent materials
phase matching can be achieved usingtype I, type II or quasiphase matching (see section 3.4.2).
Consider the example of a SHG or degenerate OPA that is type I phase matched. In SHG or de-
generate OPA’s the low energy interacting fields have the same optical frequency,ωa = ωa′ , and
the high energy interacting field has twice that frequencyωb = 2ωa. Henceforth, we shall refer to
the field with frequencyωa as the fundamental field, and toωb as the harmonic field. The phase
matching condition in this type I degenerate system is achieved by matching the refractive indices
for the two frequencies:nb = na. To match these indices the polarization of the fundamental
field is set to the crystal’s ordinary axis, the harmonic to the extraordinary axis, and the crystal
temperature is tuned. Temperature tuning changes the ordinary and extraordinary refractive in-
dices differentially according to the Sellmeier equation [96], until they become equal at the phase
matched temperature.

In most experiments that use type I phase matched media, the nonlinear medium must be
temperature controlled to maintain the phase matching condition. Typically, the temperature of
the nonlinear medium is sensed by a nearby thermister and actuated by a peltier (thermo-electric)
element or resistive heater. Stabilizing the phase matching condition using a temperature sensor
on the exterior of the nonlinear medium has inherent disadvantages. An external sensor reads out
the external temperature, rather than temperature of the optical path through the crystal where the
nonlinear interaction occurs. Therefore, temperature change in the nonlinear interaction region,
say due to absorbed laser power, will not necessarily be sensed or suppressed by the temperature
control loop. Instead a temperature gradient will arise between the interaction region and the
boundary of the nonlinear medium. Thus, if an external temperature readout and control system
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Figure 10.1: Schematic of an experiment to derive phase matching lockingerror signal from a doubly-
resonant optical parametric amplifier (DROPA). The red (unbroken) lines indicate the fundamental (seed)
field and the green (dashed) lines indicate the harmonic (pump) field. PDH error signals are derived for
both cavities and differenced to give the phase-matching locking error signal. SHG - second harmonic
generator, PM - phase modulator, DC1 & DC2- dichroic mirrorsused to separate the fundamental and
harmonic frequencies.χ(2) indicates the nonlinear medium.

is used, the temperature may require manual adjustment for each laser power. This is a problem
because lasers have inherent power fluctuations over both short and long time scales.

Here we present an alternative to a temperature sensor readout, which we call phase matching
locking. The phase-matching locking technique works in a radically different way to standard
temperature sensors. Phase-matching locking uses the optical fields that interact in the nonlinear
medium in a doubly-resonant OPA to derive an error signal forthe phase matching condition
of the nonlinear medium. Using the optical fields enables fast readout of the phase matching
condition, exactly where the nonlinear process is occurring. The phase-matching readout involves
monitoring the cavity resonance conditions at both the fundamental and harmonic frequencies of
the doubly-resonant OPA using a standard locking technique, for example the Pound-Drever-Hall
(PDH) technique [142]. A schematic of an experiment to derive a phase-matching error signal
is shown in figure 10.1. The doubly-resonant OPA has input fields at the harmonic (the pump
field) and fundamental frequencies (the seed field). Both input fields receive phase modulation, at
different modulation frequencies, and the reflected fields are detected and demodulated to derive
the PDH error signals for each cavity. The phase-matching error signal is obtained by differencing
the PDH error signals. Mathematically, this can be represented by

Epml = Eb−Ea, (10.1)

whereEb is the cavity error signal of the harmonic field,Ea is the is the cavity error signal of
the fundamental field, andEpml is the phase-matching error signal. The mathematical detail and
derivation of the phase-matching error signal is in section10.3. For now, consider a doubly-
resonant OPA that is phase matched (nb = na). If the doubly-resonant OPA cavity is held on
resonance for the harmonic frequency, then because the two fields have the same optical path
length, the fundamental field will also be resonant1. With both cavities on resonance, both PDH

1Actually, having the harmonic cavity on resonance does not guarantee co-resonance, only every second FSR re-
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§10.2 Nonlinear gain in a doubly-resonant OPA

error signals, and subsequently, the phase-matching errorsignal, will read zero. If a phase mis-
match is introduced, the refractive indices in the nonlinear medium are no longer equal (nb 6= na)
for the two fields and so the optical path length of the cavities will be different, and co-resonance
no longer occurs. The fundamental field will still be on resonance, since the control system is
forcing it to be so, but the harmonic field will no longer be on resonance. The PDH error signal of
the harmonic field will have a non-zero value, and therefore so will the phase-matching signal.

In this chapter we describe the phase-matching locking technique theoretically and demon-
strate it experimentally. We start by deriving the nonlinear gain of a doubly-resonant OPA as a
function of temperature offset from phase matching in section 10.2. Our model shows that the
FWHM temperature of the nonlinear gain is significantly smaller than in the singly-resonant- or
single-pass OPA, motivating the requirement for precisionphase matching control. In section 10.3
we derive a phase-matching error signal, starting with error signals from the PDH technique. In
section 10.4, an experimental demonstration of phase-matching locking is presented. Readout of
the phase-matching error signal is shown and the active control of the phase matching tempera-
ture is implemented. Fast actuation of the crystal temperature is achieved using the photothermal
effect [76, 121, 169, 170]. The phase matching error signal was used to modulate the harmonic
(pump) field amplitude, which is partially absorbed in the nonlinear medium. This actuation
can be extremely fast (∼100kHz) compared to using an external temperature actuator, which has
bandwidth limitations due to the time delay associated withthermal conductivity of the nonlinear
medium.

10.2 Nonlinear gain in a doubly-resonant OPA

In this section we derive the nonlinear gain in a doubly-resonant OPA as a function of phase
mismatch. This gives the reader some insight into the effectof phase mismatch in doubly-resonant
OPA. The results show the enhanced nonlinearity of a doubly-resonant system and the narrowing
of the phase matching condition, motivating better phase matching control.

The classicalχ(2) nonlinear optic equations of motion are (see section 3.5)

ȧ = −(κa + i∆a)a+ ε∗a∗b+
√

2κa
inAin, (10.2)

ḃ = −(κb + i∆b)b− εa2

2
+
√

2κb
inBin, (10.3)

wherea andb are proportional to the the intra-cavity fundamental and second harmonic fields,
respectively;κa andκb are the total resonator decay rates for each field;ε is the nonlinear coupling
parameter; andAin andBin are the driving fields with the respective input coupling ratesκa

in and
κb

in. The angular frequency detuning of the fundamental and harmonic cavities with respect to the
driving field frequencies are given by∆a and∆b. In this calculation we consider all of the optical
fields to be classical fields, in contrast to most of the work inthis thesis where the quantum noise
properties are important.

The nonlinear coupling parameter dependence on temperature is due to the phase mismatch,
∆k, in the following form [4]

ε = ε0Lce
i ∆kLc

2 sinc
∆kLc

2
, (10.4)

sults in co-resonance. Also this is only the case if we assumeno differential phase shift between the harmonic and
fundamental frequencies on the mirror coatings. In practice, we use the dispersion compensation window to null the
effect of a differential phase shift, as described in appendix C.3.
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whereε0 is a constant. The Sellmeier equation at the fundamental frequency is∆k = ξ(δT), where
ξ is a constant whose value depends on the crystal’s properties, andδT is the crystal’s temperature
offset from the phase matched temperature. We limit the calculation to the non-pump depleted

regime whereεa2/2 ≪
√

2κb
inBin. The steady state intra-cavity field amplitudes are found by

settingȧ = ḃ = 0

a =

√
2κa

inAin((κa− i∆a)+ ε∗b∗)
(κa)2 +(∆a)2−|εb|2 , b≈

√

2κb
inBin

κb + i∆b . (10.5)

As described in equation 10.4, deviation from the phase matching condition results in reduced
nonlinear gain. In a doubly-resonant OPA, where the interacting fields share the same optical
cavity, a phase mismatch also results in relative detuning of the two cavity resonances. The cavity
detunings are due to change in the optical path length at the fundamental frequency,δpa, and at
the harmonic frequency ,δpb, are given by the following equations [90],

∆a = −2πν f sr
δpa

λa , (10.6)

∆b = −2πν f sr
δpb

λb , (10.7)

whereν f sr = c0/p is the cavity FSR with the total optical path length;p = L + n jLc, with L the
round trip length in free space,Lc the length of the crystal, andc0 is the speed of light in vacuum.
The refractive index of the crystal isn j for j = {a,b} and wavelengths of the fields in vacuum are
λ j . δp can come from change to the free space optical path length,δL f s, and from change in the
crystal optical path length,δL j

cr. The crystal optical path length is a function of crystal temperature
change,δT, arising from two mechanisms, thermal expansion and refractive index change

δp j = δL f s+ δL j
cr,

= δL f s+nLc

(
1
n

dnj

dT
+ α j

)

δT, (10.8)

wherednj/dT are the crystal’s photorefractive constants andα j are the crystal’s thermal expansion
constants. Since the operation point is close to the phase-matched condition, the refractive indices
are set tona = nb = n. Using equation 10.8, the total cavity detuning can be written as a sum of
detuning due to change in free space optical path length,∆ j

f s; and detuning due to a change in

crystal optical path length,∆ j
cr

∆ j = ∆ j
f s+ ∆ j

cr(δT), (10.9)

The next case considered here assumes that the harmonic cavity is actively controlled by a feed-
back loop, which actuates on the free space length of the cavity to suppress any cavity detuning
(∆b → 0). If the crystal is at the phase matched temperature, and there are no other forms of
dispersion, the fundamental cavity will also be on resonance, and optimal nonlinear interaction
will occur. If the temperature of the crystal is changed fromphase matching, the optical path
length in the crystal will change for both the harmonic and fundamental fields according to equa-
tion 10.8. The control system will then change the free spaceoptical path length to compensate
for the change in crystal optical path length by an amount∆b

f s = −∆b
cr(δT) in order to maintain

cavity resonance. The resulting detuning of the fundamental cavity can be found by substituting
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Figure 10.2: Examples of nonlinear gain (equation 10.14) vs temperatureoffset from phase matching.
Curve (i) is a doubly resonant (DR) OPA with the harmonic cavity held on resonance (∆b = 0) and the fun-
damental detuning given by equation 10.11. Curve (ii) is a singly-resonant (SR) OPA with the fundamental
cavity held on resonance (∆a = 0). The dashed curve (iii) gives the nonlinear gain envelopeof the DROPA
found when both fundamental and harmonic cavities are held on resonance (∆b = ∆a = 0). Parameters used
arePb

in = .1W, ε0 = 60 1/s, andθ = 0.

this into the total detuning of the fundamental cavity

∆a = ∆a
f s+ ∆a

cr(δT), (10.10)

= ∆a
cr(δT)−2∆b

cr(δT), (10.11)

where we have used∆a
f s = 2∆b

f s. Thus the detuning for the fundamental cavity is proportional to
the change in crystal optical path length at the fundamentaland harmonic frequencies, which is
caused by temperature tuning of the crystal. Equation 10.11can be extended to include more than
one longitudinal mode of the fundamental cavity; and an arbitrary differential phase shift between
the fundamental and harmonic fields,θ. The total detuning then becomes

∆a
l = ∆a−2πν f sr[θ/(2π)+ l ], (10.12)

wherel is the longitudinal cavity mode number. The intra-cavity amplitude of anl th mode is

al =

√
2κa

inAin[(κa− i∆a
l )+ |ε∗b∗|eiφl ]

(κa)2 +(∆a
l )

2−|εb|2 , (10.13)

where the phaseφl is the combined angle∠(ε∗b∗), which can be varied by choosing the pump/seed
phase to control the sign of the parametric gain. Experimentally, a control loop can be used to set
the angleφl = ∓∠(κa+ i∆a

l ) which maximizes (−) or minimizes (+) the parametric gain.
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Table 10.1: Doubly-resonant OPA Cavity/Mg:LiNbO3 Parameters
Parameter Symbol Value Units
Fundamental Wavelength λa 1064 nm
Second-Harmonic Wavelength λb 532 nm
Reflectivity of Input Coupler atλa Rin

a 99.99 %
Reflectivity of Output Coupler atλa Rout

a 90 %
Reflectivity of Input Coupler atλb Rin

b 97 %
Absorption Rate atλa - 0.1 %/cm
Absorption Rate atλb − 2.0 %/cm
Crystal Length Lc 0.0065 m
Cavity Free Space Length L 0.65 m
Phase-Matched Refractive Index n 2.233 -
Phase Mismatch Constant ξ 749 1/m/K
Nonlinear Coupling Parameter ε 60 1/s
Intracavity pump field amplitude b 2×105 √

photons
Thermal Expansion Const. of Ordinary Axis αa 14×10−6 1/K
Thermal Expansion Const. of Extraordinary Axis αb 4×10−6 1/K
Photo-refractive Const. of Ordinary Axis dna/dT 3.3×10−6 1/K
Photo-refractive Const. of Extraordinary Axis dnb/dT 37.0×10−6 1/K

The parametric gain is calculated from the ratio of the transmitted power with and without the
pump field

Ptrans

Ptrans|b=0
=

|al |2
|al |b=0|2

. (10.14)

The parametric gain is plotted in figure 10.2 as a function of temperature offset from phase match-
ing, with parameters similar to those in our experiment, given in table 10.1. The compromise
between nonlinear gain and temperature stability requirements can be seen in the comparison be-
tween the doubly-resonant OPA with a high reflectivity inputcoupler at the harmonic frequency
of 97%, curve (i), compared to the singly-resonant OPA, curve (ii) which has 0% reflectivity. The
resonant enhancement of the nonlinearity gives the doubly-resonant OPA additional nonlinear gain
over the singly-resonant OPA, however the FWHM of the nonlinear gain is significantly smaller
than for the singly-resonant OPA. The doubly-resonant OPA envelope, curve (iii), shows the enve-
lope of the possible nonlinear gains as the differential phase shiftθ is varied. Changingθ moves
the ‘comb’ of longitudinal cavity modes along the temperature axis, and the gain is scaled byε.
The doubly-resonant OPA envelope trace can also be realizedexperimentally using individually
tunable cavities for the fundamental and harmonic fields, asdone by Longchambonet. al [171].

10.3 Derivation of a phase matching locking error signal

Near the phase matching temperature, the cavity resonance conditions can be monitored using
standard cavity readout techniques, and this readout can beused to produce a phase matching
error signal. Here we derive the phase-matching error signal using the PDH technique for the
harmonic cavity and transmission dither locking for the fundamental cavity. In the experimental
demonstration presented in the following section, we derive the PDH error signal in reflection for
the harmonic field, and use transmission dither locking for the fundamental field. This provides
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Figure 10.3: (a) The reflected power of the harmonic field as a function of cavity detuning; (b) the corre-
sponding PDH error signal (equation 10.15) derived from thereflected light; (c) the transmitted power of
the fundamental field as a function of detunings; and (d) the corresponding PDH error signal derived on
transmission.

optimal shot noise limited performance for the harmonic field, which ‘sees’ a near impedance
matched cavity. The fundamental field is injected through a highly reflective mirror, and is highly
undercoupled. The PDH error signal for the harmonic cavity is [143]

Eb = −2
√

Pb
c Pb

s Im(R (∆b)R (∆b + ωm)∗−R (∆b)∗R (∆b−ωm)), (10.15)

whereR (∆) is the cavity reflectivity parameter given by equation 3.772; ωm is the modulation
frequency chosen to be much greater than the cavity linewidth andPb

c andPb
s are the powers in the

carrier and modulation sideband fields. These are given by

P j
c = J0(β j)2P j

0, (10.16)

P j
s = J1(β j)2P j

0, (10.17)

whereP j
0 is the input power in thejth field andJ j

0(β
j) andJ j

1(β
j) are Bessel functions of the first

kind. By using the coefficientR (∆), pump depletion has (again) been neglected. The error signal
for the fundamental field is given by

Ea = −2
√

Pa
c Pa

s (Re(TG(∆a)TG(∆a+ ωn)
∗−TG(∆a)∗TG(∆a−ωn)), (10.18)

whereωn is the modulation frequency, chosen to be much less than the cavity linewidth andTG(∆a)

is a modified version of the cavity transmission parameterT (∆a) (equation 3.77), which includes

2Note that the coefficientR (∆) corresponds toF (ω) in reference [143]. These coefficients have different forms
because of the difference in formalism used here. We note that near cavity resonanceR (ω) = F (ω).
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Figure 10.4: (a) The transmitted power of the fundamental field as a function of detuning; and (b) the
corresponding phase-matching error signal derived on transmission. Here|εb̄| = 0.28κa.

parametric gain

TG(∆a) =
2
√

κa
inκa

out[(κa− i∆a)+ |ε∗b∗|eiφ]

(κa)2 +(∆a)2−|εb|2 . (10.19)

The error signals of equations 10.15 and 10.18 are shown in figure 10.3 as a function of cavity
detuning. As described in section 10.2, the harmonic error signal is used to control the cavity
length, therefore the detuning at the harmonic frequency isdriven to zero. In this case, if we
assume no other forms of cavity dispersion, the detuning of the fundamental cavity is given by
equation 10.11. The phase matching error signal can then be readout from the fundamental field

Epml = −2
√

Pa
c Pa

s Re(TG(∆a)TG(∆a + ωn)
∗−TG(∆a)∗TG(∆a−ωn)). (10.20)

Figure 10.4 shows the modeled transmitted power at the fundamental frequency and the phase-
matching error signal as a function of crystal temperature.The form of the phase-matching error
signal is exactly the same as the error signal in figure 10.3 (a), except the error signal is plotted as
a function of temperature deviation from phase matching. The transmitted power and error signal
have been plotted for three different cases; amplification,deamplification and with no parametric
gain.
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Figure 10.5: A schematic of the experimental layout. Most of the laser power is used to produce the
harmonic beam for the OPA. The harmonic beam is passed thougha broadband amplitude modulator (AM)
and a resonant (70MHz) phase modulator (PM) before reachingthe OPA. The cavity length error signal
is derived from the reflected harmonic field, and is fed back toPZT1. The phase matching error signal is
derived from the transmitted fundamental field, and is fed back to the amplitude modulator on the harmonic
field. The temperature of the crystal oven is actively controlled to 63oC.

10.4 An experimental demonstration of phase matching locking

10.4.1 Experimental setup

A schematic of the experimental setup is shown in figure 10.5.This doubly resonant OPA and core
optics were similar to those used in chapter 7. A 1.2W Nd:YAG laser operating at 1064nm was
used to provide the fundamental (seed) field and to drive the SHG which provided the OPA pump
beam at 532nm. The nonlinear medium was a 6.5mm long, type-I phase-matched MgO:LiNbO3
crystal with 7% doping. The optical surfaces were flat and coated for anti-reflection at both
wavelengths. The crystal was placed in a peltier driven ovenheld at∼63oC, with approxi-
mately 5mK accuracy, using a Newport 3040 temperature controller. The doubly-resonant bow-
tie cavity configuration consisted of three dichroic high reflectivity mirrors (R> 99.95@532nm,
R>99.98@1064nm) and the input/output coupler had transmissivity of 10% and 3% at 1064nm
and 532nm, respectively. The intra-cavity loss at both wavelengths was dominated by the absorp-
tion in the crystal, which was 2%/cm at 532nm and 0.1%/cm at 1064nm. The incident harmonic
(pump) power was 100mW, resulting in a circulating pump power of ∼2.7W, corresponding to a
parametric gain of just under 3dB. The harmonic cavity errorsignal was derived using the PDH
technique from the reflected harmonic field with modulation frequency of 70MHz. This error sig-
nal was fed back to a piezo-electric tranducer (PZT1) bondedto a cavity mirror. PZT1 was also
modulated at 30kHz to produce phase modulation on the intra-cavity fields. The incident fun-
damental (seed) field was injected through a highly reflective mirror and had∼ 10mW of power.
The transmission of the fundamental field was detected and demodulated (at 30kHz) to produce the
phase matching error signal. The phase matching error signal was sent to an amplitude-modulator
in the pump field’s path to actuate on the crystal temperaturevia the photothermal effect. Pho-
tothermal actuation on the region of nonlinear interactionproved very effective, since most of the
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Figure 10.6: (a) The transmitted power from the OPA as the temperature of the crystal was varied by
sweeping the oven temperature. The nonlinear gain was dithered at approximately 1kHz, which showed
the nonlinear gain envelope (amplification and de-amplification). (b) The corresponding error signal of the
phase matching condition. The dither signal of the nonlinear gain was filtered out of the error signal.

harmonic field was absorbed in the crystal.

10.4.2 Results

Figure 10.6 shows the transmission of the cavity at the fundamental frequency, plot (a), and the
associated phase-matching error signal, plot (b), as the temperature of the crystal was swept across
the phase matching temperature. This data was taken with theharmonic cavity locked on reso-
nance. The relative phase of the harmonic and fundamental frequencies was swept rapidly by
dithering PZT2 at 1kHz in order to sample amplification and de-amplification, to show the para-
metric gain envelope. The error signal here has been low passfiltered to remove any component
associated with the nonlinear gain at 1kHz3.

With the harmonic field locked and the crystal’s oven temperature set to the phase matched
temperature, the parametric gain was found to wander. This nonlinear gain wander is evident from
the transmitted power and phase-matching error signal shown in figure 10.7. Again, this measure-
ment was taken whilst the phase of the nonlinear gain was dithered to display the nonlinear gain
envelope. Up until 12.6 seconds into the measurement, the crystal was temperature controlled by
the oven with temperature sensor on the crystal exterior. Even though a high precision temperature
controller was used, the nonlinear gain and the error signalare seen to drift significantly over a
fairly short time scale. This drift may be a result of air currents or photothermal fluctuations of
the crystal temperature. At 12.6 seconds the phase matchingtemperature control loop was closed

3When using this technique for applications the phase difference of the fundamental and harmonic fields would be
locked to either amplification or deamplification, rather than scanned rapidly, as is done here.
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Figure 10.7: (a) The transmitted power of the OPA as a function of time. (b)The phase matching error
signal. At 12.5 seconds the control loop is closed and the nonlinear gain is optimized.

and the parametric gain moved to its maximum value. The phase-matching control loop provided
a stable lock, however it had limited dynamic range due to thelimitations of the photothermal
actuator.

A comparison of the temperature stability with and without phase matching control was made
by comparing the phase-matching error signal with the control loop active and inactive. Without
phase-matching control, the mean temperature offset was 3mK and the standard deviation was
0.7mK, whereas, with phase-matching control, the mean temperature offset was 0.5mK and the
standard deviation was 0.3mK. These data were calculated over a 5 second interval with the error
signal slope calibrated (to Kelvins/Volt) using the a measured value of the FWHM in temperature
space.

Figure 10.8 shows the phase matching locking error signal spectra calibrated as a function
of temperature fluctuation. Curve (i) shows the spectrum with the control loop open and curve
(ii) shows the spectrum with the control loop closed. Closedloop operation shows significant
low frequency gain below 10Hz and suppression of temperature jitter. Also, shown is the noise
amplification frequency near 10Hz.

10.4.3 Discussion

The phase-matching locking demonstration showed a small but clear improvement in the nonlin-
ear gain stability. The phase-matching control loop performance was limited by the phase delay
inherent in photothermal actuation. The photothermal phase delay limited the control bandwidth
to a unity gain frequency of 10 Hz, since the controller was not designed to compensate for this

141



Phase matching locking via optical readout

10-6

10-5

10-4

100 101 102

Frequency [Hz]

T r
m

s
 [K

/s
qr

t(
H

z)
] (i) Open loop

(ii) Closed loop

Figure 10.8: The calibrated spectra of the phase matching locking error signal (i) with the control loop
open, and (ii) with the control loop closed.

delay. The measured photothermal response of the crystal isshown in figure 10.9. The measured
trace (solid line) was fitted with a theoretical response from equation 24 given in reference [170]
(dashed line), which has a corner frequency of 140Hz. This data was taken by measuring the trans-
fer function from the amplitude modulator in the harmonic field to the fundamental error signal.
This was done whilst the harmonic field was locked to the cavity resonance and the crystal temper-
ature set so that the fundamental field was also on resonance,but detuned 8 Kelvin from the phase
matching temperature to eliminate anyχ(2) effects. We expect that a high bandwidth (∼100kHz),
high gain, control loop could be implemented if the photothermal response was considered and
appropriate controller electronics designed. Also, an integrator would be useful to increase low
frequency gain and drive residual phase mismatch (and temperature deviation) lower.

Using the photothermal feedback via the harmonic (pump) field is convenient and potentially
very fast. An issue that may arise using this type of actuatoris that the phase matching error signal
changes the pump power, which is coupled to the amount of the nonlinear gain. This was a second
order effect with phase mismatch error. To limit this effect, photothermal actuation could be used
in parallel with a slow feedback to the crystal oven temperature so any low frequency temperature
variation could be nulled and the average pump power could beconstant.

Another noteworthy noise source is residual cavity lockingerror coupling into the phase-
matching error signal. The experimental demonstration presented here relies on the cavity being
locked with sufficiently small error so that the phase-matching error signal is dominated by phase
matching error. In general, the residual cavity fluctuations are likely to be much smaller than the
effect of thermal fluctuations. If cavity locking error was alimiting noise source, a degree of
isolation could be achieved by differencing the cavity error signals (with appropriate gain) before
feeding back to the phase matching condition as per the figure10.1.
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Figure 10.9: Measured (solid line) and theoretical (dashed line) photothermal response of the nonlinear
crystal. (a) the amplitude response, and (b) the phase response.

10.5 Chapter summary

We have introduced a technique to interferometrically readout the phase matching condition in
a doubly-resonant OPA. High precision readout of the phase matching condition is obtained by
differencing cavity error signals of the fundamental and harmonic frequencies. An experimental
demonstration of phase matching locking was performed, showing temperature control to a mean
value of 0.5mK from the phase matching temperature, with a standard deviation of 0.3mK. With
the phase matching locked, a substantial improvements in both nonlinear gain and the nonlinear
gain stability were obtained. The temperature of the nonlinear interaction region was controlled by
amplitude modulation of the harmonic field, thereby changing the photothermal absorption. This
enabled a unity gain bandwidth of the phase matching controlloop of approximately 10Hz. With
a more sophisticated servo design taking the photothermal phase response into account, a unity
gain bandwidth of∼100kHz is achievable using photothermal actuation. Phase matching locking
may have applications in nonlinear experiments where shortand long term conversion efficiency
stability are important.
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Chapter 11

Conclusions and further work

11.1 Summary of audio frequency squeezing research

• A theoretical investigation into the coupling of classicalnoise sources into squeezed states
generated in optical parametric down-conversion process was undertaken. This investigation
showed that:

– Squeezed vacuum states produced from a sub-threshold optical parametric oscillator
are, to first order, immune to classical noise sources such as; seed noise, pump noise,
and cavity detuning noise. This property makes sub-threshold optical parametric oscil-
lation ideal for generating squeezed states at low sidebandfrequencies, where classical
noise sources are large.

– Squeezed states produced from an optical parametric amplifier are degraded by classi-
cal noise sources. The coupling of the classical noise sources in an optical parametric
amplifier is directly proportional to the intra-cavity power at the fundamental field
frequency.

• An experimental investigation of squeezed states producedin optical parametric amplifiers
and optical parametric oscillators was presented. This research highlighted the differences
of the coupling of classical noise sources to squeezed states produced in the two processes.
In optical parametric amplifiers, classical noise sources were shown to degrade the squeezed
state in direct proportion to the seed power. In the measuredfrequency band of 1kHz to
10kHz, quantum noise reduction was measured only for seed powers of 20nW and below.
Squeezed states produced in a sub-threshold optical parametric oscillator displayed immu-
nity to the same classical noise that degraded squeezing from optical parametric amplifier,
in agreement with theoretical predictions. Broadband quantum noise reduction, from 280Hz
to 100kHz, was measured from the squeezed states produced ina sub-threshold optical para-
metric oscillator. Squeezing had not previously been reported in this frequency band.

• An experiment focused on producing stable audio-frequencysqueezing was presented. In
this experiment stable, high magnitude, audio-frequency squeezing was produced from a
doubly-resonant optical parametric oscillator. The stability of the system was demonstrated
by measuring the squeezed state for 30 minutes. Stable quantum noise suppression of up
to 5.5dB (72%) was measured. Squeezing was measured at sideband frequencies down
to 70Hz. Low frequency measurements of squeezing were foundto be contaminated by
excess noise in the detection system. Candidates for the excess noise were investigated, and
it was speculated that scattered light was the source of the excess noise, as was found by
Vahlbruchet al. [17] in a similar experiment.

145



Conclusions and further work

• A brief theoretical investigation into squeezing enhancements of Advanced LIGO was pre-
sented. This investigation included the classical noise sources and optical losses of the
inteferometer. This calculation showed that for Advanced LIGO in wideband operation
with 10dB of optimally rotated frequency dependent squeezing, the contribution of quan-
tum noise to the total noise over the frequency window of 5Hz-1kHz is reduced from 48%
to 24%.

11.2 Summary of locking techniques

• A theoretical and experimental investigation into the quantum noise locking technique was
presented. The noise performance of quantum noise locking was measured out-of-loop
using a standard dither locking technique. A comparison of quantum noise locking with
dither locking showed that quantum noise locking was two orders of magnitude poorer
in noise performance. The lock stability was found to be sufficient to lock for indefinite
periods. A theoretical calculation of the noise performance of quantum noise locking was
found to agree closely with the measured noise performance.

• A new technique called phase matching locking was developedto interferometrically read-
out the phase matching condition of a second order nonlinearmaterial. Phase matching
locking was demonstrated experimentally in a doubly-resonant optical parametric ampli-
fier and analysed theoretically. Phase matching locking wasshown to improve the stability
and accuracy of phase matching when compared with standard temperature control of the
medium.

11.3 Further work

11.3.1 Shot noise limited measurement of squeezing across the audio band

One shortcoming of the squeezing measurements presented inthis thesis was caused by excess
noise in the homodyne detection system at low frequencies. To obtain a shot noise limited mea-
surement of squeezing across the audio band and confirm the production of squeezing to very low
frequencies two methods could be attempted:

• Build the homodyne detector in a cleaner environment to reduce dust settling on the optics
and therefore scattering centers due to dust. A vacuum tank evacuated to moderate level
vacuum might be ideal to reduce the dust in the air and would also remove acoustic noise.

• Perform heterodyne detection of the squeezed vacuum state.Consider a heterodyne de-
tection scheme shown in figure 11.1. Here the local oscillator field contains only two RF
sidebands, i.e. the power of the field at the carrier frequency is zero. This detection scheme
would provide a level of immunity to scattered light becauseafter demodulation the primary
scattered light noise is located in the frequency band ofΩm whereas the squeezed signal has
been converted to baseband. Note that, because most heterodyne detection schemes , such
as this one, allow two quadratures to be measured simultaneously, there is excess quan-
tum noise that couples into the measurement [172]. The measured squeezing magnitude is
therefore less than that of a homodyne measurement.
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Figure 11.1: (a) A layout for a hertrodyne detection system, and (b) a phasor diagram of the local oscillator
field.

11.3.2 Considerations for a squeezer to use in an interferometric gravitational wave
detector

Successful integration of a squeezed state generator (or squeezer) into long baseline detectors re-
quires careful design and engineering. The research presented here, along with the concurrent
experiments from the groups of Roman Schnabel at Hannover Universtiy and Nergis Mavalvala
at MIT, provides a stepping stone towards the injection of squeezed states into long baseline in-
terferometers. Important issues for the design of such a squeezer are considered in the following
list.

Coherent control of the squeezed vacuum stateQuantum noise locking was used in this thesis
and the work of Godaet al. for phase control of the squeezing ellipse. Although the quan-
tum noise locking works well and with sufficient phase stability for locking the homodyne
detection phase, it may not be suitable for use in smore complex interferometers. A co-
herent control technique of squeezed vacuum, such as the frequency shifted sideband used
by Vahlbruchet al., would provide a higher possible stability and versatilitythan quantum
noise locking.

The frequency shifted sideband locked to the squeezed vacuum phase could be used to con-
trol both the squeezed state phase with respect to the interferometer field and the alignment
of the squeezed state relative to the interferometer.

Type of crystal Mg:LiNbO3 and PPKTP have been successfully used to generate large magni-
tudes of quantum noise reduction and similar magnitudes of squeezing. In the experiments
performed here, PPKTP produced better results and was foundto be easier to work with for
the following reasons

• PPKTP has significantly higher nonlinear gain. The optical parametric oscillation
threshold power was 14 times less than with Mg:LiNbO3.

• The FWHM temperature of the phase matching curve of PPKTP wasfour times broader
than that of Mg:LiNbO3.

• The photothermal effect seen in PPKTP was significantly smaller than in Mg:LiNbO3

making it much easier to operate at high pump powers.

From these reasons PPKTP was the crystal of choice. An outstanding question about both
crystals is how they age when operated continuously over periods of months. For example,
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gray tracking may become a problem for a PPKTP based system (though ‘gray tracking
resistant’ PPKTP can now be purchased), or GRIIRA for a LiNbO3 based system. Long
term measurements will be needed to evaluate the performance of these two crystals.

Cavity configuration To generate large magnitude squeezed states, high escape efficiency is re-
quired. High escape efficiency is achieved by reducing intra-cavity loss and increasing
output coupler transmissivity at the squeezing wavelength. The intrinsic linear loss of the
crystal is difficult to modify, (crystal engineering is needed) but the intra-cavity losses due
to scatter and absorption on interfaces can be reduced by reducing the number of inter-
faces. The minimum number of interfaces (two reflections) isfound in monolithic stand-
ing wave resonators (see e.g. [14, 18]). Monolithic squeezers are not readily applicable to
gravitational wave detectors since their resonance frequency cannot be tuned to follow the
interferometer laser wavelength. Temperature tuning the length can’t be used because the
temperature is set to phase-match the nonlinear process.

The hemilithic design (such as that in chapter 6) or bow-tie designs (such as that in chapter 7)
are tunable configurations. In terms of intra-cavity loss the second best configuration is the
hemilithic design since it has two reflections and two transmissions per round trip. The
bow-tie cavity has four reflections and two transmissions. The caveat that puts the bow-tie
configuration ahead of the hemilithic cavity is its relativeimmunity to backscattered light
from the gravitational wave detector dark port.

For the experiments that have used standing wave resonators, an additional Faraday isolator
was required to prevent back-scattered light seeding the OPO cavity [24, 26, 128]) whereas
the bow-tie cavity didn’t require this.

So to consider the total loss a standing-wave hemilithic cavity must also include the extra
loss devices of a single pass through a Faraday isolator. Forthe typical losses of Faraday
isolators (a few percent), the bow-tie cavity without Faraday isolator would have less total
loss than a hemilithic cavity with Faraday isolator.

Singly resonant verses doubly resonant cavitiesThe advantages and disadvantages of singly
and doubly resonant cavities were discussed in chapter 7. Interms of producing stable
squeezing over long time periods singly- and doubly-resonant systems offer different pos-
sibilities. Doubly resonant systems require more stringent temperature control, but these
requirements can be met using phase matching locking. Singly resonant systems require
less temperature stability but cannot use phase matching locking.

We have neglected to discuss the integration of the squeezerinto the control and diagnostics
system as well as the significant task of delivering a frequency dependent phase shift to optimize
the quantum noise reduction.

Design of a second generation audio frequency squeezer

Taking into account the design considerations above, a design for a next generation audio fre-
quency squeezer can be developed. Figure 11.2 shows an outline of such a design. The architec-
ture of this design is essentially the same as the experimentpresented in chapter 7 however with
some minor changes and additional fields.

The design is a doubly resonant, bow-tie cavity. The nonlinear medium is a wedged PPKTP
crystal. The wedged PPKTP crystal can be used to compensate for the round trip dispersion
introduced by the mirror coatings by tuning the path length [173]. A frequency shifted sideband
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Figure 11.2: Schematic of a next generation squeezer.

field is injected into the cavity to be used to control the phase of the squeezed vacuum relative
to the interferometer. This is achieved by locking the sideband field to the pump phase, a signal
which can be detected from a pick off of the cavity. The cavitylength error signal could be readout
from the pump field.

The frequency shifted sideband field could also be used, along with the reflected pump field to
generate a phase matching locking error signal. This could be fed back to the crystal temperature
to maintain long term stability.
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Appendix A

Quantum Noise in a Michelson
Interferometer

This appendix presents a calculation of quantum noise in a simple Michelson interferometer. This
calculation follows the derivation presented in the Appendix B of Kimble et al. [38]. Here we
perform the quantum noise limited sensitivity for a simple Michelson, whereas Kimbleet al.
includes Fabry-Perot cavities in the Michelson arms. A similar calculation is presented for a
signal recycling Michelson without arm cavities [108] and with both signal recycling and arm
cavities [117, 118].

The figure A.1 shows the fields in the Michelson interferometer. We are interested in calculat-
ing the output signal and noise of the interferometer as a function of the input fields;D + d from
the laser port, anda from the dark port. The positive component of the electric field entering the
laser port, in two photon formalism [109, 110], is given by (equation B1 of reference [38]);

E(+)
LP =

√

2πh̄ω0

Ac
e−iω0t

[

D+

Z ∞

0
(d+e−iΩt +d−e+iΩt)

dΩ
2π

]

(A.1)

So the total electric field entering the laser port is given by;

ELP =

√

4πh̄ω0

Ac

[

cosω0t

(√
2D+

Z ∞

0
(d1e−iΩt +d†

1e+iΩt)
dΩ
2π

)

+

sinω0t
Z ∞

0
(d2e−iΩt +d†

2e+iΩt)
dΩ
2π

]

(A.2)

The convention used here is the fieldD is the classical amplitude of the laser field of frequencyω0

with units of
√

photons/sec. The amplitude and phase quadrature fluctuations of the laser field at
sideband frequenciesΩ are given byd1,d2. The power incident on the beamsplitter is given by

I0 = h̄ωD2. (A.3)

The total electric field entering the dark port is

EDP =

√

4πh̄ω0

Ac

[

cosω0t
Z ∞

0
(a1e−iΩt +a†

1e+iΩt)
dΩ
2π

+sinω0t
Z ∞

0
(a2e−iΩt +a†

2e+iΩt)
dΩ
2π

]

(A.4)

151



Quantum Noise in a Michelson Interferometer

The beamsplitter relation give the following fields.

f n
j =

1√
2
[d j +a j ], f e

j =
1√
2
[d j −a j ], (A.5)

b j =
1√
2
[gn

j −ge
j ], ej =

1√
2
[gn

j +ge
j ]. (A.6)

where j = 1,2 for the amplitude and phase quadratures and the superscripts n ande differentiate
the fields in the North and East arms.

a b

f n & 

2
-1/2

D
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f e & 2
-1/2
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D&d

E&eLaser

Photodetector

L

Xn(t)

L Xe(t)

je

f eexp(iΩL/c)

kn
f nexp(iΩL/c)

Figure A.1: The fields in the Michelson interferometer. Capitalised letters represent classical fields, the
quadrature fields are represented by the lower case letters.

Fields in the arms

As the fields propagate along the arms of lengthL they receive a phase shift. Consider the lengthL
to contain an integral number of wavelengths for the carrierfrequency. The quadrature sidebands
receive a relative phase shift ofβ = ΩL/c. The relations of the fields at the beamsplitter and the
end test mass’s is

k′j = f je
iΩL/c g j = k je

iΩL/c (A.7)

Source Term

If the end mirror position fluctuates byX(t) the field reflecting back towards the beamsplitter
receives a phase shiftφ(t) = 2ω0X(t)/c. This process imposes phase modulation sidebands on
the field with amplitude proportional to the coherent amplitude of the carrier incident on the end
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mirror, D/
√

2. The phase modulation on the coherent fieldD/
√

2

Ecarrier =
D√
2

cos(ω0t + φ(t)) (A.8)

=
D√
2
[cosω0t cosφ(t))+sinω0t sinφ(t)] (A.9)

≈ D√
2
[cosω0t +sinω0tφ(t)] (A.10)

We consider the carrier amplitude to be unchanged. The smalltime varying fluctuations in the
mirror position give rise to a source term in the phase quadrature;

δXs
1 = 0 δXs

2 =
2Dω0X

c
(A.11)

whereX is the Fourier transform ofX(t). Thus field reflected off the end mirror is the field at the
beamsplitter with a phase shift due to the travel time in the arm plus the source term.

k j = k′j + δXs
j (A.12)

Fluctuating mirror displacement

The position of suspended mirrors in gravitational wave detectors fluctuates at some level due to
many sources. In this section only the fluctuations in the mirror displacement due to radiation
pressure noise on the end text masses1 and the apparent fluctuations due to the gravitational wave
signal are considered.

The force due to radiation pressure for a 100% reflective mirror at normal incidence is given
by

δF =
2Pinc

c
(A.13)

wherePinc is the laser power incident on the mirror. The power incidenton the mirror is

Pinc = Ē2
inc

Ac
4π

(A.14)

= P̄inc + δPinc (A.15)

where

P̄inc = h̄ω0
D2

2
(A.16)

δPinc = h̄ω0D
Z ∞

0
( f1e−iΩt + f †

1 e+iΩt)
dΩ
2π

. (A.17)

The gravitational wave disturbance is a stretching and contracting of the orthogonal arms.
This length perturbation is evenly distributed over the entire arm length, and does not act as a
force on the mirror. The equation of motion of the mirror of one of the end test masses due to the
gravitational wave disturbance and the radiation pressureforce (assuming it behaves like a free

1Radiation pressure on the beamsplitter is assumed to be negligible for simplicity. Radiation pressure effects on the
beamsplitter in the GEO interferometer have been considered by Harmset. al [174].
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mass) is [38]

d2Xn,e(t)
dt2

=
ηn,e

2
L

d2h(t)
dt2

+
2δPn,e(t)

mc
(A.18)

whereηne is the Minkowski metric, which if has values ofηn = 1,ηe = −1. Taking the Fourier
transform of the equation of motion;

(iΩ)2X = (iΩ)2 ηne

2
Lh+

2δP
mc

(A.19)

(A.20)

which gives for the north and east arms;

Xn =
1
2

Lh−
√

2h̄ω0D
mc2Ω2 (d1 +a1)e

iβ (A.21)

Xe = −1
2

Lh−
√

2h̄ω0D
mc2Ω2 (d1−a1)e

iβ (A.22)

The difference in sign of the first term in the north and east arms shows the quadrapole nature
of gravitational wave moves orthogonal arms anti-symmetrically. The second terms, due to ra-
diation pressure2 is dependent on the amplitude quadrature fluctuations that enter from the laser
port d1 and those form the dark porta1. The field measured at the dark (anti-symmetric) port is
proportional to the differential motion of the north and east arm length,

x = Xn−Xe (A.23)

= Lh− 2
√

2h̄ω0I0
mc2Ω2 a1eiβ (A.24)

Here the radiation pressure fluctuations from the laser portcancel and radiation pressure fluctua-
tions from the vacuum port add. If the common mode displacement Xn+Xe were to be measured
the opposite situation is true.

The field at the output of the interferometer we will be interested in the difference of the source
fields,

δXn−δXe

√
2

=

√
2Dω0x

c
(A.25)

=

√

2
I0

h̄ω0

ω0x
c

(A.26)

The output quadratures are given by the beamsplitter relations (equation A.6)

b1 = a1e2iβ (A.27)

b2 = a2e2iβ +
1√
2
(δXn−δXe)eiβ (A.28)

2The factor of 2 difference in the radiation pressure term in this derivation and that of Kimbleet al. is because
we have only one test mass. With arm cavities the radiation pressure on the each of the ETM and ITM increases the
radiation pressure by a factor of 2.
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which goes to

b1 = a1e2iβ (A.29)

b2 = (a2−K a1)e
2iβ +

√

2K
h

hSQL
eiβ (A.30)

where the coefficient

K =
4I0ω0

mc2Ω2 (A.31)

is the radiation pressure coupling constant. The (single sided) standard quantum limit in strain
sensitivity of a simple Michelson interferometer is

hSQL=

√

4h̄
mΩ2L2 . (A.32)

which is
√

2 larger than the SQL for an individual test mass because the difference of the Michel-
son interferometer test masses behaves like a free particlewith reduced massm→ m/2 (see foot-
note 3 in Kimbleet al.).
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Appendix B

Comparison of MgO:LiNbO 3 and
PPKTP for OPO

The two nonlinear media were used in the doubly resonant OPO experiments presented in this
thesis. They were:

(i) Periodically poled potassium titanyl phosphate (KTiOPO4) (PPKTP)
A quasi-phase matched crystal from Raicol Crystals [141]. This was a rectangular prism
with dimensions: 10mm×2mm×1mm. The end faces were coated for AR at both wave-
lengths.

(ii) 7% Magnesium doped lithium-niobate (Mg:LiNbO 3)
from Photon LaserOptik [175] which was type-I birefringence phase matched. This was a
rectangular prism with dimensions: 6.5mm×2mm×2.5mm. The end faces were coated for
AR at both wavelengths

This appendix summarizes some of the properties of the mediaand compares measurements
of the squeezing from the doubly resonant OPO with the two media.

B.1 Phase-matching curves

Phase matching of both mediums were tuned via the crystal temperature. The single pass sec-
ond harmonic nonlinear conversion efficiencies PPKTP and LiNbO3 were measured using a setup
shown schematically in figure B.1. Figure B.2 shows the measured single pass SHG conversion

Laser

χ(2)
DC

PD

BD

35.0OC

TC

Figure B.1: Experimental Setup used to measure single pass SHG efficiency vs temperature.

efficiencies measured as a function of temperature for (i) PPKTP and (ii) LiNbO3. The mea-
sured conversion efficiencies are indicated by ‘x’s and the solid line is a fitted sinc2 curve. The
phase matched temperature of PPKTP was 35.5oC with FWHM of 5.0oC. The PPKTP conversion
efficiency deviates from a sinc2 shape near the first zero on the lower temperature side. The devi-
ation may be due to random errors in the width of the polling domain [176]. The phase matched
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temperature for LiNbO3 was 63.9oC and the FWHM was 1.3oC. The larger FWHM of PPKTP
was beneficial in the doubly resonant OPO cavity, which significantly reduces the phase matching
FWHM compared to singly resonant or single pass systems.

20 25 30 35 40 45 50
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Temperature [degrees C]

S
H

G
 C

o
n
v
e
rs

io
n
 E

ff
ic

ie
n
c
y

PPKTP

Measured
sinc2(∆T)

57 58 59 60 61 62 63 64 65 66 67 68
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Temperature [degrees C]

S
H

G
 C

o
n

v
e

rs
io

n
 E

ff
ic

ie
n

c
y

LiNbO3

Measured
sinc2(∆T)

(i) (ii)

Figure B.2: Single pass second harmonic nonlinear conversion efficiencies as a function of temperature
for: (i) PPKTP and (ii) LiNbO3. Note the different temperature scales on the horizontal axis.

B.2 Measurement of the parametric gain

The measurements of the parametric gain of the doubly resonant OPO are plotted verses input
pump power in figure B.3 for LiNbO3 and PPKTP. The parametric gain was measured for LiNbO3

for two input/output couplers and only for one with PPKTP. The specifications of the input/ouput
couplers were

Coupler (A) Ta
out = 0.1/Tb

out = 0.03

Coupler (B) Ta
out = 0.06/Tb

out = 0.06

The data points can be compared with fitted curves given by Equation 3.116 used to determine
the OPO threshold power. With the coupler (A) the threshold wasPthresh = 85mW for PPKTP
andPthresh = 1200mW for LiNbO3. The threshold power with coupler (B) wasPthresh = 700mW
for LiNbO3. The much larger pump powers required for LiNbO3 were accompanied by a strong
photothermal effect which interacted with the length control loop making stable operation difficult.
PPKTP had a significantly larger nonlinear gain and also a smaller photothermal effect which made
it more desirable to work with.

B.3 Squeezing from a doubly resonant OPO

The squeezed states generated from the doubly resonant OPO were detected by a balanced homo-
dyne detection system. The measured squeezed states at sideband frequency of 100kHz plotted in
Figure B.4 for (a) using Mg:LiNbO3 with output coupler (A) , in Figure B.4 (b) for the Mg:LiNbO3
with output coupler (B) and in Figure B.4 (c) for PPKTP with output coupler (A). These plots are
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Table B.1: doubly resonant OPO cavity parameters for (i) PPKTP and (ii) Mg:LiNbO3

Parameter Value at 1064nm Value at 532nm Units

Optical Path Length 756 756 mm
FSR 397 397 MHz
Tout(A) 10 3 %
Tout(B) 6 6 %
Round Trip Loss (i) 0.9(ii) 0.6 (i) & (ii) 2.2 %
Finesse (withTout(A) ) (i) 55 (ii) 56 (i) & (ii) 117 -
Finesse (withTout(B) ) (ii) 92 (ii) 77 -
FWHM (with Tout(A) ) (i)3.6 (ii)3.5 (i) & (ii) 1.7 MHz
FWHM (with Tout(B) ) (ii) 2.1 (ii) 2.7 MHz
ηesc(with Tout(A) ) (i) 92 (ii)94 - %
ηesc(with Tout(B) ) (ii)90 - %
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Figure B.3: Measurements of parametric gain as function of pump power and fitted curves.
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Figure B.4: Measured noise relative to the shot noise limit (SNL) obtained from (a) LiNbO3 with output
coupler (A), (b) LiNbO3 with output coupler (B) and (c) PPKTP with output coupler (A). Figure (a) was
measured at 50kHz and had RBW=3kHz, VBW=30Hz. Figures (b) and (c) were measured at 100kHz with
RBW=10kHz, VBW=300Hz.
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normalised to the shot noise limit. The electronic noise floor (greater than 11dB below the SNL in
all traces) was subtracted from all of the traces. The level of squeezing for the three traces is

(a) 3.5±0.5dB, (b) 5.0±0.5dB, (c) 6.5±0.5dB. (B.1)

There are two reasons for the difference in the squeezing amplitude measured in (a), (b) and (c).
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Figure B.5: Expected squeezing level as a function of total loss and measured data points (squares).

Firstly, the parametric gain was not the same for all three traces. In (a) the parametric gain was just
4.7dB, which was limited by photothermal instability at high input powers (>150mW) required
to get large enough parametric gain. In (b) and (c) the parametric gains were 12dB and 14dB,
respectively. Secondly, the total detection efficiency wasnot the same for each measurement. The
total detection efficencies were

(a) ηtot = 77±2%, (b) ηtot = 78±2%, (c) ηtot = 84±2%. (B.2)

The total detection efficiency were different because the escape efficiency and the homodyne inter-
ference efficiency were different in all three experiments.Table B.2 summarizes the experimental
efficiencies.

Table B.2: Experimental Efficiencies

Experiment (a) Experiment (b) Experiment (c)
ηesc 94±1% 91±1% 92±1%
ηopt 99% 99% 99%
ηhom 88±1% 94±1% 97±1%
ηdet 93±2% 93±2% 93±2%

ηtot 77±2% 78±2% 84±2%
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Figure B.5 shows the expected squeezing amplitude as a function of optical loss (1-ηtot) for
the three different parametric gains in (a), (b) and (c). This plot shows the effect of loss on on
the amplitude of squeezing measured and what level of squeezing could be expected given an
particular loss. The measured squeezing levels are indicated by ‘� ’. The amount of squeezing
which exits the OPO cavity can be inferred by taking into account the losses in propagation and
detection. The inferred squeezing out of the OPO cavity can be found from

Vin f =
Vmeas−ηoptηhomηdet+1

ηoptηhomηdet
, (B.3)

whereVmeas is the measured squeezing level. The inferred squeezing levels at the output of the
OPO cavity are

(a) 4.2dB, (b) 8.0dB, (c) 9.3dB. (B.4)

These data points are indicated in Figure B.5 by a ‘N’.
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Appendix C

Experimental components and
techniques

In this appendix details core components of the doubly resonant OPO experiment. In section C.1
details of the laser, the second harmonic generator (SHG), and the modecleaner cavity are given.
In section C.2 an overview of the dispersion compensation inthe doubly resonant cavity is pre-
sented. In section C.3 details of the reaction mass for the cavity peizo-electric transducer (PZT)
are presented.

C.1 The laser, SHG, and modecleaner

C.1.1 The laser

The laser was a CW, Nd:YAG, non-planar ring oscillator (NPRO) type [84] operating at 1064nm
(1.2W Mephisto 1200 model from Innolight GmbH [27])..An overview of the lasers properties
are given in Table C.1. The inherent stability of the free running Nd:YAG laser was sufficient to
operate the experiments without requiring frequency or intensity stabilization.

Table C.1: Mephisto 1200 Properties. For additional details see [27]

Parameter Value Units
Wavelength 1064 nm
Output Power 1200 mW
Spectral Linewidth ∼1 kHz
Frequency Stability ∼1 MHz/min
Intensity Noise (10Hz to 2MHz) < 0.1 % rms
Spatial Mode (M2 <1.1) TEM00 −

The laser field was first passed though a Faraday Isolator (Gs¨anger FR 1060/5), some polariza-
tion and modematching optics, then through a resonant phasemodulator (New Focus model 4003)
driven at 12MHz and a broadband amplitude modulator (New Focus model 4102, with appropriate
polarization optics). The 12MHz phase modulation sidebands were used to derive error signals
for the SHG and modecleaner cavities’. The amplitude modulator was used in characterization of
the homodyne detector, as described in Section 7.5. The majority (∼ 99%) of the laser power was
directed to the SHG to generate the pump field (at 532nm) for the OPO. Less than 10 mW of the
laser light was directed through the modecleaner to be used for the local oscillator field for the
homodyne detector.
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C.1.2 The second harmonic generator

The SHG was a singly resonant (at 1064nm) device custom builtby Innolight GmbH (Dia-
bolo model [27]). The SHG cavity was constructed out of type-I phase-matched, 5% doped
MgO:LiNbO3 hemilithic crystal, and an external mirror, which was mounted on a peizo elec-
tric transducer (PZT) to allow the cavity length to be actuated. The curved surface of the crystal
was coated for high reflectivity (HR) at both wavelengths (532nm and 1064nm) and the flat surface
coated for anti-reflectivity (AR) at both wavelengths. The external mirror had R= 95% at 1064nm
and was AR coated at 532nm. The crystal was mounted on a peltier element which was used to
maintain the crystal temperature at the phase matching temperature. Selected parameters of the
SHG can be found in Table C.2.

Table C.2: Diabolo Properties. For details see [27]

Parameter Value Units
Input Wavelength 1064 nm
Input Power <1000 mW
Output Wavelength 532 nm
Output Power < 650 mW
Input/Output Mirror Transmission 5 %@1064nm
Input/Output Mirror Transmission >95 %@532nm
Nonlinear Medium Mg:LiNbO3 −
Phase Matched Temperature 99.85 oC
Free Spectral Range 2 GHz
Spatial Mode Output (M2 <1.1) TEM00 −

The SHG cavity was locked using dither locking on transmission. The cavity error signal was
derived by demodulation of the photocurrent of the transmitted photodetector at 12MHz. From
∼ 1W input power (at 1064nm) the SHG produced up to 650mW of frequency doubled light,
greater than the amount required as a pump field for the OPO.

C.1.3 The Modecleaner Cavity

The layout of the modecleaner cavity is shown in figure C.1. The three mirrors were attached to a
invar spacer which had geometry and cavity g-parameter [90]similar to that of the LIGO pre-mode
cleaner [177, 178]. Parameters of the modecleaner can be found in Table C.3. The modecleaner’s
primary function was to filter the spatial and polarization mode of the laser field, to provide a
high quality TEM00 mode for the local oscillator field. This allowed the local oscillator field to
be matched to the TEM00 mode of the OPO with high fringe visibility. At the low frequencies of
interest in this thesis the modecleaner offered little in terms of intensity and phase noise filtering.

The modecleaner cavity was locked laser frequency using thePDH technique. The cavity
error signal was derived by demodulating the the reflected light at 12MHz. The cavity length was
actuated using the end mirror (M3) which was mounted on a PZT.

Figure C.2 shows the magnitude response of cavity transmission for the low finesse (p-polarized)
and high finesse (s-polarized) cavity modes. This measurement was taken by measuring the trans-
fer function from the amplitude modulator located before the modecleaner to a photodetector at
the transmitted port using a network analyzer (HP3598A). The fitted curves indicate FWHM val-
ues of 470kHz and 54kHz for low and high finesse modes. The low finesse mode was used in the
experiments here.
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Figure C.1: Top view of the modecleaner cavity design. Lengths are in millimeters, angles in degrees.
modecleanerdesign.

Table C.3: Modecleaner Cavity Parameters

Parameter Value Units
M1, M3 reflectivity (p-pol) 99.6 %
M2 reflectivity 99.997 %
Round trip length 840 mm
FSR 357 MHz
FWHM (measured p-pol) 470 kHz
FWHM (measured s-pol) 54 kHz
Finesse (measured p-pol) 760 −
Finesse (measured s-pol) 6614 −
M2 ROC -2 m
Cavity g parameter .58
Waist Size 525 µm
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Figure C.2: The measured (solid lines) and fitted (dashed lines) frequency responses for the modecleaner
in low finesse (LF) and high finesse (HF) modes. The notch at 10.5kHz in the HF trace is thought to be a
result of interaction of the amplitude modulation sidebands and the cavity length servo.

C.2 Dispersion compensation in a doubly resonant cavity

Dispersion from the dichroic mirror coatings causes the fundamental and harmonic cavity reso-
nances to be offset. This effect can be seen in figure C.3 (a), which shows the transmitted power
as the cavity length was varied of a doubly resonant free space cavity, with driving fields at both
1064nm and 532nm. This was taken with no nonlinear medium in the cavity. The transmitted
power was detected on a silicon photodetector, which is sensitive to both 1064nm and 532nm
light. The broader transmission peak of the fundamental field can be distinguished from the nar-
rower peak from the harmonic field1.

If the fundamental and harmonic fields do not co-resonate then the nonlinear gain is interfero-
metrically suppressed. Often inχ(2) experiments, dispersion of the cavity mirrors is compensated
by adding a phase mismatch of the nonlinear material to achieve co-resonance. This non-ideal op-
eration can be avoided by compensating for the dispersion byadding a tunable dispersive element
into the cavity. This can be done by using a wedged crystal [173] in a QPM system or a dispersive
optic, as shown in a laser intracavity SHG [179].

We introduced a AR/AR coated BK-7 glass optic into the cavityand angled it so that the
dispersion of the glass cancelled the dispersion of the mirror coatings (to the nearest integral
number of wavelengths), see figure C.3 (b). This dispersion compensation optic was used for both
the PPKTP and LiNbO3 crystals. The dispersion from the doubly resonant OPO cavity optics
was compensated using a angled BK-7 glass optic. The dispersion in the glass comes from two
terms, firstly, the dispersion of the glass, and secondly, the extra path-length the field with higher
refractive index travels2.

The differential path length of two fields can be determined using geometrical arguments.

1Although the FSR’s for the two fields are the same (they share the same optical cavity), they appear different
because the horizontal axis on this plot has different scales for the two frequencies (a change in the cavity length by
1µm corresponds to 1 FSR at 1064nm and 2 FSR’s at 532nm)

2The AR coatings of the glass also add extra dispersion which needs to be compensated for.
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Figure C.3: Transmission of the doubly resonant bow-tie cavity as the cavity length was scanned. (a) was
taken without the dispersion compensation plate in the cavity, and it can be seen that the resonances for the
1064nm and 532nm cavities do not coincide. In (b), the dispersion compensation plate was in the cavity
and tuned such that the 1064nm and 532nm resonances overlap.The silicon photo-detector used for these
measurements was sensitive to both the 1064nm and 532nm light. These measurements were taken without
a nonlinear crystal in the cavity, so the dispersion seen wasa result of the cavity mirror coatings.

Refer to figure C.4 (a), the angle of refraction for the field atfrequencyωi is given by

θ2(ωi) = sin−1(n1 sin(θ1)/n2(ωi)), (C.1)

the path length through the BK7 as a function of angle of incidence is simply

∆L(ωi) = LTn2(ωi)/cos(θ2(ωi)). (C.2)

The difference in path length of the harmonic field and the fundamental field is given by

∆Lb−a = ∆L(ωb)−∆L(ωa), (C.3)

The corresponding extra phase delay of the harmonic field (which has a higher refractive index
for the parameters used in this experiment) as a function of angle of incidence is plotted in fig-
ure C.4 (b). It can be seen that an extra phase delay of the harmonic field relative to the fundamen-
tal field by more than 2π with an angle of incidence between 0-10 degrees. Accordingly we had
the BK7 optic AR coated for the range 0-10 degrees.

C.3 High resonance frequency PZT Design

When the doubly resonant OPO was operated with the LiNbO3 crystal as the nonlinear medium, a
strong photothermal effect [76] in the crystal caused a technical challenge. At high pump power,
the photothermal effect interacted with the cavity length control loop and caused an instability. If
a pump power was greater than∼130mW, approximately 1/5 of the power required to reach the
oscillation threshold, the cavity would drop lock.
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Figure C.4: (a) The dispersion compensation plate. (b) differential phase shift as a function of angle of
incidence. Parameters used match the experimental values,the thicknessd = 6.35mm,n(ωa) = 1.50663,
n(ωb) = 1.51947.

To overcome the photothermal instability, the cavity locking bandwidth was enhanced. The
unity gain bandwidth of the cavity length was originally∼7kHz, imposed by the peizo-mechanical
resonance of the PZT, located at 45kHz. A higher bandwidth PZT was designed and built3. The
attempt was to push the first mechanical resonance beyond 200kHz, thereby enabling a larger
unity gain bandwidth for the cavity length loop, to squash the photothermal effect. A drawing
of mount is shown in figure C.5. The key components are labeledin the diagram. They are; (1)
molybdenum rod, which has ridges on the side to enhance the coupling of the molyibdium with
the damping material; (2) the damping material was a mixtureof epoxy glue and iron filings; (3)
the stainless steel housing, which had a small hole in the centre used to attach the molybdenum
rod; (4) the single layer PZT from piezomechanik GmbH (modelPst 150 7mm×7mm) which had
a natural resonance at 500kHz. A 1mm thick, 6.35mm diameter mirror was glued onto the PZT.

The outer diameter of the stainless steel case was set to be 1 inch, allowing mounting into
standard optical mounts. A transfer function of applied voltage to displacement can be seen in
the figure C.6. This measurement was taken by applying a sweptsine voltage to the pzt mirror,
which was used as one end mirror of a Michelson interferometer. Whilst the michelson was held
at 1/2 fringe the photodetector output at the asymmetric port was recorded. The first mechanical
resonace can be seen to be∼270kHz. The low pass filter shape was a due to the capacitance of
the PZT (220nF) combined with the source resistance (50 Ohms). Also shown in the figure C.6 is
a model of the response of a LPF with pole frequency offc = 14kHz. This capacitance was taken
into account in the design of the servo controller. We recorded a unity gain frequency of 50kHz.

3Stefan Goßler designed this PZT reaction mass based older sketches. The source of the original design is not
known.
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(1) Molybdenum rod
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(5) HR mirror 
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Figure C.5: Drawings of the high resonance frequency peizo mount.
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Figure C.6: Transfer function of the high resonance frequency PZT. The low pass filter shape was caused
by the combination of the capacitance of the PZT and the resistance of the source.
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Appendix D

Homodyne detector noise budget

In chapter 7 a homodyne noise budget is presented. This appendix details measurements of the
noise sources in the noise budget.

D.1 Homodyne detector experiment

A schematic of the homodyne detector is shown in figure D.1. The field used as the local oscillator
for the homodyne detector was passed though the phase modulator, the amplitude modulator, and
the modecleaner cavity. The modecleaner cavity provided filtering of the spatial and polarization
modes of the laser field and stripped the phase modulation sidebands. The local oscillator field
then passed though modematching optics and was steered ontothe homodyne detectors beam-
splitter. A 150mm lens was placed immediately before the homodyne beamsplitter in both the
local oscillator and signal paths to reduce the spot size of the fields on the photodiodes. Each
output of the homodyne beamsplitter was steered onto one of apair of matched photodetectors.
The photodetectors used InGaAs photodiodes (model ETX 500T[180]) which had their protective
windows removed to minimize potential scattering sources and loss. The photodetector circuits
had high transimpeadance (10kOhms) gain which allowed low local oscillator powers to be used1.
Refer to the schematic in appendix E.

D.1.1 Local oscillator intensity noise coupling

The contribution of the local oscillator intensity noise can be measured directly. Figure D.2 (a)
shows the measured common mode rejection to intensity noisefrom 10Hz-100kHz. This was
measured by taking the transfer function from the amplitudemodulator to the homodyne output
with gain optimized, then normalising this by the transfer function from the amplitude modulator
to the a single photodetector. The level was approximately -80dB from 10Hz - 1kHz (possibly
limited by the noise floor of the instrument) and deteriorated to -55dB at 100kHz. The deviation
from -80dB above 1kHz may be due to a mismatch of the gains of the two photodetectors ap-
proaching the pole frequency of the photodetectors (∼800kHz). The dashed line is a curve fitted
to the experimental data.

Figure D.2 (b) curve (i) shows the measured local oscillatorintensity noise normalized to the
shot noise limit. The peak near 10kHz coincides with the modecleaner control loop amplification
frequency, above the unity gain frequency. The peaks at and below 1kHz are thought to be intensity
noise induced by beam jitter of the input beam or the modecleaner cavity mode. Figure D.2 (b)
curve (ii) is the product of the common mode rejection and theintensity noise. This inference

1The effective trans-impeadance gain including the gain of the buffer stage at the output of the circuit was 49kOhms.
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Figure D.1: Schematic of the experimental set up Homodyne detection system. The laser field is passed
though a phase modulator (PM), a broadband amplitude modulator (AM) a modecleaner cavity and is
incident on the fast steering mirror (FSM). The signal beam was a vacuum state. QPD - quad-photodetector

of the contribution of local oscillator intensity noise to the homodyne noise budget is less than;
-30dB relative to the SNL, sufficiently small to suggest laser intensity noise is not the limiting
noise source no active intensity noise stabilization of thelaser was required.

D.1.2 Beam jitter noise

Beam jitter noise of the local oscillator beam can couple as intensity noise in the homodyne pho-
tocurrent via spatial variations of photodiode efficiency.

In this section measurements of the local oscillator beam jitter are used to estimate the con-
tribution of beam jitter to the homodyne noise budget. We do not measure the spatial variations
of the efficiency of the photodiode, rather we infer the coupling of beam jitter to relative intensity
noise (RIN).

The beam jitter spectrum for the local oscillator beam is shown in the figure D.3 (a) curve (i)
for the vertical axis and curve (ii) for the horizontal axis.This measurement was taken on the
quad-photodetector with a waist size of 250µm. The beam jitter amplitude is approximately an
order of magnitude smaller across the frequency band when the laboratory air-conditioning (AC)
unit is switched off. The larger amplitude of the beam jitterwith the air-conditioning on assists in
the characterization of the beam jitter noise in the homodyne detection system.

The beam jitter coupling to RIN can be inferred by fitting the beam jitter displacement to the
homodyne, ie

RINBJ = A∆x( f ) (D.1)

where the beam jitter to RIN coupling constant,A, has units 1/m, and the quadrature sum of the
horizontal and vertical∆x( f ) =

√

∆xH( f )2 + ∆xV( f )2 has units m/Hz1/2. The relative intensity
noise (RIN) of the shot noise in units 1/Hz is given by

RINSNL=
2e

ρPopt
(D.2)
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Figure D.2: (a) The common mode rejection of the homodyne detector as a function of frequency measured
via a transfer function measurement (solid line) and fitted curve (dashed line). The variable electronic gain
was set to optimize the common mode rejection at low frequencies. (b) Curve (i), the intensity noise
spectrum of the laser relative to the shot noise limit (SNL) measured from 10Hz-100kHz. Curve (ii) the
intensity noise contribution to the homodyne detector spectrum inferred using curve (a) and the measured
common mode rejection.

wheree is the electron charge,ρ the photodetector responsivity in Amps/Watt, andPopt the optical
power detected.

Figure D.3 (b) shows the RIN of low frequency homodyne spectrum, curve (v), and the inferred
beam jitter noise contribution, curve (vi) inferred from Eqn. D.1. HereA has been used as a free
parameter to fit common features in the beam jitter to the homodyne spectrum thereby allowing an
estimate of the beam jitter noise contribution to the homodyne spectrum. The beam jitter to RIN
coupling has been inferred to have a value ofA = 42 1/m.

The similarities in the curves (v) and (vi) suggest that large amplitude beam jitter noise may
contribute to the homodyne spectrum. Inconsistency in the features may arise from a number of
effects. Firstly, the unrepeatable nature of the beam jitter measurements due to varying acoustic
noise. Secondly, the coupling of beam jitter could change, as spatial variations in efficiency of the
photodiode can change day to day due to dust on the photodiodesurface. Thirdly, the beam jitter
data and the homodyne data have some uncommon beam path length and optics, which means
they have different acoustic excitations, and also different Gouy phases [181], meaning different
combinations of near-field beam jitter and far-field beam jitter were measured. Using the inferred
value ofA and the measured vertical and horizontal beam jitter taken with the air-conditioning off
the RIN caused by beam jitter was inferred. This is given by curve (vii).

D.1.3 The use of a ‘low’ local oscillator power

The photodetector circuits were designed to operated with minimal local oscillator power (380µW
or below). The limit to low local oscillator power was the electronic noise from the photodetector
Op-Amp. Low local oscillator power was desirable because ofthe scaling of classical and quan-
tum noise with local oscillator power. As local oscillator power,P, decreases the classical noise
sources decrease directly proportional toP whereas shot noise decreases as

√
P. Thus lower local
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Figure D.3: (a) Beam jitter measurements for the (a) vertical axis and (b) horizontal axis using the quad
photodetector. (b) The RIN of the low frequency homodyne spectrum taken with AC on, curve (a) and, the
estimatedRINBJ noise contribution of beam jitter to the homodyne spectrum,curve (b). Curve (c) is the
calculatedRINSNL for Popt = 380µW andρ=0.7 Amps/Watt.

oscillator power gives a higher ratio of quantum to classical noise. Not using a low local oscillator
power is contratry to most interferomerty measurements where quantum noise limited sensitivirty
that making the homodyne detector quantum noise limited by using low local oscillator power
is different to achieving good displacement sensitivity ininterferometry. An interferometers shot
noise limited displacement sensitivity improves as the

√
P.
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Appendix E

Photodetector Circuit
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Photodetector Circuit

Figure E.1: Circuit layout of the photodetectors used in the homodyne detection system.
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Appendix F

The shot noise limit of phase-matching
locking

The shot noise limit in phase-matching locking comes from the shot noise of the individual cavity
error signals. The shot noise limit of the error signals is derived in this section following the
calculations of Dayet al. [182] and Black [143]. However, we do not make the assumptions of an
impedance matched cavity, and include non-stationary shotnoise [183]. The derivation starts with
calculation of the error signal slope (in Watts/m). The shotnoise of the signal is then calculated
(in Watts/

√
Hz). These are then combined to give the shot noise limited displacement sensitivity

(in m/
√

Hz). Finally, we combine the shot noise of the two error signals to realise the shot noise
of phase-matching locking.

The slope of the PDH error signal in reflection

Starting with the cavity reflectivity parameter for a empty cavity (equation??)

R (∆) =
2κin −κ− i∆

κ+ i∆
, (F.1)

near resonance, we can write

∆
ν f sr

= 2πN+
δ∆
ν f sr

, (F.2)

so equation F.1 becomes

R (∆) =
2κin −κ− iδ∆

κ+ iδ∆
. (F.3)

For a cavity with high reflectivity mirrors (approximatelyR> 0.8) we can write the finesse of the
cavity in terms of the total fractional power loss per round trip1, given by the sum of the mirror
transmissivities (equation 3.89),

F ≈ 2π
Tin +Tout +Tloss

. (F.4)

1Siegman calls this the ”Delta Notation”, see section 11.4 [90].
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The total decay rate for the cavity can be rewritten interms of the cavity FWHM,δν = ν f sr/F ,

κ = κin + κout + κloss, (F.5)

=
ν f sr

2
(Tin +Tout +Tloss), (F.6)

≈ πν f sr

F
= πδν. (F.7)

Similarly, the decay rate for the input mirror can be written

κin =
Tin

2
δνF . (F.8)

If we consider the case close to resonance,(2πδν ≫ δ∆), then we can write the cavity reflectivity
coefficient as

R (δ∆) ≈ (TinF /π−1)− iδ∆
πδν

. (F.9)

For high modulation frequency (with respect to the cavity linewidth)R (∆±ω) =−1 and the error
signal (equation??) can be rewritten using equation F.9 as

ER = 2
√

PcPs(Im(R (∆)−R (∆)∗), (F.10)

= 2
√

PcPs

(−2δ∆
πδν

)

, (F.11)

=
4
π
√

PcPs
δ∆
δν

. (F.12)

Rewriting in terms of fluctuating cavity length,dp, rather than laser frequency we find the error
signal near resonance

ER = 8
√

PcPs
pF

λ

(
dp
p

)

, (F.13)

which has the slope

DR = 8
√

PcPs
F

λ

[
W
m

]

. (F.14)

The slope of the dither locking error signal in transmission

The transmission coefficient of the cavity is

T (∆) =
2
√

κinκout(κ− i∆)

κ2 + ∆2 . (F.15)

In this calculation the parametric gain is neglected for simplicity. The carrier-sideband beat term
in the transmission error signal (equation 10.18) is

T (∆)T ∗(∆ + ωn)−T ∗(∆)T (∆−ωn) =
−8κinκout∆ωn[(κ+ iωn)

2 + ∆2]

(κ2 + ∆2)(κ2 +(∆−ωn)2)(κ2 +(∆ + ω)2)
. (F.16)
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Consider the case near resonance (making the substitution from equation F.2), with modulation
frequency much smaller than the cavity linewidth, the errorsignal on transmission is

ET =
16
π2

√
PcPsTinToutF

3 fn
δν

p
λ

(
dp
p

)

, (F.17)

where the detuning terms of second order have been neglected(δ∆2 ≪ κ2, (δ∆±ωn)
2 ≪ κ2). The

slope of the error signal is

DT =
16

π2λ
√

PcPsTinToutF
3 fn

δν

[
W
m

]

. (F.18)

The shot noise of the PDH error signal in reflection

The shot noise on the error signals is now calculated. First the reflected power is calculated

Pre f = Pc|R (0)|2 +2Ps+2
√

PcPsIm[R (0)−R (0)∗]sinωmt −2Pscos2ωmt. (F.19)

In the shot noise limited case, the variance of the powerV(P) = 〈hνP〉, thus

V(Pre f) = hν
〈
Pc|R (0)|2 +2Ps+2

√
PcPsIm[R (0)−R (0)∗]sinωmt −2Pscos2ωmt

〉
.

(F.20)

The variance at the output of the mixer is then given by the product of equation F.20 with sin2 ωmt,
that is

MR = hν
〈(

Pc|R (0)|2 +2Ps+2
√

PcPsIm[R (0)−R (0)∗]sinωmt −2Pscos2ωmt
)

sin2ωmt
〉
,

= hν
(
Pc|R (0)|2 +2Ps

)
〈

1
2
(1−cos2ωmt)

〉

+2hν
√

PcPsIm[R (0)−R (0)∗]
〈
sin3ωmt

〉
−

2hνPs

〈
1
4
(1−cos2ωmt)(1+cos2ωmt)−

(
3
8
− 1

2
cos2ωmt +cos4ωmt

)〉

,

= hν
(

1
2

Pc|R (0)|2 +
3
2

Ps

)

, (F.21)

over the bandwidth of 1Hz. Substituting in the modulation depths, the standard deviation is then,

√
MR =

√

hνP0

2

√

J2
0|R (0)|2 +3J2

1

[
W√
Hz

]

. (F.22)

F.0.4 The shot noise in of the dither locking error signal in transmission

The shot noise of the error signal in transmission is calculated in the same manner as that in reflec-
tion. Instead of sin(ωnt) demodulation, cos(ωnt) is used since the error signal is in the orthogonal
quadrature. The reflectivity coefficients are replaced withthe corresponing transmission coeffi-
cients, and we note that|T (ωn)|2 = |T (−ωn)|2. The variance at the output of the mixer is found
to be

MT = hν
(

1
2

Pc|T (0)|2 +
3
2

Ps|T (ωn)|2
)

, (F.23)

179



The shot noise limit of phase-matching locking

Substituting in the modulation depths, the standard deviation is then

√
MT =

√

hνP0

2

√

J2
0|T (0)|2 +3J2

1|T (ωn)|2
[

W√
Hz

]

. (F.24)

F.0.5 Shot noise limited displacement sensitivity of PDH

The shot noise limited displacement sensitivity in reflection is given by

Ssnl =

√
MR

ER
,

=
1
8

√

hcλ
2P0F 2

J2
0|R (0)|2 +3J2

1

J2
0J2

1

[
m√
Hz

]

. (F.25)

Optimal sensitivity is reached when the cavity is impedancematched (R (0)=0)

Ssnl =
1
8

√

3
2

√

hcλ
J0P0F 2

[
m√
Hz

]

, (F.26)

This is the (single sided) sensitivity2. The shot noise limited displacement sensitivity in transmis-
sion is given by

Ssnl =

√
MT

ET
,

=
π2

16F 3TinTout

δν
fn

√

hcλ
2P0

√

J2
0|T (0)|2 +3J2

1|T (ωn)|2
J2

0J2
1

[
m√
Hz

]

. (F.27)

F.0.6 Shot noise in phase matching locking

Phase matching locking uses two error signals to readout thecavity length and the phase matching
condition. The shot noise of both error signals needs to be considered to calculate the total shot
noise. The shot noise sources are considered to be uncorrelated sources of noise

Ssnl,Tot =
√

S2
snl,a +S2

snl,b. (F.28)

In most OPA cases, it will be the shot noise of the fundamentalfield (seed) error signal that
dominates, because the harmonic field (pump) is generally more than two orders of magnitude
higher in optical power. For the parameters listed in table 8.1, the shot noise limit, interms of
differential cavity length is;

Ssnl,Tot = 1.01×10−17(m/
√

Hz). (F.29)

This error signal can be converted from units of differential cavity length (m/
√

Hz) to temperature
mismatch (K/

√
Hz) via a conversion factor derived from equation 10.8

C =

[

nLc

(
1
n

(
dnb

dT
− dna

dT

)

+(αb−αa)

)]−1

(K/m). (F.30)

2This result is
√

3/2 greater than that in reference [143] because we include non-stationary shot noise.
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For the parameters used here,C = 2.19×10−7. So the shot noise limit to reading out the temper-
ature fluctuations is

Ssnl,Tot = 4.63×10−11(K/
√

Hz), (F.31)

Much smaller than the noise floor measured here.
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[125] G. Hétet, O. Glöckl, K. A. Pilypas, C. C. Harb, B. C. Buchler, H-A Bachor, and P. K. Lam,
Squeezed light for bandwidth-limited atom optics experiments at the rubidium D1 line, J.
Phys. B40, 221 (2007).

[126] K. Goda, E. E. Mikhailov, O. Miyakawa, S. Saraf, S. Vass, A. Weinstein, and N. Maval-
vala, Generation of a stable low-frequency squeezed vacuum field with periodically-poled
KTiOPO4 at 1064nm, arXiv:quant-ph/0703001v1 (2007).

[127] C. F. McCormick, A. M. Marino, V. Boyer, and P. D. Lett,Relative-intensity squeezing at
audio frequencies using four-wave mixing in an atomic vapor, arXiv:quant-ph/0703111v1
(2007).

[128] K. Goda, O. Miyakawa, E. E. Mikhailov, S. Saraf, R. Adhikari, K. McKenzie, R. Ward,
S. Vass, A. Weinstein, and N. Mavalvala,Quantum Enhancement in a Prototype Gravita-
tional Wave Detector, LSC Technical Review (2007).

[129] http://www.ligo.caltech.edu/∼ajw/40m upgrade.html.

[130] H. Mabuchi, E. S. Polzik, and H. J. Kimble,Blue-light induced infrared absorption in
KNbO3, J. Opt. Soc. Am. B11, 2023 (1994).

[131] Y. Furukawa, K. Kitamura, A. Alexandrovski, R. K. Route, M. M. Fejer, and G. Foulon,
Green-induced infrared absorption in MgO doped LiNbO[sub 3] , Appl. Phys. Lett.78,
1970 (2001).

[132] J. C. Jacco, D. R. Rockafellow, and E. A. Teppo,Bulk-darkening threshold of flux-grown
KTiOPO4, Opt. Lett.16, 1307 (1991).

[133] R. Blachman, P. F. Bordui, and M. M. Fejer,Laser-induced photochromic damage in potas-
sium titanyl phosphate, Appl. Phys. Lett.64, 1318 (1994).

[134] N. B. Grosse, W. P. Bowen, K. McKenzie, and P. K. Lam,Harmonic Entanglement with
Second-Order Nonlinearity, Phys. Rev. Lett.96, 063601 (2006).

191



Bibliography

[135] W. P. Bowen,Experiments towards a Quantum Information Network with Squeezed Light
and Entanglement, PhD thesis, Physics Department, The Australian National University,
Canberra, Australia, 2003.

[136] D. A. Shaddock, M. B. Gray, and D. E. Mclelland,Frequency locking a laser to an optical
cavity by use of spatial mode interference, Opt. Lett.24, 1499 (1999).

[137] Simon Chelkowski, Henning Vahlbruch, Karsten Danzmann, and Roman Schnabel,Coher-
ent control of broadband vacuum squeezing, Physical Review A (Atomic, Molecular, and
Optical Physics)75, 043814 (2007).

[138] G. D. Boyd and D. A. Kleinman, Parametric Interaction of Focussed Gaussian Light
Beams, J. Appl. Phys.39, 3597 (1968).

[139] http://www.isowave.com.

[140] H. Vahlbruch, S. Chelkowski, B. Hage, A. Franzen, K Danzmann, and R. Schnabel,
Squeezed-field injection for gravitational wave interferometers, Classical and Quantum
Gravity 23, S251 (2006).

[141] http://www.raicol.com/.

[142] R. W. P. Drever, J. L. Hall, F. V. Kowalski, J. Hough, G. M. Ford, A. J. Munley, and H. Ward,
Laser phase and frequency stabilization using an optical resonator, Appl. Phys. B31, 97
(1983).

[143] E. D. Black, An introduction to Pound-Drever-Hall laser frequency stabilization, Am. J.
Phys.69, 79 (2001).

[144] B. Lantz, D. Shoemaker, and J. Kerman,Spatial Uniformity of Silicon Photodiodes, LIGO
document T952007, http://www.ligo.caltech.edu/docs/T/T952014-00.pdf (1999).

[145] P. Csatorday, A. Marin, and M. Zucker,Photodiodes for Initial and Advanced LIGO, LIGO
document G980022-00-D. http://www.ligo.caltech.edu/docs/G980022-00-D (1998).

[146] J-Y.Vinet, V. Brisson, S. Braccini, I. Ferrante, L. Pinard, F. Bondu, and E.Tournié,Scattered
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